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Goal of This Lecture

• See how to instantiate abstract interpretation 
framework for languages based on a transitional 
semantics

• Examples: Sign & Interval analysis



Semantics Style: Compositional vs. Transitional

• Compositional semantics is defined by the semantics of 
sub-parts of a program. 

• For some realistic languages, even defining their 
compositional (“denotational”) semantics is not obvious.

• goto, exceptions, function pointers, dynamic method 
dispatches, … 

<latexit sha1_base64="QPoZEJtay6eyJcL9T8YRpoGeT1M=">AAACJHicbZDLSsNAFIYnXmu9RV26mVoEVyURUUGEWjcuK9gLJKFMJpN26GQSZiZCCX0YN76KGxdecOHGZ3HaZFFbfxj4+c45nDm/nzAqlWV9G0vLK6tr66WN8ubW9s6uubfflnEqMGnhmMWi6yNJGOWkpahipJsIgiKfkY4/vJ3UO49ESBrzBzVKiBehPqchxUhp1DOvHLfiwJsG9NyKB6+hi4NYSZjTHM6ixizqmVWrZk0FF41dmCoo1OyZH24Q4zQiXGGGpHRsK1FehoSimJFx2U0lSRAeoj5xtOUoItLLpkeO4bEmAQxjoR9XcEpnJzIUSTmKfN0ZITWQ87UJ/K/mpCq89DLKk1QRjvNFYcqgiuEkMRhQQbBiI20QFlT/FeIBEggrnWtZh2DPn7xo2qc1+7xm359V640ijhI4BEfgBNjgAtTBHWiCFsDgCbyAN/BuPBuvxqfxlbcuGcXMAfgj4+cXZbegaw==</latexit>

[[AB]] = · · · [[A]] · · · [[B]] · · ·



Semantics Style: Compositional vs. Transitional

• Transitional-style (“operational”) semantics avoids the 
hurdle.

• In the transitional style, all the intermediate states of 
program executions are exposed. 

<latexit sha1_base64="qSLMIvL+LfOqbXar6/BpmztFC0c=">AAACFHicbVDLSsNAFJ34rPUVdelmahEEoSRF1I1Q68ZlBfuAJITJZNoOnUzCzEQooR/hxl9x40IRty7c+TdO0yy09cBwD+fcy517goRRqSzr21haXlldWy9tlDe3tnd2zb39joxTgUkbxywWvQBJwignbUUVI71EEBQFjHSD0c3U7z4QIWnM79U4IV6EBpz2KUZKS7556rgVB143oedWPHgF3QxK34auinWt59XFYawkdCe+WbVqVg64SOyCVEGBlm9+uWGM04hwhRmS0rGtRHkZEopiRiZlN5UkQXiEBsTRlKOISC/Lj5rAY62EsB8L/biCufp7IkORlOMo0J0RUkM5703F/zwnVf1LL6M8SRXheLaonzKoT50mBEMqCFZsrAnCguq/QjxEAmGlcyzrEOz5kxdJp16zz2v23Vm10SziKIFDcAROgA0uQAPcghZoAwwewTN4BW/Gk/FivBsfs9Ylo5g5AH9gfP4AmK6bdw==</latexit>

[[AB]] = {s1 ! s2 ! · · · }



Roadmap

• Concrete semantics: a set of reachable states

• Abstract semantics: an abstract memory at each program 
location (or labels)

• Worklist algorithm for efficient fixpoint computation



Informal Overview: Concrete Interpretation  
(Standard Semantics)

1:  x := 0; 
2:  y := 0; 
3:  while (x < 10) { 
4:    x := x + 1; 
5:    y := y + 1; 
6:  } 
7:  skip

(1, {x ⟼ 0}) 

(2, {x ⟼ 0, y ⟼ 0}) 

(3, {x ⟼ 0, y ⟼ 0}) 

(4, {x ⟼ 1, y ⟼ 0}) 

(5, {x ⟼ 1, y ⟼ 1}) 

(3, {x ⟼ 1, y ⟼ 1}) 

. . .  

(3, {x ⟼ 10, y ⟼ 10}) 

(7, {x ⟼ 10, y ⟼ 10})

Execution Trace : 
    (Labels x (Var →Z))+Integers uniquely 

assigned to every 
statement



Informal Overview: Concrete Interpretation  
(Collecting Semantics)

1:  x := 0; 
2:  y := 0; 
3:  while (x < 10) { 
4:    x := x + 1; 
5:    y := y + 1; 
6:  } 
7:  skip

(1,{{x ⟼ 0}}) 

(2,{{x ⟼ 0, y ⟼ 0}}) 

(3,{{x ⟼ 0, y ⟼ 0}, 

    {x ⟼ 1, y ⟼ 1}, 

    . . .  

    {x ⟼ 10, y ⟼ 10}}) 

. . . 

(7,{x ⟼ 10, y ⟼ 10})

Partitioned Execution Traces:
  Labels → 2Var → Z



Informal Overview: Abstract Interpretation 
(Abstract Semantics)

1:  x := 0; 
2:  y := 0; 
3:  while (x < 10) { 
4:    x := x + 1; 
5:    y := y + 1; 
6:  } 
7:  skip

Abstract State: 
  : Labels → (Var → Interval)

(1, {x ⟼ [0, 0]}) 

(2, {x ⟼ [0, 0], y ⟼ [0, 0]}) 

(3, {x ⟼ [0, 10], y ⟼ [0, 10]) 

(4, {x ⟼ [1, 10], y ⟼ [0, 9]) 

. . . 

(7, {x ⟼ [10, 10], y ⟼ [10, 10]})

The possible value of x ranges from  
1 to 10 after executing line 4.



Informal Overview: Performing Fixpoint Computation

• Represent program as a control flow graph 

• Compute abstract state at every program point

• Initialize all abstract states to ⊥

• Repeat until no abstract state changes at any program point

• For each program label l, compute an abstract state at entry 
to l by taking the join of  l’s predecessors

• Given the abstract state at entry to l, execute at each 
program point using abstract semantics



Program as a Graph

1: x := 0;

2: y := 0;

3: Loop head

4: x := x + 1;

5: y := y + 1;

6: Loop end

7: skip

x < 10

x >= 10

0: Entry

1:  x := 0; 
2:  y := 0; 
3:  while (x < 10) { 
4:    x := x + 1; 
5:    y := y + 1; 
6:  } 
7:  skip



Sign Analysis

1: x := 0;

2: y := 0;

3: Loop head

4: x := x + 1;

5: y := y + 1;

6: Loop end

7: skip

x < 10

x >= 10

0: Entry
x = ⊥, y = ⊥

x = ⊥, y = ⊥

x = ⊥, y = ⊥

x = ⊥, y = ⊥

x = ⊥, y = ⊥

x = ⊥, y = ⊥

x = ⊥, y = ⊥

x = ⊥, y = ⊥



1: x := 0;

2: y := 0;

3: Loop head

4: x := x + 1;

5: y := y + 1;

6: Loop end

7: skip

0: Entry

x < 10

x >= 10

x = ⊥, y = ⊥

x = [=0], y = ⊥

x = ⊥, y = ⊥

x = ⊥, y = ⊥

x = ⊥, y = ⊥

x = ⊥, y = ⊥

x = ⊥, y = ⊥

x = ⊥, y = ⊥



x = [=0], y = [=0]

x = [=0], y = ⊥
1: x := 0;

2: y := 0;

3: Loop head

4: x := x + 1;

5: y := y + 1;

6: Loop end

7: skip

0: Entry

x < 10

x >= 10

x = ⊥, y = ⊥

x = ⊥, y = ⊥

x = ⊥, y = ⊥

x = ⊥, y = ⊥

x = ⊥, y = ⊥

x = ⊥, y = ⊥



1: x := 0;

2: y := 0;

3: Loop head

4: x := x + 1;

5: y := y + 1;

6: Loop end

7: skip

0: Entry

x < 10

x >= 10

x = ⊥, y = ⊥

x = ⊥, y = ⊥

x = ⊥, y = ⊥

x = ⊥, y = ⊥

x = ⊥, y = ⊥

⨆ 

x = [=0], y = [=0]

x = [=0], y = ⊥

x = [=0], y = [=0]



1: x := 0;

2: y := 0;

3: Loop head

4: x := x + 1;

5: y := y + 1;

6: Loop end

7: skip

0: Entry

x < 10

x >= 10

x = ⊥, y = ⊥

x = ⊥, y = ⊥

x = ⊥, y = ⊥

x = ⊥, y = ⊥

x = [≥0], y = [=0]

x = [=0], y = [=0]

x = [=0], y = ⊥

x = [=0], y = [=0]



x = [=0], y = [=0]

x = [=0], y = ⊥
1: x := 0;

2: y := 0;

3: Loop head

4: x := x + 1;

5: y := y + 1;

6: Loop end

7: skip

0: Entry

x < 10

x >= 10

x = ⊥, y = ⊥

x = ⊥, y = ⊥

x = ⊥, y = ⊥

x = [=0], y = [=0]

x = [≥0], y = [=0]

x = [≥0], y = [≥0]



x = [=0], y = [=0]

x = [=0], y = ⊥
1: x := 0;

2: y := 0;

3: Loop head

4: x := x + 1;

5: y := y + 1;

6: Loop end

7: skip

0: Entry

x < 10

x >= 10

x = ⊥, y = ⊥

x = ⊥, y = ⊥

x = ⊥, y = ⊥

x = [≥0], y = [≥0]

x = [≥0], y = [=0]

x = [≥0], y = [≥0]

⨆ 



x = [=0], y = [=0]

x = [=0], y = ⊥
1: x := 0;

2: y := 0;

3: Loop head

4: x := x + 1;

5: y := y + 1;

6: Loop end

7: skip

0: Entry

x < 10

x >= 10

x = ⊥, y = ⊥

x = ⊥, y = ⊥

x = ⊥, y = ⊥

x = [≥0], y = [≥0]

x = [≥0], y = [≥0]

x = [≥0], y = [≥0]



x = [=0], y = [=0]

x = [=0], y = ⊥
1: x := 0;

2: y := 0;

3: Loop head

4: x := x + 1;

5: y := y + 1;

6: Loop end

7: skip

0: Entry

x < 10

x >= 10

x = ⊥, y = ⊥

x = ⊥, y = ⊥

x = ⊥, y = ⊥

x = [≥0], y = [≥0]

x = [≥0], y = [≥0]

x = [≥0], y = [≥0]

No update



x = [=0], y = [=0]

x = [=0], y = ⊥
1: x := 0;

2: y := 0;

3: Loop head

4: x := x + 1;

5: y := y + 1;

6: Loop end

7: skip

0: Entry

x < 10

x >= 10

x = ⊥, y = ⊥

x = [≥0], y = [≥0]

x = ⊥, y = ⊥

x = [≥0], y = [≥0]

x = [≥0], y = [≥0]

x = [≥0], y = [≥0]



x = [=0], y = [=0]

x = [=0], y = ⊥
1: x := 0;

2: y := 0;

3: Loop head

4: x := x + 1;

5: y := y + 1;

6: Loop end

7: skip

0: Entry

x < 10

x >= 10

x = ⊥, y = ⊥

x = [≥0], y = [≥0]

x = [≥0], y = [≥0]

x = [≥0], y = [≥0]

x = [≥0], y = [≥0]

x = [≥0], y = [≥0]



Interval Analysis

1: x := 0;

2: y := 0;

3: Loop head

4: x := x + 1;

5: y := y + 1;

6: Loop end

7: skip

x < 10

x >= 10

0: Entry
x = ⊥, y = ⊥

x = ⊥, y = ⊥

x = ⊥, y = ⊥

x = ⊥, y = ⊥

x = ⊥, y = ⊥

x = ⊥, y = ⊥

x = ⊥, y = ⊥

x = ⊥, y = ⊥



1: x := 0;

2: y := 0;

3: Loop head

4: x := x + 1;

5: y := y + 1;

6: Loop end

7: skip

0: Entry

x < 10

x >= 10

x = ⊥, y = ⊥

x = [0,0], y = ⊥

x = ⊥, y = ⊥

x = ⊥, y = ⊥

x = ⊥, y = ⊥

x = ⊥, y = ⊥

x = ⊥, y = ⊥

x = ⊥, y = ⊥



x = [0,0], y = [0,0]

x = [0,0], y = ⊥
1: x := 0;

2: y := 0;

3: Loop head

4: x := x + 1;

5: y := y + 1;

6: Loop end

7: skip

0: Entry

x < 10

x >= 10

x = ⊥, y = ⊥

x = ⊥, y = ⊥

x = ⊥, y = ⊥

x = ⊥, y = ⊥

x = ⊥, y = ⊥

x = ⊥, y = ⊥



x = [0,0], y = [0,0]

x = [0,0], y = ⊥
1: x := 0;

2: y := 0;

3: Loop head

4: x := x + 1;

5: y := y + 1;

6: Loop end

7: skip

0: Entry

x < 10

x >= 10

x = ⊥, y = ⊥

x = ⊥, y = ⊥

x = ⊥, y = ⊥

x = ⊥, y = ⊥

x = ⊥, y = ⊥

x = [0,0], y = [0,0]

⨆ 



x = [0,0], y = [0,0]

x = [0,0], y = ⊥
1: x := 0;

2: y := 0;

3: Loop head

4: x := x + 1;

5: y := y + 1;

6: Loop end

7: skip

0: Entry

x < 10

x >= 10

x = ⊥, y = ⊥

x = ⊥, y = ⊥

x = ⊥, y = ⊥

x = ⊥, y = ⊥

x = [0,0], y = [0,0]

x = [1,1], y = [0,0]



x = [0,0], y = [0,0]

x = [0,0], y = ⊥
1: x := 0;

2: y := 0;

3: Loop head

4: x := x + 1;

5: y := y + 1;

6: Loop end

7: skip

0: Entry

x < 10

x >= 10

x = ⊥, y = ⊥

x = ⊥, y = ⊥

x = ⊥, y = ⊥

x = [0,0], y = [0,0]

x = [1,1], y = [0,0]

x = [1,1], y = [1,1]



x = [0,0], y = [0,0]

x = [0,0], y = ⊥
1: x := 0;

2: y := 0;

3: Loop head

4: x := x + 1;

5: y := y + 1;

6: Loop end

7: skip

0: Entry

x < 10

x >= 10

x = ⊥, y = ⊥

x = ⊥, y = ⊥

x = ⊥, y = ⊥

x = [0,1], y = [0,1]

x = [1,1], y = [0,0]

x = [1,1], y = [1,1]

⨆ 



x = [0,0], y = [0,0]

x = [0,0], y = ⊥
1: x := 0;

2: y := 0;

3: Loop head

4: x := x + 1;

5: y := y + 1;

6: Loop end

7: skip

0: Entry

x < 10

x >= 10

x = ⊥, y = ⊥

x = ⊥, y = ⊥

x = ⊥, y = ⊥

x = [0,∞], y = [0,∞]

x = [1,1], y = [0,0]

x = [1,1], y = [1,1]

▽ 

Apply widening



x = [0,0], y = [0,0]

x = [0,0], y = ⊥
1: x := 0;

2: y := 0;

3: Loop head

4: x := x + 1;

5: y := y + 1;

6: Loop end

7: skip

0: Entry

x < 10

x >= 10

x = ⊥, y = ⊥

x = ⊥, y = ⊥

x = ⊥, y = ⊥

x = [0,∞], y = [0,∞]

x = [1,10], y = [0,∞]

x = [1,1], y = [1,1]



x = [0,0], y = [0,0]

x = [0,0], y = ⊥
1: x := 0;

2: y := 0;

3: Loop head

4: x := x + 1;

5: y := y + 1;

6: Loop end

7: skip

0: Entry

x < 10

x >= 10

x = ⊥, y = ⊥

x = ⊥, y = ⊥

x = ⊥, y = ⊥

x = [0,∞], y = [0,∞]

x = [1,10], y = [0,∞]

x = [1,10], y = [1,∞]



x = [0,0], y = [0,0]

x = [0,0], y = ⊥
1: x := 0;

2: y := 0;

3: Loop head

4: x := x + 1;

5: y := y + 1;

6: Loop end

7: skip

0: Entry

x < 10

x >= 10

x = ⊥, y = ⊥

x = ⊥, y = ⊥

x = ⊥, y = ⊥

x = [0,10], y = [0,∞]

x = [1,10], y = [0,∞]

x = [1,10], y = [1,∞]

⨆ No update

x = [0,∞], y = [0,∞] ⊒
Old New



x = [0,0], y = [0,0]

x = [0,0], y = ⊥
1: x := 0;

2: y := 0;

3: Loop head

4: x := x + 1;

5: y := y + 1;

6: Loop end

7: skip

0: Entry

x < 10

x >= 10

x = ⊥, y = ⊥

x = [10,∞], y = [0,∞]

x = ⊥, y = ⊥

x = [0,∞], y = [0,∞]

x = [1,10], y = [0,∞]

x = [1,10], y = [1,∞]



x = [0,0], y = [0,0]

x = [0,0], y = ⊥
1: x := 0;

2: y := 0;

3: Loop head

4: x := x + 1;

5: y := y + 1;

6: Loop end

7: skip

0: Entry

x < 10

x >= 10

x = ⊥, y = ⊥

x = [10,∞], y = [0,∞]

x = [10,∞], y = [0,∞]

x = [0,∞], y = [0,∞]

x = [1,10], y = [0,∞]

x = [1,10], y = [1,∞]

Widening phase done.



x = [0,0], y = [0,0]

x = [0,0], y = ⊥
1: x := 0;

2: y := 0;

3: Loop head

4: x := x + 1;

5: y := y + 1;

6: Loop end

7: skip

0: Entry

x < 10

x >= 10

x = ⊥, y = ⊥

x = [10,∞], y = [0,∞]

x = [10,∞], y = [0,∞]

x = [1,10], y = [0,∞]

x = [1,10], y = [1,∞]

△
x = [0,10], y = [0,∞]x = [0,∞], y = [0,∞] △

Old New

→  x = [0,10], y = [0,∞]

Narrowing phase starts.



x = [1,10], y = [0,∞]

x = [0,0], y = [0,0]

x = [0,0], y = ⊥
1: x := 0;

2: y := 0;

3: Loop head

4: x := x + 1;

5: y := y + 1;

6: Loop end

7: skip

0: Entry

x < 10

x >= 10

x = ⊥, y = ⊥

x = [10,∞], y = [0,∞]

x = [10,∞], y = [0,∞]

x = [1,10], y = [1,∞]

x = [0,10], y = [0,∞]

No update



x = [1,10], y = [0,∞]

x = [0,0], y = [0,0]

x = [0,0], y = ⊥
1: x := 0;

2: y := 0;

3: Loop head

4: x := x + 1;

5: y := y + 1;

6: Loop end

7: skip

0: Entry

x < 10

x >= 10

x = ⊥, y = ⊥

x = [10,∞], y = [0,∞]

x = [1,10], y = [1,∞]

x = [0,10], y = [0,∞]

x = [10,10], y = [0,∞]x = [10,∞], y = [0,∞] △
Old New

→  x = [10,10], y = [0,∞]



x = [1,10], y = [0,∞]

x = [0,0], y = [0,0]

x = [0,0], y = ⊥
1: x := 0;

2: y := 0;

3: Loop head

4: x := x + 1;

5: y := y + 1;

6: Loop end

7: skip

0: Entry

x < 10

x >= 10

x = ⊥, y = ⊥

x = [10,10], y = [0,∞]

x = [1,10], y = [1,∞]

x = [0,10], y = [0,∞]

 x = [10,10], y = [0,∞]
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4.4 Use Example of the Framework 111

but to be computed by its argument expression. We hide the syntax of expressions E and B .
The expressions computes values without mutating the memory. Expression E computes
an integer or a program label. Boolean expression B computes a Boolean value.

x 2 X program variables
C ::= statements

| nop statement
| C ; C sequence of statements
| x := E assignment
| x read an integer input
| B C C condition statement
| B C loop statement
| E goto with dynamic label

E ::= expression
| n integer
| x variable
| E +E addition

B ::= boolean expression
| true | false
| E < E comparison
| E = E equality

P ::= C program

Figure 4.3
Syntax of a simple imperative language

Program Labels and Execution Order. Given a program, each of its statements has a
unique label as a natural number. For example, Figure 4.4 shows an example program
where a unique label is associated to each statement.

Except for E , the execution order (or “control flow”) between the statements in a
program is clear from the program syntax. The function hhC , l0ii defined below collects all
the execution orders available from syntax between the statement labels in C . The label l0

is the next label to continue after executing C . Thus, given a program p and label lend for
the end label of the program, hhp, lendii collects the function graphs of next, nextTrue, and

We assume each statement of 
the program is uniquely labeled. 



Transitional SemanticsA General Framework in Transitional Style

Transitional Semantics

State transition sequence

s0 ,! s1 ,! s2 ,! · · ·

where ,! is a transition relation between states S

,!✓ S⇥ S

A state s 2 S of the program is a pair (l,m) of a program label l and the
machine state m at that program label during execution.
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Concrete Transition Sequence

A General Framework in Transitional Style

Concrete Transition Sequence
Example
Consider the following program

input(x);
while (x  99)

{x := x+ 1}

Let labels be “program points”. Such labeled representations of this
program in graph is

input(x)

while (x  99)

x := x+ 1

0

1

2

3

Let the initial state be the empty memory ;. Some transition sequences are:

For input 100: (0, ;) ,! (1, x 7! 100) ,! (3, x 7! 100).
For input 99: (0, ;) ,! (1, x 7! 99) ,! (2, x 7! 99) ,! (1, x 7! 100) ,! (3, x 7! 100).
For input 0: (0, ;) ,! (1, x 7! 0) ,! (2, x 7! 0) ,! (1, x 7! 1) ,! · · · ,! (3, x 7! 100).
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Concrete Transition Sequence
Example
Consider the following program

input(x);
while (x  99)

{x := x+ 1}

Let labels be “program points”. Such labeled representations of this
program in graph is
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A General Framework in Transitional Style

Reachable States

input(x)

while (x  99)

x := x+ 1

0

1

2

3

Assume that the possible inputs are 0, 99, and 100. Then, the set of all
reachable states are the set of states occurring in the three transition
sequences:

{(0, ;), (1, x 7! 100), (3, x 7! 100)}
[ {(0, ;), (1, x 7! 99), (2, x 7! 99), (1, x 7! 100), (3, x 7! 100)}
[ {(0, ;), (1, x 7! 0), (2, x 7! 0), (1, x 7! 1), · · · , (2, x 7! 99), (1, x 7! 100), (3, x 7! 100)}
= {(0, ;), (1, x 7! 0), · · · , (1, x 7! 100), (2, x 7! 0), · · · , (2, x 7! 99), (3, x 7! 100)}
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4.4 Use Example of the Framework 113

The set of states is the set of label-and-memory pairs

State def
= Label⇥Memory

where
Memory def

= Vars! Value
Value def

= Z[Label.

The state stransition relation (l,m) ,! (l0,m0) is defined as follows. The transition is
defined by case analysis on statement labeled by l:

: (l,m) ,! (next(l),m)

x : (l,m) ,! (next(l),updatex(m,z)) for an input integer z
x := E : (l,m) ,! (next(l),updatex(m,evalE (m)))

C 1;C 2 : (l,m) ,! (next(l),m)

B C 1 C 2 : (l,m) ,! (nextTrue(l),filterB (m))

: (l,m) ,! (nextFalse(l),filter¬B (m))

B C : (l,m) ,! (nextTrue(l),filterB (m))

: (l,m) ,! (nextFalse(l),filter¬B (m))

E : (l,m) ,! (evalE (m),m)

The memory update operation updatex(m,v) returns a new memory that is the same as m
except that its image for x is v. The expression-evaluation operation evalE (m) returns a
value in Value of expression E given memory m. The filterB (m) operation returns m if the
value of Boolean expression E for m is true. Otherwise, the filter operation is undefined
and so is the corresponding transition.

4.4.3 Abstract State
We should find an abstract domain Memory] that is a CPO such that

(√(Memory),✓)���! ���
aM

gM
(Memory],vM).

Note that
State def

= Label⇥Memory
Memory def

= Vars! Value
Value def

= Z[Label

Given a program, the set Vars of variables is finite and fixed. The labels are storable values
computed from expressions.
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112 Chapter 4 A General Static Analysis Framework Based on a Transitional Semantics

0

1

2

3

4

5

C 0

B

C 1

;

C 2

next(0) = 1
nextTrue(1) = 2 next(2) = 3
nextFalse(1) = 5 next(3) = 4
next(4) = 1

Figure 4.4
Example program with statement labels and execution order

nextFalse.

hhC , l0ii= case C of (* let l be label(C ) *)
: {next(l) = l0}

x := E : {next(l) = l0}
x : {next(l) = l0}

C 1;C 2 : {next(l) = label(C 1)} [ hhC 1, label(C 2)ii [ hhC 2, l0ii
B C 1 C 2 : {nextTrue(l) = label(C 1),nextFalse(l) = label(C 2)} [ hhC 1, l0ii [ hhC 2, l0ii

B C : {nextTrue(l) = label(C ),nextFalse(1) = l0} [ hhC , lii
E : {} (* to be determined at run-time by evaluating E *)

4.4.2 Concrete State Transition Semantics
Given a program p, each of its statements is uniquely labeled and the next, nextTrue,
and nextFalse functions are syntactically computed beforehand by hhp, lendii.

Then the concrete semantics of the program for a set I of input states is the least fixpoint

lfpF

of the continuous function

F :√(State)!√(State)
F(X)

def
= I [Step(X)

Step(X)
def
=√̆(,!).
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The set of states is the set of label-and-memory pairs

State def
= Label⇥Memory

where
Memory def

= Vars! Value
Value def

= Z[Label.

The state stransition relation (l,m) ,! (l0,m0) is defined as follows. The transition is
defined by case analysis on statement labeled by l:

: (l,m) ,! (next(l),m)

x : (l,m) ,! (next(l),updatex(m,z)) for an input integer z
x := E : (l,m) ,! (next(l),updatex(m,evalE (m)))

C 1;C 2 : (l,m) ,! (next(l),m)

B C 1 C 2 : (l,m) ,! (nextTrue(l),filterB (m))

: (l,m) ,! (nextFalse(l),filter¬B (m))

B C : (l,m) ,! (nextTrue(l),filterB (m))

: (l,m) ,! (nextFalse(l),filter¬B (m))

E : (l,m) ,! (evalE (m),m)

The memory update operation updatex(m,v) returns a new memory that is the same as m
except that its image for x is v. The expression-evaluation operation evalE (m) returns a
value in Value of expression E given memory m. The filterB (m) operation returns m if the
value of Boolean expression E for m is true. Otherwise, the filter operation is undefined
and so is the corresponding transition.

4.4.3 Abstract State
We should find an abstract domain Memory] that is a CPO such that

(√(Memory),✓)���! ���
aM

gM
(Memory],vM).

Note that
State def

= Label⇥Memory
Memory def

= Vars! Value
Value def

= Z[Label

Given a program, the set Vars of variables is finite and fixed. The labels are storable values
computed from expressions.
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The set of states is the set of label-and-memory pairs

State def
= Label⇥Memory

where
Memory def

= Vars! Value
Value def

= Z[Label.

The state stransition relation (l,m) ,! (l0,m0) is defined as follows. The transition is
defined by case analysis on statement labeled by l:

: (l,m) ,! (next(l),m)

x : (l,m) ,! (next(l),updatex(m,z)) for an input integer z
x := E : (l,m) ,! (next(l),updatex(m,evalE (m)))

C 1;C 2 : (l,m) ,! (next(l),m)

B C 1 C 2 : (l,m) ,! (nextTrue(l),filterB (m))

: (l,m) ,! (nextFalse(l),filter¬B (m))

B C : (l,m) ,! (nextTrue(l),filterB (m))

: (l,m) ,! (nextFalse(l),filter¬B (m))

E : (l,m) ,! (evalE (m),m)

The memory update operation updatex(m,v) returns a new memory that is the same as m
except that its image for x is v. The expression-evaluation operation evalE (m) returns a
value in Value of expression E given memory m. The filterB (m) operation returns m if the
value of Boolean expression E for m is true. Otherwise, the filter operation is undefined
and so is the corresponding transition.

4.4.3 Abstract State
We should find an abstract domain Memory] that is a CPO such that

(√(Memory),✓)���! ���
aM

gM
(Memory],vM).

Note that
State def

= Label⇥Memory
Memory def

= Vars! Value
Value def

= Z[Label

Given a program, the set Vars of variables is finite and fixed. The labels are storable values
computed from expressions.
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Semantic Operators

• The memory update operation

6

• The expression-evaluation operation

• The memory filter operation
filterE : M ! M

filterE(m) = m if evalE(m) = true

<latexit sha1_base64="Am2Wq01oY4eaA1WA3AMLpDiRO34="></latexit>

evalE : M ! V
evaln(m) = n

evalx(m) = m(x)

evalE1�E2(m) = evalE1(m)� evalE2(m)

<latexit sha1_base64="62zzgC4tNrxiXFX6S///gKae7Hg="></latexit>

updatex : M⇥ V ! M
updatex(m,n) = m{x 7! n}

<latexit sha1_base64="oo/CVY0y3cvTERDRxi+HdhSDX40="></latexit>



Reachable States

A General Framework in Transitional Style

Reachable States

input(x)

while (x  99)

x := x+ 1

0

1

2

3

Assume that the possible inputs are 0, 99, and 100. Then, the set of all
reachable states are the set of states occurring in the three transition
sequences:

{(0, ;), (1, x 7! 100), (3, x 7! 100)}
[ {(0, ;), (1, x 7! 99), (2, x 7! 99), (1, x 7! 100), (3, x 7! 100)}
[ {(0, ;), (1, x 7! 0), (2, x 7! 0), (1, x 7! 1), · · · , (2, x 7! 99), (1, x 7! 100), (3, x 7! 100)}
= {(0, ;), (1, x 7! 0), · · · , (1, x 7! 100), (2, x 7! 0), · · · , (2, x 7! 99), (3, x 7! 100)}
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Reachable States

input(x)

while (x  99)

x := x+ 1
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Assume that the possible inputs are 0, 99, and 100. Then, the set of all
reachable states are the set of states occurring in the three transition
sequences:
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Concrete Semantics: the Set of Reachable States
A General Framework in Transitional Style

Concrete Semantics: the Set of Reachable States (1/3)

Given a program, let I be the set of its initial states and Step be the
powerset-lifted version of ,!:

Step : }(S) ! }(S)
Step(X) = {s0 | s ,! s0, s 2 X}

The set of reachable states is

I [ Step
1(I) [ Step

2(I) [ · · · .

which is, equivalently, the limit of Cis

C0 = I
Ci+1 = I [ Step(Ci)

which is, the least solution of

X = I [ Step(X).
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Example

A General Framework in Transitional Style

Reachable States

input(x)

while (x  99)

x := x+ 1

0

1

2

3

Assume that the possible inputs are 0, 99, and 100. Then, the set of all
reachable states are the set of states occurring in the three transition
sequences:

{(0, ;), (1, x 7! 100), (3, x 7! 100)}
[ {(0, ;), (1, x 7! 99), (2, x 7! 99), (1, x 7! 100), (3, x 7! 100)}
[ {(0, ;), (1, x 7! 0), (2, x 7! 0), (1, x 7! 1), · · · , (2, x 7! 99), (1, x 7! 100), (3, x 7! 100)}
= {(0, ;), (1, x 7! 0), · · · , (1, x 7! 100), (2, x 7! 0), · · · , (2, x 7! 99), (3, x 7! 100)}
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4.1 Semantics as State Transitions 97

proving the soundness of a designed static analysis. We will see that the mathematical
concept called the least fixpoint of a monotonic function exactly defines the reachable set.

Given a program, let I be the set of its initial states and Step be the powerset-lifted
version of ,!:

Step :√(State)!√(State)
Step(X)

def
= {s0 | s ,! s0,s 2 X}

Note that the set of states that can occur right after i transitions from the set I of initial
states is

Stepi(I)

where
Step0(X) = X

Stepi+1(X) = Step(Stepi(X)).

Example 4.3 (Stepi operation) For the program in Example 4.1, from the set I = {(0, /0)} of initial
states, assuming the possible inputs are 0, 99, and 100,

Step0(I) = I
Step1(I) = {(1,x 7! 100),(1,x 7! 99),(1,x 7! 0)}
Step2(I) = {(3,x 7! 100),(2,x 7! 99),(2,x 7! 0)}
Step3(I) = {(1,x 7! 100),(1,x 7! 1)}
Step4(I) = {(3,x 7! 100),(2,x 7! 1)}
Step5(I) = {(1,x 7! 2)}
Step6(I) = {(2,x 7! 2)}
Step7(I) = {(1,x 7! 3)}

...

Thus the accumulated set of all reachable states of a program is the collection of Stepi(I)
for all i � 0:

I [Step1(I)[Step2(I)[ · · · . (4.1)

We can define this set inductively as follows. Let Ci be the accumulated set I[Step1(I)[
· · ·[ Stepi(I) of reachable states in 0-to-i transition steps. Then Ci can be inductively
defined as:

C0 = I
Ci+1 = I [Step(Ci)

The base C0 is the initial set I. As of the inductive case, note that Step(Ci) generates states
occurring after one more step from Ci, that is, in 1-to-(i+1) steps of transitions. Hence the
set Ci+1 of states in 0-to-(i+1) steps of transitions is I [Step(Ci).

The accumulated set (4.1) of all reachable states is the limit of Ci’s, a set C such that
accumulating more by I [ Step(C) remains the same as C. That is, the limit is the least

From the set  of initial states, 

assuming the possible inputs are 0, 99, and 100
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proving the soundness of a designed static analysis. We will see that the mathematical
concept called the least fixpoint of a monotonic function exactly defines the reachable set.

Given a program, let I be the set of its initial states and Step be the powerset-lifted
version of ,!:

Step :√(State)!√(State)
Step(X)

def
= {s0 | s ,! s0,s 2 X}

Note that the set of states that can occur right after i transitions from the set I of initial
states is

Stepi(I)

where
Step0(X) = X

Stepi+1(X) = Step(Stepi(X)).

Example 4.3 (Stepi operation) For the program in Example 4.1, from the set I = {(0, /0)} of initial
states, assuming the possible inputs are 0, 99, and 100,

Step0(I) = I
Step1(I) = {(1,x 7! 100),(1,x 7! 99),(1,x 7! 0)}
Step2(I) = {(3,x 7! 100),(2,x 7! 99),(2,x 7! 0)}
Step3(I) = {(1,x 7! 100),(1,x 7! 1)}
Step4(I) = {(3,x 7! 100),(2,x 7! 1)}
Step5(I) = {(1,x 7! 2)}
Step6(I) = {(2,x 7! 2)}
Step7(I) = {(1,x 7! 3)}

...

Thus the accumulated set of all reachable states of a program is the collection of Stepi(I)
for all i � 0:

I [Step1(I)[Step2(I)[ · · · . (4.1)

We can define this set inductively as follows. Let Ci be the accumulated set I[Step1(I)[
· · ·[ Stepi(I) of reachable states in 0-to-i transition steps. Then Ci can be inductively
defined as:

C0 = I
Ci+1 = I [Step(Ci)

The base C0 is the initial set I. As of the inductive case, note that Step(Ci) generates states
occurring after one more step from Ci, that is, in 1-to-(i+1) steps of transitions. Hence the
set Ci+1 of states in 0-to-(i+1) steps of transitions is I [Step(Ci).

The accumulated set (4.1) of all reachable states is the limit of Ci’s, a set C such that
accumulating more by I [ Step(C) remains the same as C. That is, the limit is the least

All reachable states:  
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Step :√(State)!√(State)
Step(X)

def
= {s0 | s ,! s0,s 2 X}

Note that the set of states that can occur right after i transitions from the set I of initial
states is

Stepi(I)

where
Step0(X) = X

Stepi+1(X) = Step(Stepi(X)).

Example 4.3 (Stepi operation) For the program in Example 4.1, from the set I = {(0, /0)} of initial
states, assuming the possible inputs are 0, 99, and 100,

Step0(I) = I
Step1(I) = {(1,x 7! 100),(1,x 7! 99),(1,x 7! 0)}
Step2(I) = {(3,x 7! 100),(2,x 7! 99),(2,x 7! 0)}
Step3(I) = {(1,x 7! 100),(1,x 7! 1)}
Step4(I) = {(3,x 7! 100),(2,x 7! 1)}
Step5(I) = {(1,x 7! 2)}
Step6(I) = {(2,x 7! 2)}
Step7(I) = {(1,x 7! 3)}
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Thus the accumulated set of all reachable states of a program is the collection of Stepi(I)
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I [Step1(I)[Step2(I)[ · · · . (4.1)
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Concrete Semantics: the Set of Reachable States
A General Framework in Transitional Style

Concrete Semantics: the Set of Reachable States (2/3)

The least solution of
X = I [ Step(X)

is also called the least fixpoint of F

F : }(S) ! }(S)
F (X) = I [ Step(X)

written as
lfpF.

Theorem (Least fixpoint)
The least fixpoint lfpF of F (X) = I [ Step(X) is

[

i�0

F i(;)

where F 0(X) = X and Fn+1(X) = F (Fn(X)).
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Concrete Semantics: the Set of Reachable States
A General Framework in Transitional Style

Concrete Semantics: the Set of Reachable States (3/3)

Definition (Concrete semantics, the set of reachable states)
Given a program, let S be the set of states and ,! be the one-step
transition relation ✓ S⇥ S. Let I be the set of its initial states and Step be
the powerset-lifted version of ,!:

Step : }(S) ! }(S)
Step(X) = {s0 | s ,! s0, s 2 X}.

Then the concrete semantics of the program, the set of all reachable states
from I, is defined as the least fixpoint lfpF of F

F (X) = I [ Step(X).
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Analysis Goal
A General Framework in Transitional Style

Analysis Goal

Program-label-wise reachability
For each program label we want to know the set of memories that can
occur at that label during executions of the input program.

labels: “partitioning indices”
e.g., statement labels as in programs, statement labels after loop
unrolling, statement labels after function inlining
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Notations (1)

10

• A relation                    is interchangeably a function                      :  
 
For example,                      is interchangeably a function

f ✓ A⇥B
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f 2 A ! }(B)
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f(a) = {b | (a, b) 2 f}

<latexit sha1_base64="z9ZQXGl3xQRkIOpjdCSLS+8I0Yw=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFakJJIRTdC0Y3LCvYBTSiTyaQdOjMJMxOhhK7c+CtuXCji1m9w5984bbPQ1gMXDufcy733BAmjSjvOt7W0vLK6tl7YKG5ube/s2nv7LRWnEpMmjlksOwFShFFBmppqRjqJJIgHjLSD4c3Ebz8QqWgs7vUoIT5HfUEjipE2Us8+isqoAq+glwXQ4zSEZXQaVKBHBYy8cc8uOVVnCrhI3JyUQI5Gz/7ywhinnAiNGVKq6zqJ9jMkNcWMjIteqkiC8BD1SddQgThRfjZ9YwxPjBLCKJamhIZT9fdEhrhSIx6YTo70QM17E/E/r5vq6NLPqEhSTQSeLYpSBnUMJ5nAkEqCNRsZgrCk5laIB0girE1yRROCO//yImmdVd1a9fyuVqpf53EUwCE4BmXgggtQB7egAZoAg0fwDF7Bm/VkvVjv1sesdcnKZw7AH1ifPy7Dlms=</latexit>

(,!) ✓ S⇥ S

<latexit sha1_base64="G/f62933mQBIT5N0t7MJgUO5DbE=">AAACIXicbVBNS8NAEN3Ur1q/qh69LBZBLyWRij0WvXisaFVoQtlsp+3STTbuTpQS+le8+Fe8eFDEm/hn3NYc6seDgcd7M8zMCxMpDLruh1OYm19YXCoul1ZW19Y3yptbV0almkOLK6n0TcgMSBFDCwVKuEk0sCiUcB0OTyf+9R1oI1R8iaMEgoj1Y9ETnKGVOuX6vj9QaqhFf4BMa3V/QH2ThgYQbqkfMRyEYXYxpj6KCMyM0ilX3Ko7Bf1LvJxUSI5mp/zudxVPI4iRS2ZM23MTDDKmUXAJ45KfGkgYH7I+tC2Nmd0XZNMPx3TPKl3aU9pWjHSqzk5kLDJmFIW2c3Kh+e1NxP+8doq9epCJOEkRYv69qJdKiopO4qJdoYGjHFnCuBb2VsoHTDOONtSSDcH7/fJfcnVY9WrVo/NapXGSx1EkO2SX7BOPHJMGOSNN0iKcPJAn8kJenUfn2Xlz3r9bC04+s01+wPn8ArKJpHo=</latexit>

(,!) 2 S ! }(S)

<latexit sha1_base64="cgfGr8yXj0fWS6Ny9cOr/dX+rZY=">AAACHXicbVDLSgMxFM3UV62vUZdugkVoN2VGKrosunFZ0T6gM5RMmrahmWRIMpYy9Efc+CtuXCjiwo34N2baAbX1QOBwzr3knhNEjCrtOF9WbmV1bX0jv1nY2t7Z3bP3D5pKxBKTBhZMyHaAFGGUk4ammpF2JAkKA0Zawegq9Vv3RCoq+J2eRMQP0YDTPsVIG6lrV0veUIiRpIOhRlKKcRl6lEMvRHoYBMntFHpaQG8clX6kctcuOhVnBrhM3IwUQYZ61/7wegLHIeEaM6RUx3Ui7SdIaooZmRa8WJEI4REakI6hHIVE+cks3RSeGKUH+0KaxzWcqb83EhQqNQkDM5meqBa9VPzP68S6f+EnlEexJhzPP+rHDJrAaVWwRyXBmk0MQVhScyvEQyQR1qbQginBXYy8TJqnFbdaObupFmuXWR15cASOQQm44BzUwDWogwbA4AE8gRfwaj1az9ab9T4fzVnZziH4A+vzG1U4ohI=</latexit>

• For function                 , we write          is its powers version:f : A ! B

<latexit sha1_base64="tnOwYOhsILj4hcqca9S+4KM6EWM=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoriqdeOygn1gO5RMeqcNzWSGJCOU0r9w40IRt/6NO//GtJ2Fth4IHM65l9xzgkRwbVz328mtrK6tb+Q3C1vbO7t7xf2Dho5TxbDOYhGrVkA1Ci6xbrgR2EoU0igQ2AyGt1O/+YRK81g+mFGCfkT7koecUWOlx/Ca3JCOiUm1Wyy5ZXcGsky8jJQgQ61b/Or0YpZGKA0TVOu25ybGH1NlOBM4KXRSjQllQ9rHtqWSRqj98eziCTmxSo+EsbJPGjJTf2+MaaT1KArsZETNQC96U/E/r52a8Mofc5mkBiWbfxSmgtiI0/ikxxUyI0aWUKa4vZWwAVWUGVtSwZbgLUZeJo2zsndevrg/L1WqWR15OIJjOAUPLqECd1CDOjCQ8Ayv8OZo58V5dz7mozkn2zmEP3A+fwC5xo+o</latexit>

}(f)

<latexit sha1_base64="/O2sg/QvJRatNiodY4QCqZFQaCE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsqutOix6MVjBfsB7VKyabaNzSZLklXK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLS0TRWiTSC5VJ8CaciZo0zDDaSdWFEcBp+1gfDPz249UaSbFvZnE1I/wULCQEWys1Oo9xeXwvF8suRV3DrRKvIyUIEOjX/zqDSRJIioM4VjrrufGxk+xMoxwOi30Ek1jTMZ4SLuWChxR7afza6fozCoDFEplSxg0V39PpDjSehIFtjPCZqSXvZn4n9dNTHjlp0zEiaGCLBaFCUdGotnraMAUJYZPLMFEMXsrIiOsMDE2oIINwVt+eZW0LipetVK7q5bq11kceTiBUyiDB5dQh1toQBMIPMAzvMKbI50X5935WLTmnGzmGP7A+fwB8DyOuA==</latexit>

}(f) : }(A) ! }(B), }(f)(X) = {f(x) | x 2 X}

<latexit sha1_base64="rtstokpCHNFibBBRapCBuJP30Tw="></latexit>

• An element of               is interchangeably an element in A ! B

<latexit sha1_base64="mkzmU6wO+ViTL4TCuABOjCw/trc=">AAAB7nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIostaNy4r2Ae0Q8mkd9rQTGZIMkIZ+hFuXCji1u9x59+YtrPQ1gOBwzn3kntOkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHstHM0nQj+hQ8pAzaqzUviU9E5N6v1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7ulJxZZUDCWNknDZmrvzcyGmk9iQI7GVEz0sveTPzP66YmvPEzLpPUoGSLj8JUEBtxlp0MuEJmxMQSyhS3txI2oooyYxsq2RK85cirpHVR9S6rVw+XlVo9r6MIJ3AK5+DBNdTgHhrQBAZjeIZXeHMS58V5dz4WowUn3zmGP3A+fwAhm47K</latexit>

}(A⇥B)

<latexit sha1_base64="b1t/wvcj4xpUgC9E5Ty56qup9kk=">AAAB+HicbVBNT8JAEN3iF+IHVY9eNhITvJDWYPSIePGIiXwktCHbZQsbtttmd6pBwi/x4kFjvPpTvPlvXKAHBV8yyct7M5mZFySCa3Ccbyu3tr6xuZXfLuzs7u0X7YPDlo5TRVmTxiJWnYBoJrhkTeAgWCdRjESBYO1gdDPz2w9MaR7LexgnzI/IQPKQUwJG6tlF7zEpX2MPeMQ0rp/17JJTcebAq8TNSAllaPTsL68f0zRiEqggWnddJwF/QhRwKti04KWaJYSOyIB1DZXE7PEn88On+NQofRzGypQEPFd/T0xIpPU4CkxnRGCol72Z+J/XTSG88idcJikwSReLwlRgiPEsBdznilEQY0MIVdzciumQKELBZFUwIbjLL6+S1nnFrVYu7qqlWj2LI4+O0QkqIxddohq6RQ3URBSl6Bm9ojfryXqx3q2PRWvOymaO0B9Ynz8nBZIe</latexit>



Notations
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Notations (2)

11

• For function                   , we write         as a shorthand for              :  
 
For example, power-set-lifted function                             of relation  
 
is equivalently, by regarding       as a function of                :

f : A ! }(B)

<latexit sha1_base64="tGIdrJSxHs64xYhropgzURBQI7I="></latexit>

}̆(f)

<latexit sha1_base64="gSF8PJhQ8rUoN+GhmUAfiy8eSUs="></latexit>

[ � }(f)

<latexit sha1_base64="pRTrRh3YFjCki2fy2lkf/YEqMno="></latexit>

}̆(f) : }(A) ! }(B), }̆(f)(X) =
[

{f(x) | x 2 X}

<latexit sha1_base64="7ylTERJCGlMZmo3wT6LOzuuTXtc="></latexit>

Step(X) = {s0 | s ,! s0, s 2 X}

<latexit sha1_base64="ll6RPCATJzKcShF60Vc9dGmy6YM="></latexit>

,!

<latexit sha1_base64="eZeGdGiOw0O/sNtDrSB+p/jv5fI="></latexit>

Step : }(S) ! }(S)

<latexit sha1_base64="fC89LMXyHLkY6mkxs4+e+ybq9zw="></latexit>

,!

<latexit sha1_base64="eZeGdGiOw0O/sNtDrSB+p/jv5fI="></latexit>

S ! }(S)

<latexit sha1_base64="oQfaUiOIRGsO6kRvg4lPhMHmdVA="></latexit>

Step(X) =
[

{(,!)(s) | s 2 X} = [ � }(,!)(X) = }̆(,!)(X)

<latexit sha1_base64="WrPwuWDwv0RdgALVw8QHr8A4YV8="></latexit>

• For function                and               , we write         forf : A ! B

<latexit sha1_base64="aal2ApbcTXCdoF9hGUZW56TyLHQ=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsxIiyIuqm5cVrAPaYeSSTNtaJIZkoxQhn6FGxeKuPVz3Pk3pu0stPVA4HDOveSeE8ScaeO6305uZXVtfSO/Wdja3tndK+4fNHWUKEIbJOKRagdYU84kbRhmOG3HimIRcNoKRrdTv/VElWaRfDDjmPoCDyQLGcHGSo/h5TXqmgjd9Iolt+zOgJaJl5ESZKj3il/dfkQSQaUhHGvd8dzY+ClWhhFOJ4VuommMyQgPaMdSiQXVfjo7eIJOrNJHYaTskwbN1N8bKRZaj0VgJwU2Q73oTcX/vE5iwgs/ZTJODJVk/lGYcGQjTtOjPlOUGD62BBPF7K2IDLHCxNiOCrYEbzHyMmmelb1KuXpfKdWusjrycATHcAoenEMN7qAODSAg4Ble4c1Rzovz7nzMR3NOtnMIf+B8/gBhBI94</latexit>

g : A0 ! B0

<latexit sha1_base64="YmnYQHq25nN2xBBk4zyWG+iHbbc=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvUVZmRiiIuqm5cVrAPmA4lk6ZtaCYZkoxQhn6GGxeKuPVr3Pk3pu0stPVA4HDOveSeE8acaeO6305uZXVtfSO/Wdja3tndK+4fNLVMFKENIrlU7RBrypmgDcMMp+1YURyFnLbC0d3Ubz1RpZkUj2Yc0yDCA8H6jGBjJX9wdVNGHSPRbblbLLkVdwa0TLyMlCBDvVv86vQkSSIqDOFYa99zYxOkWBlGOJ0UOommMSYjPKC+pQJHVAfp7OQJOrFKD/Wlsk8YNFN/b6Q40nochXYywmaoF72p+J/nJ6Z/GaRMxImhgsw/6icc2YzT/KjHFCWGjy3BRDF7KyJDrDAxtqWCLcFbjLxMmmcVr1o5f6iWatdZHXk4gmM4BQ8uoAb3UIcGEJDwDK/w5hjnxXl3PuajOSfbOYQ/cD5/ACdXj9s=</latexit>

(f, g)

<latexit sha1_base64="kZLkc+kaBzb48X/B6zttGf9263Y=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRahgpRdqejBQ8GLxwpuW2iXkk2zbWg2WZKsUJb+Bi8eFPHqD/LmvzFt96CtDwYe780wMy9MONPGdb+dwtr6xuZWcbu0s7u3f1A+PGppmSpCfSK5VJ0Qa8qZoL5hhtNOoiiOQ07b4fhu5refqNJMikczSWgQ46FgESPYWMmvRhfD83654tbcOdAq8XJSgRzNfvmrN5AkjakwhGOtu56bmCDDyjDC6bTUSzVNMBnjIe1aKnBMdZDNj52iM6sMUCSVLWHQXP09keFY60kc2s4Ym5Fe9mbif143NdFNkDGRpIYKslgUpRwZiWafowFTlBg+sQQTxeytiIywwsTYfEo2BG/55VXSuqx59drVQ73SuM3jKMIJnEIVPLiGBtxDE3wgwOAZXuHNEc6L8+58LFoLTj5zDH/gfP4Au5aN+A==</latexit>

(f, g) : A⇥A0 ! B ⇥B0

(f, g)(a, a0) = (f(a), g(a0))

<latexit sha1_base64="OhWgEzYHSEyTwh0Xec2ylLm3Pj4="></latexit>



Abstract Semantics

Define the abstract semantics similarly to the concrete semantics

A General Framework in Transitional Style

Abstract Semantics

Define the abstract semantics “homomorphically”:

F : }(S) ! }(S) F ] : S] ! S]
F (X) = I [ Step(X) F ](X]) = I] []

Step
](X])

The forthcoming framework will guide us
conditions for S] and F ]

so that the abstract semantics is finitely computable and is an
upper-approximation of concrete semantics lfpF .
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A General Framework in Transitional Style

Abstract Domains (1/2)

Design an abstract domain as a CPO that is Galois-connected with the
concrete domain:

(}(L⇥M),✓) ���! ���↵
�

(L!M],v).

Abstraction ↵ defines how each concrete elmt (set of concrete states)
is abstracted into an abstract elmt.
Concretization � defines the set of concrete states implied by each
abstract state.
Partial order v is the label-wise order:

a] v b] iff 8l 2 L : a](l) vM b](l)

where vM is the partial order of M].
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Concrete Domain and Semantics

• Concrete domain:                 where

9

• Concrete semantic (i.e., reachable states): lfpF

<latexit sha1_base64="v74uTVbqIvxiLLRmQjSJ6NTgCy0=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsxIRZdFQVxWsA9oh5JJM21oJhOTTKEM/Q43LhRx68e482/MtLPQ1gOBwzn3ck9OIDnTxnW/ncLa+sbmVnG7tLO7t39QPjxq6ThRhDZJzGPVCbCmnAnaNMxw2pGK4ijgtB2MbzO/PaFKs1g8mqmkfoSHgoWMYGMlvxdhMwrClIdydtcvV9yqOwdaJV5OKpCj0S9/9QYxSSIqDOFY667nSuOnWBlGOJ2VeommEpMxHtKupQJHVPvpPPQMnVllgMJY2ScMmqu/N1IcaT2NAjuZhdTLXib+53UTE177KRMyMVSQxaEw4cjEKGsADZiixPCpJZgoZrMiMsIKE2N7KtkSvOUvr5LWRdWrVS8fapX6TV5HEU7gFM7Bgyuowz00oAkEnuAZXuHNmTgvzrvzsRgtOPnOMfyB8/kDGMiSUg==</latexit>

D = }(S)

<latexit sha1_base64="X41BPPOIS8BByo0ywpyc0N6LPGY=">AAACBXicbVDLSsNAFJ34rPUVdamLwSLUTUmkoguFgi5cVrQPaEKZTCft0MkkzEyUErJx46+4caGIW//BnX/jpI2grQcuHM65l3vv8SJGpbKsL2NufmFxabmwUlxdW9/YNLe2mzKMBSYNHLJQtD0kCaOcNBRVjLQjQVDgMdLyhheZ37ojQtKQ36pRRNwA9Tn1KUZKS11zzwmQGnhecpnCc+jcR+Uf4SY97Jolq2KNAWeJnZMSyFHvmp9OL8RxQLjCDEnZsa1IuQkSimJG0qITSxIhPER90tGUo4BINxl/kcIDrfSgHwpdXMGx+nsiQYGUo8DTndmJctrLxP+8Tqz8UzehPIoV4XiyyI8ZVCHMIoE9KghWbKQJwoLqWyEeIIGw0sEVdQj29MuzpHlUsauV4+tqqXaWx1EAu2AflIENTkANXIE6aAAMHsATeAGvxqPxbLwZ75PWOSOf2QF/YHx8A4dil/E=</latexit>

S = L⇥M

<latexit sha1_base64="PySTp0MbTUXEEiqfXl9Jq2+yXrs=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0XQTUmkoguFghsXChXtA5pQJtNJO3QyCTMToYR8gxt/xY0LRdy6cuffOGmjaOuBgTPn3Mu993gRo1JZ1qdRmJtfWFwqLpdWVtfWN8zNraYMY4FJA4csFG0PScIoJw1FFSPtSBAUeIy0vOF55rfuiJA05LdqFBE3QH1OfYqR0lLXPHACpAael9yk8Ax+fy5T6CgaEPmjXKVds2xVrDHgLLFzUgY56l3zw+mFOA4IV5ghKTu2FSk3QUJRzEhacmJJIoSHqE86mnKk57nJ+KQU7mmlB/1Q6McVHKu/OxIUSDkKPF2ZbSinvUz8z+vEyj9xE8qjWBGOJ4P8mEEVwiwf2KOCYMVGmiAsqN4V4gESCCudYkmHYE+fPEuahxW7Wjm6rpZrp3kcRbADdsE+sMExqIELUAcNgME9eATP4MV4MJ6MV+NtUlow8p5t8AfG+xcJRJ20</latexit>

• Concrete semantic function: 
 
 
 
where    is the set of initial states and         is the powerset-lifted version of  

Step : }(S) ! }(S)
Step(X) = {s0 | s ,! s0, s 2 X}

<latexit sha1_base64="oR4v+xFZJFuLk/CwTfUzOXvwoyQ="></latexit>

F : }(S) ! }(S)
F (X) = I [ Step(X)

<latexit sha1_base64="tdEencPlq1w65cw2k3YNYFqkyc8="></latexit>

I

<latexit sha1_base64="g5tHXSVlZDisGMjXcoEGz0Q4MwY="></latexit>

Step

<latexit sha1_base64="LY9Sjs9Bato7F3nNowghHSaX6Lo="></latexit>

,!

<latexit sha1_base64="eZeGdGiOw0O/sNtDrSB+p/jv5fI="></latexit>

A General Framework in Transitional Style

Abstraction of the Semantic Domain }(S) (1/2)

}(S) where S = L⇥M

Label-wise (two-step) abstraction of states:

set of states to label-wise collect to label-wise abstraction
}(L⇥M)

abstraction�! L ! }(M)
abstraction�! L ! M].
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Abstraction of the Semantic Domain 
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Concrete Domain and Semantics

• Concrete domain:                 where

9

• Concrete semantic (i.e., reachable states): lfpF

<latexit sha1_base64="v74uTVbqIvxiLLRmQjSJ6NTgCy0=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsxIRZdFQVxWsA9oh5JJM21oJhOTTKEM/Q43LhRx68e482/MtLPQ1gOBwzn3ck9OIDnTxnW/ncLa+sbmVnG7tLO7t39QPjxq6ThRhDZJzGPVCbCmnAnaNMxw2pGK4ijgtB2MbzO/PaFKs1g8mqmkfoSHgoWMYGMlvxdhMwrClIdydtcvV9yqOwdaJV5OKpCj0S9/9QYxSSIqDOFY667nSuOnWBlGOJ2VeommEpMxHtKupQJHVPvpPPQMnVllgMJY2ScMmqu/N1IcaT2NAjuZhdTLXib+53UTE177KRMyMVSQxaEw4cjEKGsADZiixPCpJZgoZrMiMsIKE2N7KtkSvOUvr5LWRdWrVS8fapX6TV5HEU7gFM7Bgyuowz00oAkEnuAZXuHNmTgvzrvzsRgtOPnOMfyB8/kDGMiSUg==</latexit>

D = }(S)

<latexit sha1_base64="X41BPPOIS8BByo0ywpyc0N6LPGY=">AAACBXicbVDLSsNAFJ34rPUVdamLwSLUTUmkoguFgi5cVrQPaEKZTCft0MkkzEyUErJx46+4caGIW//BnX/jpI2grQcuHM65l3vv8SJGpbKsL2NufmFxabmwUlxdW9/YNLe2mzKMBSYNHLJQtD0kCaOcNBRVjLQjQVDgMdLyhheZ37ojQtKQ36pRRNwA9Tn1KUZKS11zzwmQGnhecpnCc+jcR+Uf4SY97Jolq2KNAWeJnZMSyFHvmp9OL8RxQLjCDEnZsa1IuQkSimJG0qITSxIhPER90tGUo4BINxl/kcIDrfSgHwpdXMGx+nsiQYGUo8DTndmJctrLxP+8Tqz8UzehPIoV4XiyyI8ZVCHMIoE9KghWbKQJwoLqWyEeIIGw0sEVdQj29MuzpHlUsauV4+tqqXaWx1EAu2AflIENTkANXIE6aAAMHsATeAGvxqPxbLwZ75PWOSOf2QF/YHx8A4dil/E=</latexit>

S = L⇥M

<latexit sha1_base64="PySTp0MbTUXEEiqfXl9Jq2+yXrs=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0XQTUmkoguFghsXChXtA5pQJtNJO3QyCTMToYR8gxt/xY0LRdy6cuffOGmjaOuBgTPn3Mu993gRo1JZ1qdRmJtfWFwqLpdWVtfWN8zNraYMY4FJA4csFG0PScIoJw1FFSPtSBAUeIy0vOF55rfuiJA05LdqFBE3QH1OfYqR0lLXPHACpAael9yk8Ax+fy5T6CgaEPmjXKVds2xVrDHgLLFzUgY56l3zw+mFOA4IV5ghKTu2FSk3QUJRzEhacmJJIoSHqE86mnKk57nJ+KQU7mmlB/1Q6McVHKu/OxIUSDkKPF2ZbSinvUz8z+vEyj9xE8qjWBGOJ4P8mEEVwiwf2KOCYMVGmiAsqN4V4gESCCudYkmHYE+fPEuahxW7Wjm6rpZrp3kcRbADdsE+sMExqIELUAcNgME9eATP4MV4MJ6MV+NtUlow8p5t8AfG+xcJRJ20</latexit>

• Concrete semantic function: 
 
 
 
where    is the set of initial states and         is the powerset-lifted version of  

Step : }(S) ! }(S)
Step(X) = {s0 | s ,! s0, s 2 X}

<latexit sha1_base64="oR4v+xFZJFuLk/CwTfUzOXvwoyQ="></latexit>

F : }(S) ! }(S)
F (X) = I [ Step(X)

<latexit sha1_base64="tdEencPlq1w65cw2k3YNYFqkyc8="></latexit>

I

<latexit sha1_base64="g5tHXSVlZDisGMjXcoEGz0Q4MwY="></latexit>

Step

<latexit sha1_base64="LY9Sjs9Bato7F3nNowghHSaX6Lo="></latexit>

,!

<latexit sha1_base64="eZeGdGiOw0O/sNtDrSB+p/jv5fI="></latexit>
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Decomposition of Abstraction

13

h0,{m0,m
0
0, · · · }i

h1,{m1,m
0
1, · · · }i

...

hn,{mn,m
0
n, · · · }i

<latexit sha1_base64="JhmPI1xYgvPoDOYq5NI7rX4gGhk="></latexit>

h0,m0i, h0,m0
0i, · · · ,

h1,m1i, h1,m0
1i, · · · ,

...

hn,mni, hn,m0
ni, · · · ,

<latexit sha1_base64="jo6qPhEnDA3QONVtNFIKjOYy220="></latexit>

collection of all states label-wise collection of memories

h0,m]
0i

h1,m]
1i

...

hn,m]
ni

<latexit sha1_base64="qGxofAG6s0xNvSI7hcTGIPa6e6A="></latexit>

partitioning

abstraction

memory

abstraction

label-wise abstract memories

A General Framework in Transitional Style

Abstraction of the Semantic Domain }(S) (1/2)

}(S) where S = L⇥M

Label-wise (two-step) abstraction of states:

set of states to label-wise collect to label-wise abstraction
}(L⇥M)

abstraction�! L ! }(M)
abstraction�! L ! M].
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...
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ni, · · · ,
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...
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ni
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partitioning

abstraction

memory

abstraction

label-wise abstract memories

(1, {x ⟼ 0}) 

(2, {x ⟼ 0, y ⟼ 0}) 

(3, {x ⟼ 0, y ⟼ 0}) 

(4, {x ⟼ 1, y ⟼ 0}) 

. . .  

(3, {x ⟼ 10, y ⟼ 10}) 

(7, {x ⟼ 10, y ⟼ 10})

(1,{{x ⟼ 0}}) 

(2,{{x ⟼ 0, y ⟼ 0}}) 

(3,{{x ⟼ 0, y ⟼ 0}, 

    {x ⟼ 1, y ⟼ 1}, 

    . . .  

    {x ⟼ 10, y ⟼ 10}}) 

. . . 

(7,{x ⟼ 10, y ⟼ 10})

(1, {x⟼[0,0]}) 

(2, {x⟼[0,0],y⟼[0,0]}) 

(3, {x⟼[0,9],y⟼[0,9]) 

(4, {x⟼ [1,10],y⟼[0,9]) 

. . . 

(7, 

{x⟼[10,10],y⟼[10,10]})

1:  x := 0; 
2:  y := 0; 
3:  while (x < 10) { 
4:    x := x + 1; 
5:    y := y + 1; 
6:  } 
7:  skip

Abstraction of the Semantic Domain  
(Example)
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Concrete Domain and Semantics

• Concrete domain:                 where

9

• Concrete semantic (i.e., reachable states): lfpF

<latexit sha1_base64="v74uTVbqIvxiLLRmQjSJ6NTgCy0=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsxIRZdFQVxWsA9oh5JJM21oJhOTTKEM/Q43LhRx68e482/MtLPQ1gOBwzn3ck9OIDnTxnW/ncLa+sbmVnG7tLO7t39QPjxq6ThRhDZJzGPVCbCmnAnaNMxw2pGK4ijgtB2MbzO/PaFKs1g8mqmkfoSHgoWMYGMlvxdhMwrClIdydtcvV9yqOwdaJV5OKpCj0S9/9QYxSSIqDOFY667nSuOnWBlGOJ2VeommEpMxHtKupQJHVPvpPPQMnVllgMJY2ScMmqu/N1IcaT2NAjuZhdTLXib+53UTE177KRMyMVSQxaEw4cjEKGsADZiixPCpJZgoZrMiMsIKE2N7KtkSvOUvr5LWRdWrVS8fapX6TV5HEU7gFM7Bgyuowz00oAkEnuAZXuHNmTgvzrvzsRgtOPnOMfyB8/kDGMiSUg==</latexit>

D = }(S)
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where    is the set of initial states and         is the powerset-lifted version of  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(}(L⇥M),✓) ���! ���↵
�

(L!M],v).

composes two Galois connections:

(}(L⇥M),✓)
���! ���

↵0

�0
(L! }(M),v) (v is the label-wise ✓)

���! ���
↵1

�1
(L!M],v) (v is the label-wise vM )

↵0

8
><

>:

(0,m0), (0,m0
0), · · · ,

...
(n,mn), (n,m0

n), · · ·

9
>=

>;
=

8
><
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(0, {m0,m0
0, · · · }),

...
(n, {mn,m0
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(}(M),✓) ����! ����
↵M

�M
(M],vM ).
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• Galois connection for abstract memories 

                    

                      

• Ordered variable-wise 
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4.4 Use Example of the Framework 113

The set of states is the set of label-and-memory pairs

State def
= Label⇥Memory

where
Memory def

= Vars! Value
Value def

= Z[Label.

The state stransition relation (l,m) ,! (l0,m0) is defined as follows. The transition is
defined by case analysis on statement labeled by l:

: (l,m) ,! (next(l),m)

x : (l,m) ,! (next(l),updatex(m,z)) for an input integer z
x := E : (l,m) ,! (next(l),updatex(m,evalE (m)))

C 1;C 2 : (l,m) ,! (next(l),m)

B C 1 C 2 : (l,m) ,! (nextTrue(l),filterB (m))

: (l,m) ,! (nextFalse(l),filter¬B (m))

B C : (l,m) ,! (nextTrue(l),filterB (m))

: (l,m) ,! (nextFalse(l),filter¬B (m))

E : (l,m) ,! (evalE (m),m)
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(√(Memory),✓)���! ���
aM

gM
(Memory],vM).

Note that
State def

= Label⇥Memory
Memory def

= Vars! Value
Value def

= Z[Label

Given a program, the set Vars of variables is finite and fixed. The labels are storable values
computed from expressions.
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Abstract Domain of Memories

• Variable-wise abstract values:

24

• Ordered via the point-wise order:
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↵M

�M M]
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• Galois connection:

m]
1 tM] m]

2 = �x.
�
m]

1(x) tV] m]
2(x)

�
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m]
1 vM] m]

2 () 8x 2 X. m]
1(x) vV] m]

2(x)
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a0(S) = l l. {m 2M | (l,m) 2 S}

g0(P) = {(l,m) | m 2 P(l)}

a1(X) = l l. aM(X(l))

g1(X#) = l l. gM(X#(l))

aM(M) = lx. aV ({m(x) | m 2 M})

gM(m#) = {m | 8x. m(x) 2 gV (m#(x))}



• Abstract values 
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• The abstract semantics is defined using a transition system


•                     : the set of states


•                        : the transition relation that describes computation steps

Abstract State Transition

26
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x := E : hl,m]i ,!] hnext(l), update]x(m, eval ]E(m
])i

br E l1 l2 : hl,m]i ,!] hl1,filter ]E(m])i
: hl,m]i ,!] hl2,filter ]¬E(m

])i
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])i

<latexit sha1_base64="bYpMrdnYxzZjQV3YmAh1zQc4SPo="></latexit>

Question: How to design 
abstract semantic operators?



Abstract State Transition
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Abstract Semantic Operators

• The abstract memory update operation:

29

• The abstract expression-evaluation operation:

• The abstract memory filter operation:

update]x : V] ⇥M] ! M]

update]x(n
],m]) = m]{x 7! n]}

<latexit sha1_base64="JaoZ8pN2G0+LDacbd7meL8cqMrQ="></latexit>

eval ]E : M] ! V]

eval ]n(m) = ↵Z({n})
eval ]x(m) = m](x)

eval ]E1�E2
(m) = eval ]E1

(m])�] eval ]E2
(m])

<latexit sha1_base64="BYnS3fzlOV0KY0JvsOIcQ0PNMOs="></latexit>

filter ]E : M] ! M]

filter ]E(m
]) = ↵M({m 2 �M(m

]) | evalE(m) = true})

<latexit sha1_base64="+xjGzrnENW/iotgCTzJbjMNihIg="></latexit>



Abstract Semantics

• The abstract semantic functions: 

                    
where  

                  

• Soundness:  
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• The abstract semantic functions for transition and partition:

Abstract Semantics

• Soundness:

33

• The abstract semantic function:
F ] : (L ! M]) ! (L ! M])

F ](X) = (↵2 � ↵1)(I) t Step](X)

<latexit sha1_base64="/7guo9rlGN2u+sBkE+pLVXo0TJI="></latexit>

Step] : (L ! M]) ! (L ! M])

Step](X) = }(id,t) � ⇡ � }̆(,!])(X)
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Abstract Step FunctionA General Framework in Transitional Style

As of Step] = }(id,tM) � ⇡ � }̆(,!])

Step
] : (L ! M]) ! (L ! M])

Abstract transition }̆(,!]):
I a set ✓ L⇥M] 7! a set ✓ L⇥M]

Paritioning ⇡:
I a set ✓ L⇥M] 7! a set ✓ L⇥ }(M])

Joining }(id,tM ):
I a set ✓ L⇥ }(M]) 7! an abstract state 2 L ! M]

Kwangkeun Yi (Seoul National U) Static Analysis 5/2019@The 9th SSFT 76 / 130

<latexit sha1_base64="GjiJvnihMVGeIbtvUp93HB5R4+A="></latexit>

}(id,t)(X) = {(id(l),
G

M#) | (l,M#) 2 X}



Abstract Step Function

Let 

MITPress Times.cls LATEX Times A Priori Book Style Typeset with PDFLaTeX Size: 7x9 May 7, 2021 10:42pm

i

a0(S) = l l. {m 2M | (l,m) 2 S}

g0(P) = {(l,m) | m 2 P(l)}
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g1(X#) = l l. gM(X#(l))

aM(M) = lx. aV ({m(x) | m 2 M})

gM(m#) = {m | 8x. m(x) 2 gV (m#(x))}

√(id,tM)(X) =
G

M
{id(x) 2 X}

lfpF ✓ g0 � g1(
G

i�0
F#i
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Let
S# = {(0,x 7! ?),(2,x 7! [0,0])}

Step#(S#):

√̆(,!#)(S#) = ,!# (0,x 7! ?)[ ,!# (2,x 7! [0,0])

= {(1,x 7! >)}[{(1,x 7! [1,1])}

= {(1,x 7! >),(1,x 7! [1,1])}

p({(1,x 7! >),(1,x 7! [1,1])}) = {(1,{x 7! >,x 7! [1,1]})}

√(id,t)({(1,{x 7! >,x 7! [1,1]})}) = {(id(1),
F

M{x 7! >,x 7! [1,1]})}

= {1,x 7! >}

A General Framework in Transitional Style

Reachable States

input(x)

while (x  99)

x := x+ 1

0

1

2

3

Assume that the possible inputs are 0, 99, and 100. Then, the set of all
reachable states are the set of states occurring in the three transition
sequences:

{(0, ;), (1, x 7! 100), (3, x 7! 100)}
[ {(0, ;), (1, x 7! 99), (2, x 7! 99), (1, x 7! 100), (3, x 7! 100)}
[ {(0, ;), (1, x 7! 0), (2, x 7! 0), (1, x 7! 1), · · · , (2, x 7! 99), (1, x 7! 100), (3, x 7! 100)}
= {(0, ;), (1, x 7! 0), · · · , (1, x 7! 100), (2, x 7! 0), · · · , (2, x 7! 99), (3, x 7! 100)}
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Abstract Semantic Functions

Let
(}(L⇥M),✓) ���! ���↵

�
(L!M],v).

A concrete semantic function F An abstract semantic function F ]

S = L⇥M S] = L!M]

F : }(S)! }(S) F ] : S] ! S]
F (X) = I [ Step(X) F ](X]) = ↵(I) [] Step

](X])
Step = }̆(,!) Step

] = }(id,tM ) � ⇡ � }̆(,!])
,!✓ (L⇥M)⇥ (L⇥M) ,!] ✓ (L⇥M])⇥ (L⇥M])

with relations ,! and ,!] being functions
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Reachable States

input(x)

while (x  99)

x := x+ 1
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Assume that the possible inputs are 0, 99, and 100. Then, the set of all
reachable states are the set of states occurring in the three transition
sequences:

{(0, ;), (1, x 7! 100), (3, x 7! 100)}
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Assume that the possible inputs are 0, 99, and 100. Then, the set of all
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√̆(,!#)(S#) = ,!# (0,x 7! ?)[ ,!# (2,x 7! [0,0])

= {(1,x 7! >)}[{(1,x 7! [1,1])}

= {(1,x 7! >),(1,x 7! [1,1])}

p({(1,x 7! >),(1,x 7! [1,1])}) = {(1,{x 7! >,x 7! [1,1]})}

√(id,t)({(1,{x 7! >,x 7! [1,1]})}) = {(id(1),
F

M{x 7! >,x 7! [1,1]})}

= {1,x 7! >}



Basic Fixpoint Computation Algorithm

• If the abstract domain  is of finite-height, and  is 

monotone or extensive, the increasing chain 

                           
is finite and its biggest element is  

                                        
and over-approximates 
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Theorem 4.3 (Correct static analysis by F] and widening operator
`

) Given a program, let
F and F] be defined as in the recipe (Section 4.2.3). Let

`
be a widening operator as defined in

Definition 3.11).
Then the following chain Y0 v Y1 v · · ·

Y0 =? Yi+1 = Yi
h

F](Yi)

is finite and its last element Ylim over-approximates lfpF:

lfpF ✓ g(Ylim) or equivalently a(lfpF)v Ylim.

The proofs of the above two theorems are in Appendix B.2.
Note that if a widening operator is used with a monotone or extensive F], the second

condition for a widening operator in Definition 3.11 can be relaxed from “for all sequence
(an)n2N” to “for all chain a0 v a1 v · · ·”.

4.3 Analysis Algorithms of Global Iterations

4.3.1 Basic Algorithms
Once we designed an abstract semantics function F] as in the recipe (Section 4.2.3), the
analysis implementation is straightforward from Theorem 4.2 and Theorem 4.3.

Algorithm from Theorem 4.2. If the abstract domain State] is of finite-height and F] is
monotone or extensive, the increasing chain

?v (F])
1
(?)v (F])

2
(?)v · · ·

is finite and its biggest element is equal to
G

i�0
F]i

(?).

Hence, the analysis algorithm is:
8
>>>>>>>>><

>>>>>>>>>:

C ?
repeat

R C

C F](C)

until Cv R

return R
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condition for a widening operator in Definition 3.11 can be relaxed from “for all sequence
(an)n2N” to “for all chain a0 v a1 v · · ·”.

4.3 Analysis Algorithms of Global Iterations

4.3.1 Basic Algorithms
Once we designed an abstract semantics function F] as in the recipe (Section 4.2.3), the
analysis implementation is straightforward from Theorem 4.2 and Theorem 4.3.

Algorithm from Theorem 4.2. If the abstract domain State] is of finite-height and F] is
monotone or extensive, the increasing chain

?v (F])
1
(?)v (F])

2
(?)v · · ·

is finite and its biggest element is equal to
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F]i
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C ?
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i

a0(S) = l l. {m 2M | (l,m) 2 S}

g0(P) = {(l,m) | m 2 P(l)}

a1(X) = l l. aM(X(l))

g1(X#) = l l. gM(X#(l))

aM(M) = lx. aV ({m(x) | m 2 M})

gM(m#) = {m | 8x. m(x) 2 gV (m#(x))}

√(id,tM)(X) =
G

M
{id(x) 2 X}

lfpF ✓ g0 � g1(
G

i�0
F#i

(?)

lfpF

Let
S# = {(0,x 7! ?),(2,x 7! [0,0])}

Step#(S#):

√̆(,!#)(S#) = ,!# (0,x 7! ?)[ ,!# (2,x 7! [0,0])

= {(1,x 7! >)}[{(1,x 7! [1,1])}

= {(1,x 7! >),(1,x 7! [1,1])}

p({(1,x 7! >),(1,x 7! [1,1])}) = {(1,{x 7! >,x 7! [1,1]})}

√(id,t)({(1,{x 7! >,x 7! [1,1]})}) = {(id(1),
F

M{x 7! >,x 7! [1,1]})}

= {1,x 7! >}



Basic Fixpoint Computation Algorithm

A General Framework in Transitional Style

Then, Follows Sound Static Analysis

In case S] is of finite-height and F ] is monotone or extensive, then
G

i�0

F ]i(?)

is finitely computable and over-approximates the concrete semantics
lfpF .
Otherwise, find a widening operator

`
, then the following chain

X0 v X1 v · · ·

X0 = ? Xi+1 = Xi

h
F ](Xi)

is finite and its last element over-approximates the concrete semantics
lfpF .
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Theorem 4.3 (Correct static analysis by F] and widening operator
`

) Given a program, let
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be a widening operator as defined in
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The proofs of the above two theorems are in Appendix B.2.
Note that if a widening operator is used with a monotone or extensive F], the second

condition for a widening operator in Definition 3.11 can be relaxed from “for all sequence
(an)n2N” to “for all chain a0 v a1 v · · ·”.

4.3 Analysis Algorithms of Global Iterations

4.3.1 Basic Algorithms
Once we designed an abstract semantics function F] as in the recipe (Section 4.2.3), the
analysis implementation is straightforward from Theorem 4.2 and Theorem 4.3.

Algorithm from Theorem 4.2. If the abstract domain State] is of finite-height and F] is
monotone or extensive, the increasing chain

?v (F])
1
(?)v (F])

2
(?)v · · ·

is finite and its biggest element is equal to
G

i�0
F]i

(?).

Hence, the analysis algorithm is:
8
>>>>>>>>><

>>>>>>>>>:

C ?
repeat

R C

C F](C)

until Cv R

return R

• Hence, if the abstract domain is finite, the algorithm is
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mance bottleneck:
8
>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>:

C : Label!Memory]

F] : (Label!Memory])! (Label!Memory])

C ?
repeat

R C

C C
`
(√(id,t)�p �√̆(,!]))| {z }

F]

(C)

until Cv R

return R

Note that at each iteration, computing

√̆(,!])(C)

applies the abstract transition operation ,!] to the state at every label in the program. The
table C has as many entries as the number of labels in the program. When every statement
of the program is uniquely labeled, a million-statement program has million labels.

We can speedup the performance by reducing per iteration the program labels to visit.
We keep a worklist, a set of labels for which the transition needs to be applied because
its input memories were changed. For each iteration, we transition the states at the labels
in the worklist. The worklist for the next iteration will consist of the labels whose input
memories are changed by the current iteration.

This worklist version is the following. As of notation, for the table C from all labels in
the program to their abstract memories, C|WorkList is the same as the C table but restricted



Example: Sign Analysis

1: x := 0

2: y := 0

3: skip

4: x := x + 1

5: y := y + 1

6: skip

0: ENTRY

Label\Iter 1 2 3 4 5 6 7 8

1 {x ⟼0} {x ⟼0} {x ⟼0} {x ⟼0} {x ⟼0} {x ⟼0} {x ⟼0} {x ⟼0}

2 {y ⟼0} {x⟼0, 
y⟼0}

{x⟼0, 
y⟼0}

{x⟼0, 
y⟼0}

{x⟼0, 
y⟼0}

{x⟼0, 
y⟼0}

{x⟼0, 
y⟼0}

{x⟼0, 
y⟼0}

3 {} {y ⟼0} {x⟼0, 
y⟼0}

{x⟼0, 
y⟼0}

{x⟼0, 
y⟼0}

{x⟼+, 
y⟼+}

{x⟼+, 
y⟼+}

{x⟼+, 
y⟼+}

4 {} {} {}
{x⟼+, 
y⟼0}

{x⟼+, 
y⟼0}

{x⟼+, 
y⟼0}

{x⟼+, 
y⟼+}

{x⟼+, 
y⟼+}

5 {} {} {} {}
{x⟼+, 
y⟼+}

{x⟼+, 
y⟼+}

{x⟼+, 
y⟼+}

{x⟼+, 
y⟼+}

6 {} {} {y ⟼0} {x⟼0, 
y⟼0}

{x⟼0, 
y⟼0}

{x⟼+, 
y⟼+}

{x⟼+, 
y⟼+}

{x⟼+, 
y⟼+}

Fixpoint 
reached!+ : [≥0]    0 : [=0]



Basic Fixpoint Computation Algorithm

• If the abstract domain is of infinite-height, the algorithm is
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As a side note, the algorithms in the gentle introduction Section 2.4.4 are based on the
following algorithm that computes an upper bound of

F
i�0 F]i

(?):
8
>>>>>>>>><

>>>>>>>>>:

C ?
repeat

R C

C CtF](C)

until Cv R

return R

Note that the above algorithm computes a chain

Y0 =? Yi+1 = YitF](Yi)

whose every element Yi is an upper bound of its corresponding element Xi of the first
algorithm

X0 =? Xi+1 = F](Xi).

Algorithm from Theorem 4.3. If the abstract domain State] is of infinite-height or F]

is neither monotonic nor extensive, we have to use a widening operator
`

. Or, even in
case the abstract domain State] is of finite-height, by using the widening operator we can
accelerate the analysis steps.

Given a program the analysis algorithm with
`

is:
8
>>>>>>>>><

>>>>>>>>>:

C ?
repeat

R C

C C
`

F](C)

until Cv R

return R

The algorithm shown above computes a finite increasing chain as required in Theorem 4.3.

4.3.2 Worklist Algorithm
The basic iteration algorithms of Section 4.3.1 have a room for speedup. Let us re-consider
the widening version with the operation F](C) being inlined in order to expose its perfor-



Example: Interval Analysis

1: x := 0

2: y := 0

3: skip

4: x := x + 1

5: y := y + 1

6: skip

0: ENTRY

Fixpoint 
reached!

Label\Iter 1 2 3 4 5 6 7 8

1 {x ⟼[0,0]} {x ⟼[0,0]} {x ⟼[0,0]} {x ⟼[0,0]} {x ⟼[0,0]} {x ⟼[0,0]} {x ⟼[0,0]} {x ⟼[0,0]}

2 {y ⟼[0,0]}
{x⟼[0,0], 
y⟼[0,0]}

{x⟼[0,0], 
y⟼[0,0]}

{x⟼[0,0], 
y⟼[0,0]}

{x⟼[0,0], 
y⟼[0,0]}

{x⟼[0,0], 
y⟼[0,0]}

{x⟼[0,0], 
y⟼[0,0]}

{x⟼[0,0], 
y⟼[0,0]}

3 {} {y ⟼[0,0]}
{x⟼[0,0], 
y⟼[0,0]}

{x⟼[0,0], 
y⟼[0,0]}

{x⟼[0,0], 
y⟼[0,0]}

{x⟼[0,∞], 
y⟼[0,∞]}

{x⟼[0,∞], 
y⟼[0,∞]}

{x⟼[0,∞], 
y⟼[0,∞]}

4 {} {} {}
{x⟼[1,1], 
y⟼[0,0]}

{x⟼[1,1], 
y⟼[0,0]}

{x⟼[1,1], 
y⟼[0,0]}

{x⟼[1,∞], 
y⟼[0,∞]}

{x⟼[1,∞], 
y⟼[0,∞]}

5 {} {} {} {}
{x⟼[1,1], 
y⟼[1,1]}

{x⟼[1,1], 
y⟼[1,1]}

{x⟼[1,1], 
y⟼[1,1]}

{x⟼[1,∞], 
y⟼[1,∞]}

6 {} {} {y ⟼[0,0]}
{x⟼[0,0], 
y⟼[0,0]}

{x⟼[0,0], 
y⟼[0,0]}

{x⟼[0,∞], 
y⟼[0,∞]}

{x⟼[0,∞], 
y⟼[0,∞]}

{x⟼[0,∞], 
y⟼[0,∞]}
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Example

42

x := 0

br (x < 10) L2 L3

x := add x 1

0

1

2 3

Label Iter 0 Iter 1 Iter 2 Iter 3 Iter 4 Iter 5
0 ⊥ ⊥ ⊥ ⊥ ⊥ ⊥

1 ⊥ [0,0] [0,0] [0,+∞] [0,+∞] [0,+∞]
2 ⊥ ⊥ [0,0] [0,0] [0,+∞] [0,+∞]
3 ⊥ ⊥ ⊥ ⊥ [10,+∞] [10,+∞]

[0,0] ▽ [0,1] = [0,+∞]

[0,+∞] ⨅ [-∞,9] = [0,9] 
[0,0] ▽ [0,9] = [0,+∞]

[0,+∞] ⨅ [10,+∞] = [10,+∞]

Fixed Point!



Inefficiency of the Basic Algorithm
A General Framework in Transitional Style

Inefficiency of the Basic Algorithms

Recall the algirthm with F ](C) being inlined:
���������������

C ?
repeat

R C

C C
`
(}(id,t) � ⇡ � }̆(,!]))| {z }

F ]

(C)

until C v R

return R

|C| ⇠ the number of labels in the input program!
Better apply

}̆(,!])(C)

only to necessary labels
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Worklist Algorithm

A General Framework in Transitional Style

Analysis Algorithm Based on Global Iterations: Worklist
Version

worklist: the set of labels whose input memories are changed in the
previous iteration

�������������������������

C : L!M]

F ] : (L!M])! (L!M])
WorkList : }(L)

WorkList L
C ?
repeat

R C

C C
`

F ](C|WorkList)
WorkList {l | C(l) 6v R(l), l 2 L}

until WorkList = ;
return R
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Improvement of the Worklist Algorithm

A General Framework in Transitional Style

Improvement of the Worklist Algorithm

Inefficient: WorkList {l | C(l) 6v R(l), l 2 L} re-scans all the labels.

I Better: At application ,!]
to (l, C(l)), if its result (l0,M ]) is changed

(M ] 6v C(l0)), add l0 to the worklist.

Inefficient: C
`
F ](C|WorkList) widens at all the labels.

I Better: Apply
`

only at the target of a loop. Use [] at other labels.
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Final Algorithm

• Worklist algorithm with widening

47

• Worklist algorithm with narrowing
X : L!M]

F ] : (L!M])! (L!M])

Worklist : }(L)
begin

Worklist  L
X  ?
repeat

(w,Worklist) pop(Worklist)

m]
old  X(w)

m]
new  

G
{m]

out | hl,X(l)i ,!] hw,m]
outi}

if m]
new 6v m]

old then

m]
new  m]

old O m]
new

X(w) m]
new

Worklist  Worklist [ {l | hw,m]
newi ,!] hl, i}

endif

until Worklist = ;
return X

end

<latexit sha1_base64="8rCdMrzN1kYIKmrptVJfzHiJPaA="></latexit>

X : L!M]

F ] : (L!M])! (L!M])

Worklist : }(L)
begin

Worklist  L
X  ?
repeat

(w,Worklist) pop(Worklist)

m]
old  X(w)

m]
new  

G
{m]

out | hl,X(l)i ,!] hw,m]
outi}

if m]
new 6w m]

old then

m]
new  m]

old 4 m]
new

X(w) m]
new

Worklist  Worklist [ {l | hw,m]
newi ,!] hl, i}

endif

until Worklist = ;
return X

end

<latexit sha1_base64="WSvSV4CfajW5xm0a+5wkDTlvxIg="></latexit>

<latexit sha1_base64="2S6ZoKdV7Y8O3k9oUdnw2EOI6Ec="></latexit>

if w is a loop head else m#
old tm#

new



Worklist Algorithm with Narrowing

6. Design & Implementation of Static Analysis IS593 / KAIST Kihong Heo / 48

Final Algorithm

• Worklist algorithm with widening

47

• Worklist algorithm with narrowing
X : L!M]

F ] : (L!M])! (L!M])

Worklist : }(L)
begin

Worklist  L
X  ?
repeat
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old  X(w)
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G
{m]

out | hl,X(l)i ,!] hw,m]
outi}
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new 6v m]

old then

m]
new  m]

old O m]
new

X(w) m]
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newi ,!] hl, i}

endif
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return X

end

<latexit sha1_base64="8rCdMrzN1kYIKmrptVJfzHiJPaA="></latexit>

X : L!M]

F ] : (L!M])! (L!M])

Worklist : }(L)
begin

Worklist  L
X  ?
repeat

(w,Worklist) pop(Worklist)

m]
old  X(w)

m]
new  

G
{m]

out | hl,X(l)i ,!] hw,m]
outi}

if m]
new 6w m]

old then

m]
new  m]

old 4 m]
new

X(w) m]
new

Worklist  Worklist [ {l | hw,m]
newi ,!] hl, i}

endif

until Worklist = ;
return X

end

<latexit sha1_base64="WSvSV4CfajW5xm0a+5wkDTlvxIg="></latexit>



SoundnessA General Framework in Transitional Style

Underlying Theorems (1/2)

Theorem (Sound static analysis by F ])

Given a program, let F and F ]
be defined as in the framework. If S] is of

finite-height (every chain S] is finite) and F ]
is monotone or extensive, then

G

i�0

F ]i(?)

is finitely computable and over-approximates lfpF :

lfpF ✓ �(
G

i�0

F ]i(?)) or equivalently ↵(lfpF ) v
G

i�0

F ]i(?).

(Proof is in the supplementary note.)
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Soundness

• We need to show  (or, equivalently ) 

• Then, the fixpoint transfer theorem would do.

• To show  we need  

 

<latexit sha1_base64="jqMiQfKmon0N+xtE4hWtK0SPYaA=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0FwFRIRdVkUissK9gFNLZPpbTt0JklnJkIJ/Qs3/oobF4q41Z1/4/SBaOuBC4dz7uXee8KEM6U978vKLS2vrK7l1wsbm1vbO/buXlXFqaRQoTGPZT0kCjiLoKKZ5lBPJBARcqiF/auxX7sHqVgc3ephAk1BuhHrMEq0kVq2W8IBZZLioEuEIDhQA5WGCjQMfqSJX7rLAmfUsh3P9SbAi8SfEQfNUG7Zn0E7pqmASFNOlGr4XqKbGZGaUQ6jQpAqSAjtky40DI2IANXMJn+N8JFR2rgTS1ORxhP190RGhFJDEZpOQXRPzXtj8T+vkerORTNjUZJqiOh0USflWMd4HBJuMwlU86EhhEpmbsW0RySh2kRZMCH48y8vkuqJ65+5/s2pU7ycxZFHB+gQHSMfnaMiukZlVEEUPaAn9IJerUfr2Xqz3qetOWs2s4/+wPr4Bq+BnwI=</latexit>

F � � v � � F#
<latexit sha1_base64="BkTbBEVfY7mWoY75s1ym2a/9+Jc=">AAACF3icbVDLSsNAFJ34rPUVdelmMAiuQiKiLotCcVnBPqCJZTK9aYdOHp2ZCCX0L9z4K25cKOJWd/6N0zYLbT0wcDjnXO7cE6ScSeU438bS8srq2nppo7y5tb2za+7tN2SSCQp1mvBEtAIigbMY6oopDq1UAIkCDs1gcD3xmw8gJEviOzVKwY9IL2Yho0RpqWPaHuFpn2CPMkFxFXtyKLNAgoIhrt7nnjUurFmuY1qO7UyBF4lbEAsVqHXML6+b0CyCWFFOpGy7Tqr8nAjFKIdx2cskpIQOSA/amsYkAunn07vG+FgrXRwmQr9Y4an6eyInkZSjKNDJiKi+nPcm4n9eO1PhpZ+zOM0UxHS2KMw4VgmelIS7TABVfKQJoYLpv2LaJ4JQpass6xLc+ZMXSePUds9t9/bMqlwVdZTQITpCJ8hFF6iCblAN1RFFj+gZvaI348l4Md6Nj1l0yShmDtAfGJ8/ueqfCA==</latexit>

↵ � F v F# � ↵

<latexit sha1_base64="jqMiQfKmon0N+xtE4hWtK0SPYaA=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0FwFRIRdVkUissK9gFNLZPpbTt0JklnJkIJ/Qs3/oobF4q41Z1/4/SBaOuBC4dz7uXee8KEM6U978vKLS2vrK7l1wsbm1vbO/buXlXFqaRQoTGPZT0kCjiLoKKZ5lBPJBARcqiF/auxX7sHqVgc3ephAk1BuhHrMEq0kVq2W8IBZZLioEuEIDhQA5WGCjQMfqSJX7rLAmfUsh3P9SbAi8SfEQfNUG7Zn0E7pqmASFNOlGr4XqKbGZGaUQ6jQpAqSAjtky40DI2IANXMJn+N8JFR2rgTS1ORxhP190RGhFJDEZpOQXRPzXtj8T+vkerORTNjUZJqiOh0USflWMd4HBJuMwlU86EhhEpmbsW0RySh2kRZMCH48y8vkuqJ65+5/s2pU7ycxZFHB+gQHSMfnaMiukZlVEEUPaAn9IJerUfr2Xqz3qetOWs2s4/+wPr4Bq+BnwI=</latexit>

F � � v � � F#

A General Framework in Transitional Style

Conditions for Sound ,!] and []

sound condition for ,!]:

}̆(,!) � � ✓ � � }̆(,!])

sound condition for []:

[ � (�, �) ✓ � � []

X Y

X] Y ]

✓

�

}̆(,!)

}̆(,!])

�

Pattern for the sound condition for each semantic operator
f ] : A] ! B]

f � �A vB �B � f ].
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Soundness
A General Framework in Transitional Style

Use Example: Defining Sound ,!]

If each of the abstract semantic operators is a sound abstraction of its
concrete correspondent, then ,!] is a sound abstraction of ,!:

Theorem (Soundness of ,!])
If the semantic operators satisfy the following soundness properties:

}(evalE ) � �M ✓ �V � eval
]
E

}(updatex) � ⇥ � (�M , �V ) ✓ �M � update
]
x

}(filterB ) � �M ✓ �M � filter
]
B

}(filter¬B ) � �M ✓ �M � filter
]
¬B

then }̆(,!) � � v � � }̆(,!]). (The ⇥ is the Cartesian product operator of

two sets.)
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Soundness (with Narrowing)
A General Framework in Transitional Style

Underlying Theorems (2/2)

Theorem (Sound static analysis by F ] and widening operator
`

)
Given a program, let F and F ]

be defined as in the framework. Let
`

be a

widening operator. Then the following chain Y0 v Y1 v · · ·

Y0 = ? Yi+1 = Yi
h

F ](Yi)

is finite and its last element Ylim over-approximates lfpF :

lfpF ✓ �(Ylim) or equivalently ↵(lfpF ) v Ylim.

(Proof is in the supplementary note.)
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Summary: Recipe for Designing Sound Static Analysis
A General Framework in Transitional Style

Summary: Recipe for Defining Sound Static Analysis(1/4)

1 Define M to be the set of memory states that can occur during
program executions. Let L be the finite and fixed set of labels of a
given program.

2 Define a concrete semantics as the lfpF where

concrete domain }(S) = }(L⇥M)
concrete semantic function F : }(S) ! }(S)

F (X) = I [ Step(X)
Step = }̆(,!)
,! ✓ (L⇥M)⇥ (L⇥M)

The ,! is the one-step transition relation over L⇥M.
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Summary: Recipe for Designing Sound Static AnalysisA General Framework in Transitional Style

Summary: Recipe for Defining Sound Static Analysis(2/4)

4 Define its abstract domain and abstract semantic function as

abstract domain S] = L ! M]

abstract semantic function F ] : S] ! S]
F ](X]) = ↵(I) []

Step
](X])

Step
] = }(id,tM ) � ⇡ � }̆(,!])

,!] ✓ (L⇥M])⇥ (L⇥M])

The ,!] is the one-step abstract transition relation over L⇥M].
Function ⇡ partitions a set ✓ L⇥M] by the labels in L returning an
element in L ! }(M]) represented as a set ✓ L⇥ }(M]).

Kwangkeun Yi (Seoul National U) Static Analysis 5/2019@The 9th SSFT 89 / 130



Summary: Recipe for Designing Sound Static AnalysisA General Framework in Transitional Style

Summary: Recipe for Defining Sound Static Analysis(3/4)

5 Check the abstract domains S] and M] are CPOs, and forms a
Galois-connection respectively with }(S) and }(M):

(}(S),✓) ���! ���↵
�

(S],v) and (}(M),✓) ����! ����
↵M

�M
(M],vM )

where the partial order v of S] is label-wise vM :

a] v b] iff 8l 2 L : a](l) vM b](l).

6 Check the abstract one-step transition ,!] and abstract union []
satisfy:

}̆(,!) � � ✓ � � }̆(,!])
[ � (�, �) ✓ � � []
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Summary: Recipe for Designing Sound Static Analysis
A General Framework in Transitional Style

Summary: Recipe for Defining Sound Static Analysis(4/4)

7 Then, sound static analysis is defined as follows:
I In case S] is of finite-height (every its chain is finite) and F ]

is

monotone or extensive, then

G

i�0

F ]i(?)

is finitely computable and over-approximates the concrete semantics

lfpF .

I Otherwise, find a widening operator
`

, then the following chain

X0 v X1 v · · ·

X0 = ? Xi+1 = Xi

h
F ](Xi)

is finite and its last element over-approximates the concrete semantics

lfpF .
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