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Abstract Interpretation Framework

• The framework requires:

• a relation between      and 

• a relation between                     and 

• The framework guarantees:

• correctness and implementation

• freedom: any such       and       are fine.
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Static Analysis: a Gentle Introduction

Abstract Semantics Computation: rotation(u, v, ✓)

x

y

(d) Concrete seman-

tics

x

y

apre

apost

(e) Intervals

x

y

apre

apost

(f) Convex polyhedra

analysis(rotation(u, v, ✓), a) =
⇢

return an abstract state that contains
the rotation of a

Kwangkeun Yi (Seoul National U) Program Analysis 41 / 51

Static Analysis: a Gentle Introduction

Abstract Semantics Computation: rotation(u, v, ✓)

x

y

(d) Concrete seman-

tics

x

y

apre

apost

(e) Intervals

x

y

apre

apost

(f) Convex polyhedra

analysis(rotation(u, v, ✓), a) =
⇢

return an abstract state that contains
the rotation of a

Kwangkeun Yi (Seoul National U) Program Analysis 41 / 51



Abstract Interpretation Framework
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A domain of concrete states 
(e.g., a set of integers)

A function corresponding to 
one-step real execution

A function corresponding to 
one-step abstract execution

A domain of abstract states 
(e.g., a set of intervals)
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Steps

• Step 1: Define standard semantics

• Step 2: Define concrete semantics

• Step 3: Define abstract semantics



Step 1: Define Standard Semantics

• Formalization of a single program execution

• Operational semantics (transitional style)

• Big-step / small-step

• Denotational semantics (compositional style)

•  
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Step 1: Define Standard Semantics
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Graphic example: Small-steps transition
semantics

x(t)

t
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*from Patrick Cousot’s slides

Step 0: Standard Semantics

Execution  
traces



Semantics Style: Compositional vs. Transitional

• Compositional semantics is defined by the semantics of sub-
parts of a program. 

• For some realistic languages, even defining their 
compositional (“denotational”) semantics is a hurdle.

• goto, exceptions, function calls

• Transitional-style (“operational”) semantics avoids the hurdle. 
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[[AB]] = · · · [[A]] · · · [[B]] · · ·
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Step 2: Define Concrete Semantics

• Formalization of all possible program executions 

• Also called collecting semantics

• Simple extension of the standard semantics in general

•  
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Traces vs. Reachable States
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Traces vs Reachable States

17

Collecting semantics

Course 16.399: “Abstract interpretation”, Thursday, February 10, 2005 — 39 — ľ P. Cousot, 2005

Collecting semantics

– Collect all states that can appear on some trace at any
given discrete time:
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Collecting abstraction

– This is an abstraction. Does the red trace exists?
Trace semantics: no, collecting semantics: I don’t know.
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Graphic example: collecting semantics

x(t)

t

Course 16.399: “Abstract interpretation”, Thursday, February 10, 2005 — 42 — ľ P. Cousot, 2005

Traces

Reachable 
States

Can Answer: 
-  Can variable p be NULL at line 10? 
-  Can buffer index i be larger than size s? 
-  …

Can’t Answer: 
-  Does the red trace exist? 
-  …

*from Patrick Cousot’s slides

Execution  
Traces

Reachable 
States



Transitions of Sets of States
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Transitions of Sets of States

18

Graphic example: set of states transitions

x(t)

t

VMCAI’05 Industrial Day, Paris, France, January 20, 2005 — 38 — ľ P. Cousot

*from Patrick Cousot’s slides



Step 2: Define Concrete Semantics

• Define a semantic domain    , which is a CPO

• Define a semantic function                 , which is continuous.

• Then, the concrete semantics is the least fixed point of semantic 
function

Step 1: Define Concrete Semantics

The concrete semantics describes the real executions of the program.
Described by semantic domain and function.

A semantic domain D, which is a CPO:
I D is a partially ordered set with a least element ?.
I Any increasing chain d0 v d1 v . . . in D has a least upper boundF

n�0 dn in D.

A semantic function F : D ! D, which is continuous: for all chains
d0 v d1 v . . . ,

F (
G

n�0

di) =
G

n�0

F (dn).

Then, the concrete semantics (or collecting semantics) is defined as the
least fixed point of semantic function F : D ! D:

fixF =
G

i2N

F i(?).
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Static Analysis Design: step 1

Define the input program’s real executions(concrete semantics)

Define semantic domain CPO D.

Define the real executions as the least fixed point fixF of
continuous function F 2 D ! D

fixF =
G

i2N
F i(?D)

Plan: define an abstraction that captures fixF

Kwangkeun Yi Abstract Interpretation



Step 3: Define Abstract Semantics

• Define an abstract domain CPO 

• Intuition:       is an abstraction of 

• Define an abstract semantic function 

• Intuition:      is an abstraction of 

•     must be monotone: 

Step 2: Define Abstract Semantics

Define the abstract semantics of the input program.

Define an abstract semantic domain CPO D̂.
I Intuition: D̂ is an abstraction of D

Define an abstract semantic function F̂ : D̂ ! D̂.
I Intuition: F̂ is an abstraction of F .
I F̂ must be monotone:

8x̂, ŷ 2 D̂. x̂ v ŷ =) F̂ (x̂) v F̂ (ŷ)

(or extensive: 8x 2 D̂. x v F̂ (x))

Then, static analysis is to compute an upper bound of:

G

i2N
F̂ i(?)

How can we ensure that the result soundly approximate the concrete
semantics?
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Static Analysis Design: step 2

Define the input program’s abstract semantics

Define abstract domain CPO D̂.
Establish a Galois connection between D and D̂

Define an abstract semantic function F̂ 2 D̂ ! D̂
F̂ must be monotonic or extensive

Plan: define an abstraction that captures fixF by using F̂

Kwangkeun Yi Abstract Interpretation



Transitions of Abstract States
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Transitions of Abstract States
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Graphic example: Abstract transitions

x(t)

t
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Sound Static Analysis

• Static analysis is to compute an upper bound of the 
chain: 

• How can we ensure the abstract semantics soundly 
subsume the concrete semantics?

• Abstract interpretation framework guarantees if some 
requirements are met.
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i2N
F̂ i(?̂)



Requirement 1: about ￼  in relation with ￼  
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<latexit sha1_base64="/GjIqvIKiIBr+DdwbKirDA1K0T8=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeizqwWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHssHM07Qj+hA8pAzaqxUv+uVym7FnYEsEy8nZchR65W+uv2YpRFKwwTVuuO5ifEzqgxnAifFbqoxoWxEB9ixVNIItZ/NDp2QU6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasJrP+MySQ1KNl8UpoKYmEy/Jn2ukBkxtoQyxe2thA2poszYbIo2BG/x5WXSPK94lxWvflGu3uRxFOAYTuAMPLiCKtxDDRrAAOEZXuHNeXRenHfnY9664uQzR/AHzucPmWGMzg==</latexit>

D
Requirement 1: Galois Connection

D and D̂ must be related with Galois-connection:

D ��! ��↵
�

D̂

That is, we have

abstraction function: ↵ 2 D ! D̂
I represents elements in D as elements of D̂

concretization function: � 2 D̂ ! D
I gives the meaning of elements of D̂ in terms of D

8x 2 D, x̂ 2 D̂. ↵(x) v x̂ () x v �(x̂)
I ↵ and � respect the orderings of D and D̂
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Requirement 1: about D̂ in relation with D

D̂ must be Galois-connected with D

D �! �↵
�

D̂.

Galois connection:

8x 2 D, x̂ 2 D̂ : ↵(x) v x̂() x v �(x̂).

Galois connection captures our intention:
bigger elements in D̂ means more.
↵ abstracts .
� concretizes.

Plan: static analysis is computing an upper bound of
F

i2N F̂ i(?̂)

Kwangkeun Yi Abstract Interpretation



Galois Connection

Galois-Connection
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Example: Sign Abstraction

?

>

+ �0

D = 2Z D̂

Z

;

↵

Z+ = {1, 2, 3, ...}

�



Example: Sign Abstraction

Example: Sign Abstraction

Sign abstraction:
}(Z) ��! ��↵

�
{?,+, 0,�>}

where

↵(Z) =

8
>>>><

>>>>:

? Z = ;
+ 8z 2 Z. z > 0
0 Z = {0}
� 8z 2 Z. z < 0
> otherwise

�(?) = ;
�(>) = Z
�(+) = {z 2 Z | z > 0}
�(0) = {0}
�(�) = {z 2 Z | z < 0}
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Example: Interval Abstraction
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Example: Interval Abstraction

28

}(Z) ���! ���↵
�

{?} [ {[a, b] | a 2 Z [ {�1}, b 2 Z [ {+1}}

<latexit sha1_base64="Eolvr/MTToFwz7/EtpOe+cpN/DY="></latexit>

[1, 100]

<latexit sha1_base64="5EZuFw5jSkU3PJ/V5IZM9u7rljg=">AAACCXicbZDNSgMxFIXv1L9a/6ou3QSL4ELKjBTqsujGZQX7A9OhZNJMG5pJhiQjlKFP4MqtPoU7cetT+BC+g2k7C217IHA45164+cKEM21c99spbGxube8Ud0t7+weHR+Xjk7aWqSK0RSSXqhtiTTkTtGWY4bSbKIrjkNNOOL6b9Z0nqjST4tFMEhrEeChYxAg2Nur43pXnukG/XHGr7lxo1Xi5qUCuZr/80xtIksZUGMKx1r7nJibIsDKMcDot9VJNE0zGeEh9awWOqQ6y+blTdGGTAYqksk8YNE//bmQ41noSh3Yyxmakl7tZuLYbYi6ZXlf5qYlugoyJJDVUkMUNUcqRkWiGBQ2YosTwiTWYKGa/gcgIK0yMhVeyfLxlGqumfV31atXaQ63SuM1JFeEMzuESPKhDA+6hCS0gMIYXeIU359l5dz6cz8Vowcl3TuGfnK9frtiZZw==</latexit>

[�1,+1]

<latexit sha1_base64="D/zb31sJrD+U1tLGngOHZysx5A0=">AAACFnicbZDNSsNAFIVv6l+tf7Eu3QwWQVBLIgVdFt24rGB/IA1lMp20QyeTMDMRQ+l7uHKrT+FO3Lr1IXwHp20WWntg4OOce+HOCRLOlHacL6uwsrq2vlHcLG1t7+zu2fvllopTSWiTxDyWnQArypmgTc00p51EUhwFnLaD0c00bz9QqVgs7nWWUD/CA8FCRrA2Vs8ue+ddJkKdnaHTOfg9u+JUnZnQf3BzqECuRs/+7vZjkkZUaMKxUp7rJNofY6kZ4XRS6qaKJpiM8IB6BgWOqPLHs9sn6Ng4fRTG0jyh0cz9vTHGkVJZFJjJCOuhWsym5tJsgHnM1LLIS3V45Y+ZSFJNBZnfEKYc6RhNO0J9JinRPDOAiWTmG4gMscREmyZLph93sY3/0LqourVq7a5WqV/nTRXhEI7gBFy4hDrcQgOaQOARnuEFXq0n6816tz7mowUr3zmAP7I+fwCoip7I</latexit>

;

<latexit sha1_base64="fNei2TcOg7D8DMwata9pVHApVfo=">AAACC3icbZDNSsNAFIUn/tb6V3XpJlgEVyWRgi6LblxWsD/ShjKZ3rZDZyZh5kYIoY/gyq0+hTtx60P4EL6D0zYLbXtg4HDOvXDnC2PBDXret7O2vrG5tV3YKe7u7R8clo6OmyZKNIMGi0Sk2yE1ILiCBnIU0I41UBkKaIXj22nfegJteKQeMI0hkHSo+IAzijZ67IKMMTWAvVLZq3gzucvGz02Z5Kr3Sj/dfsQSCQqZoMZ0fC/GIKMaORMwKXYTAzFlYzqEjrWKSjBBNjt44p7bpO8OIm2fQneW/t3IqDQmlaGdlBRHZrGbhiu7IRURN6uqToKD6yDjKk4QFJvfMEiEi5E7BeP2uQaGIrWGMs3tN1w2opoytPiKlo+/SGPZNC8rfrVSva+Wazc5qQI5JWfkgvjkitTIHamTBmFEkhfySt6cZ+fd+XA+56NrTr5zQv7J+foFkJibrA==</latexit>

Z

<latexit sha1_base64="CntLv38loPGqd0UxH5uo/FAwTRU=">AAACDHicbVDLSgMxFL1TX7W+qi7dBIvgqsxIQZdFNy4r2Adth5JJM21oJhmSjFCG/oIrt/oV7sSt/+BH+A9m2llo2wMXDufcC+eeIOZMG9f9dgobm1vbO8Xd0t7+weFR+fikpWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB1M7jK//USVZlI8mmlM/QiPBAsZwcZK3X6EzTgI0u5sUK64VXcOtEq8nFQgR2NQ/ukPJUkiKgzhWOue58bGT7EyjHA6K/UTTWNMJnhEe5YKHFHtp/PEM3RhlSEKpbIjDJqrfy9SHGk9jQK7mSXUy14mrvVGmEum11m9xIQ3fspEnBgqyCJDmHBkJMqaQUOmKDF8agkmitk3EBljhYmx/ZVsP95yG6ukdVX1atXaQ61Sv82bKsIZnMMleHANdbiHBjSBgIAXeIU359l5dz6cz8VqwclvTuEfnK9fKLOb+w==</latexit>

?

<latexit sha1_base64="VCmhQJXSA1QxiUxdlNwA3NHUr8Y=">AAACBnicbZC9SgNBFIXvxr8Y/6KWNotBsAq7EtAyaGMZwfxAsoTZySQZMjuzzNwVwpLeylafwk5sfQ0fwndwNtlCkxwYOJxzL9z5wlhwg5737RQ2Nre2d4q7pb39g8Oj8vFJy6hEU9akSijdCYlhgkvWRI6CdWLNSBQK1g4nd1nffmLacCUfcRqzICIjyYecEsyiXqiwX654VW8ud9X4ualArka//NMbKJpETCIVxJiu78UYpEQjp4LNSr3EsJjQCRmxrrWSRMwE6fzWmXthk4E7VNo+ie48/buRksiYaRTayYjg2Cx3Wbi2GxGhuFlXdRMc3gQpl3GCTNLFDcNEuKjcjIk74JpRFFNrCNXcfsOlY6IJRUuuZPn4yzRWTeuq6teqtYdapX6bkyrCGZzDJfhwDXW4hwY0gcIYXuAV3pxn5935cD4XowUn3zmFf3K+fgE1BZlE</latexit>

↵

<latexit sha1_base64="3zs4JbMDyNeMHFTWEXL0Cgh3xqw=">AAACCXicbZDNSsNAFIVv6l+tf1WXbgaL4KokUtBl0Y3LCvYH2lBuptN26GQmzEyEEvoErtzqU7gTtz6FD+E7mLRZaNsDA4dz7oU7XxAJbqzrfjuFjc2t7Z3ibmlv/+DwqHx80jIq1pQ1qRJKdwI0THDJmpZbwTqRZhgGgrWDyV3Wt5+YNlzJRzuNmB/iSPIhp2jTqN1DEY2x1C9X3Ko7F1k1Xm4qkKvRL//0BorGIZOWCjSm67mR9RPUllPBZqVebFiEdIIj1k2txJAZP5mfOyMXaTIgQ6XTJy2Zp383EgyNmYZBOhmiHZvlLgvXdiMUipt1VTe2wxs/4TKKLZN0ccMwFsQqkmEhA64ZtWKaGqSap98gdIwaqU3hZXy8ZRqrpnVV9WrV2kOtUr/NSRXhDM7hEjy4hjrcQwOaQGECL/AKb86z8+58OJ+L0YKT75zCPzlfv/M1mi0=</latexit>

�

<latexit sha1_base64="aGHddnghSIxFl7g3+g/Zf5ZEtSU=">AAACCHicbZDLSgMxFIYzXmu9VV26CRbBVZmRgi6LblxWsBdoh3ImTaexuQxJRihDX8CVW30Kd+LWt/AhfAfTdhba9ofAz/+fAydflHBmrO9/e2vrG5tb24Wd4u7e/sFh6ei4aVSqCW0QxZVuR2AoZ5I2LLOcthNNQUSctqLR7bRvPVFtmJIPdpzQUEAs2YARsC5qdmMQAnqlsl/xZ8LLJshNGeWq90o/3b4iqaDSEg7GdAI/sWEG2jLC6aTYTQ1NgIwgph1nJQhqwmx27QSfu6SPB0q7Jy2epX83MhDGjEXkJgXYoVnspuHKLgaumFlVdVI7uA4zJpPUUknmNwxSjq3CUyq4zzQllo+dAaKZ+wYmQ9BArGNXdHyCRRrLpnlZCaqV6n21XLvJSRXQKTpDFyhAV6iG7lAdNRBBj+gFvaI379l79z68z/nompfvnKB/8r5+AbatmhY=</latexit>

{1, 10, 100}

<latexit sha1_base64="umDAoqCHFB+yX8paPIliP+28prg=">AAACEHicbVDLSgMxFL1TX7W+qi7dBIvgQsqMFHRZdOOygn1AO5ZMmmlDM8mQZIQy9CdcudWvcCdu/QM/wn8w085C2x64cDjnXjj3BDFn2rjut1NYW9/Y3Cpul3Z29/YPyodHLS0TRWiTSC5VJ8CaciZo0zDDaSdWFEcBp+1gfJv57SeqNJPiwUxi6kd4KFjICDZWeuyl3gXy3Gzc3rRfrrhVdwa0TLycVCBHo1/+6Q0kSSIqDOFY667nxsZPsTKMcDot9RJNY0zGeEi7lgocUe2ns9RTdGaVAQqlsiMMmql/L1IcaT2JArsZYTPSi14mrvSGmEumV1ndxITXfspEnBgqyDxDmHBkJMraQQOmKDF8Ygkmitk3EBlhhYmxHZZsP95iG8ukdVn1atXafa1Sv8mbKsIJnMI5eHAFdbiDBjSBgIIXeIU359l5dz6cz/lqwclvjuEfnK9foe+bcg==</latexit>

v<latexit sha1_base64="sYqKXg4d3C1HQMSraYrjGLszQEE=">AAACDnicbZDNSgMxFIUz9a/Wv6pLN8EiuCozUtBl0Y3LCvYHOkPJpHfa0EwyTTJCGfoOrtzqU7gTt76CD+E7mLaz0LYHAodz7oWbL0w408Z1v53CxubW9k5xt7S3f3B4VD4+aWmZKgpNKrlUnZBo4ExA0zDDoZMoIHHIoR2O7mZ9+wmUZlI8mkkCQUwGgkWMEmMj39djnYYaDIxLvXLFrbpz4VXj5aaCcjV65R+/L2kagzCUE627npuYICPKMMphWvJTDQmhIzKArrWCxKCDbH7zFF/YpI8jqewTBs/TvxsZibWexKGdjIkZ6uVuFq7tBoRLptdV3dREN0HGRJIaEHRxQ5RybCSescF9poAaPrGGUMXsNzAdEkWosQRnfLxlGqumdVX1atXaQ61Sv81JFdEZOkeXyEPXqI7uUQM1EUUJekGv6M15dt6dD+dzMVpw8p1T9E/O1y92b5yp</latexit>

{1, 2, · · · , 100}

<latexit sha1_base64="ysI2gQd6obyFd5YpkhhJZBcZZRU=">AAACGXicbZDNSsNAFIUn/tb6FxVXbgaL4KKUpFR0WXTjsoL9gSaUyWTaDp1kwsyNUEKfxJVbfQp34taVD+E7OG2z0LYHBg7n3At3viARXIPjfFtr6xubW9uFneLu3v7BoX103NIyVZQ1qRRSdQKimeAxawIHwTqJYiQKBGsHo7tp335iSnMZP8I4YX5EBjHvc0rARD371MvcMq6WsUdDCbqMXcfxJj275FScmfCycXNTQrkaPfvHCyVNIxYDFUTrrusk4GdEAaeCTYpeqllC6IgMWNfYmERM+9ns/Am+MEmI+1KZFwOepX83MhJpPY4CMxkRGOrFbhqu7AZESK5XVd0U+jd+xuMkBRbT+Q39VGCQeIoJh1wxCmJsDKGKm29gOiSKUDAwi4aPu0hj2bSqFbdWuXqoleq3OakCOkPn6BK56BrV0T1qoCaiKEMv6BW9Wc/Wu/Vhfc5H16x85wT9k/X1C3fhnoA=</latexit>



Example: Interval Abstraction

Example: Interval Abstraction

}(Z) ��! ��↵
�

{?} [ {[a, b] | a 2 Z [ {�1}, b 2 Z [ {+1}}

�(?) = ;
�([a, b]) = {z 2 Z | a  z  b}

�([a,+1]) = {z 2 Z | z � a}
�([�1, b]) = {z 2 Z | z  b}

�([�1,+1]) = Z
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Requirement 2: about ￼
<latexit sha1_base64="Ig/Oa0CBEPOUilLwyuSPj6CpMU4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiIB4r2A9oQ9lsN+3SzSbsToQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1iJOE+xEdKhEKRtFK7d6IYnY37ZcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/d0rOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms9/JQGjOUE4soUwLeythI6opQ5tQyYbgLb+8SloXVa9W9R4uK/WbPI4inMApnIMHV1CHe2hAExiM4Rle4c1JnBfn3flYtBacfOYY/sD5/AFmOo+d</latexit>

F̂Requirement 2: about F̂

F̂ must be monotonic:

8x, y 2 D̂ : x v y ) F̂ (x) v F̂ (y)

or extensive:
8x 2 D̂ : x v F̂ (x).

Plan: static analysis is computing an upper bound of
F

i2N F̂ i(?̂)

Kwangkeun Yi Abstract Interpretation



Requirement 3: ￼  in relation with ￼
<latexit sha1_base64="Ig/Oa0CBEPOUilLwyuSPj6CpMU4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiIB4r2A9oQ9lsN+3SzSbsToQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1iJOE+xEdKhEKRtFK7d6IYnY37ZcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/d0rOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms9/JQGjOUE4soUwLeythI6opQ5tQyYbgLb+8SloXVa9W9R4uK/WbPI4inMApnIMHV1CHe2hAExiM4Rle4c1JnBfn3flYtBacfOYY/sD5/AFmOo+d</latexit>

F̂
<latexit sha1_base64="huGjp/7X5D20y8rcIf/3porI4o0=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeiwK4rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfzsrq2vrGZmGruL2zu7dfOjhs6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WDGSfoR3QgecgZNVaq3/VKZbfizkCWiZeTMuSo9Upf3X7M0gilYYJq3fHcxPgZVYYzgZNiN9WYUDaiA+xYKmmE2s9mh07IqVX6JIyVLWnITP09kdFI63EU2M6ImqFe9Kbif14nNeG1n3GZpAYlmy8KU0FMTKZfkz5XyIwYW0KZ4vZWwoZUUWZsNkUbgrf48jJpnle8y4pXvyhXb/I4CnAMJ3AGHlxBFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHnGmM0A==</latexit>

F

• For any ￼  ,  ￼  and ￼  must satisfy 

• Intuition:  the result of one-step abstract execution subsumes 
that of one-step real execution.

• or, alternatively,

x 2 D, x̂ 2 D̂

Step 2: Define Abstract Semantics

Define the abstract semantics of the input program.

Define an abstract semantic domain CPO D̂.
I Intuition: D̂ is an abstraction of D

Define an abstract semantic function F̂ : D̂ ! D̂.
I Intuition: F̂ is an abstraction of F .
I F̂ must be monotone:

8x̂, ŷ 2 D̂. x̂ v ŷ =) F̂ (x̂) v F̂ (ŷ)

(or extensive: 8x 2 D̂. x v F̂ (x))

Then, static analysis is to compute an upper bound of:

G

i2N
F̂ i(?)

How can we ensure that the result soundly approximate the concrete
semantics?
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Then, static analysis is to compute an upper bound of:

G

i2N
F̂ i(?)

How can we ensure that the result soundly approximate the concrete
semantics?
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Requirement 2: F̂ and F

F̂ and F must satisfy

↵ � F v F̂ � ↵ (i.e., F � � v � � F̂ )

or, alternatively,

↵(x) v x̂ =) ↵(F (x)) v F̂ (x̂)

Hakjoo Oh AAA616 2016 Fall, Lecture 4 October 11, 2016 12 / 29

Requirement 2: F̂ and F
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Requirement 2: about F̂

F̂ must be monotonic:

8x, y 2 D̂ : x v y ) F̂ (x) v F̂ (y)

or extensive:
8x 2 D̂ : x v F̂ (x).

Plan: static analysis is computing an upper bound of
F

i2N F̂ i(?̂)

Kwangkeun Yi Abstract Interpretation
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Sound Abstract Semantics (1)

33

D]

<latexit sha1_base64="F0+BDoABkJzCyK6YuWhYp8E0T+s=">AAACF3icbZDLSsNAGIUnXmu9Rbt0M1gEVyWRgi6LunBZwV6giWUynbRDJzNhZiKEkAdx5Vafwp24delD+A5O2iy07Q8Dh3P+H858Qcyo0o7zba2tb2xubVd2qrt7+weH9tFxV4lEYtLBggnZD5AijHLS0VQz0o8lQVHASC+Y3hR574lIRQV/0GlM/AiNOQ0pRtpYQ7vmRUhPgiC7zR8zT02QjPOhXXcazmzgsnBLUQfltIf2jzcSOIkI15ghpQauE2s/Q1JTzEhe9RJFYoSnaEwGRnIUEeVns/I5PDPOCIZCmsc1nLl/LzIUKZVGgdksqqrFrDBXZmPEBFWrokGiwys/ozxONOF43iFMGNQCFpDgiEqCNUuNQFhS8w2IDRqEtUFZNXzcRRrLonvRcJuN5n2z3rouSVXACTgF58AFl6AF7kAbdAAGKXgBr+DNerberQ/rc766ZpU3NfBvrK9fL/OgQA==</latexit>

D

<latexit sha1_base64="3Bmobb0JCCrMJdyeISqw1lU/aAY=">AAACDHicbVDLSgMxFL1TX7W+qi7dBIvgqsxIQZdFXbisYB/YDiWTZtrQTDIkGaEM/QVXbvUr3Ilb/8GP8B/MtLPQtgcuHM65F849QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8tEEdokkkvVCbCmnAnaNMxw2okVxVHAaTsY32R++4kqzaR4MJOY+hEeChYygo2VHnsRNqMgSG+n/XLFrbozoGXi5aQCORr98k9vIEkSUWEIx1p3PTc2foqVYYTTaamXaBpjMsZD2rVU4IhqP50lnqIzqwxQKJUdYdBM/XuR4kjrSRTYzSyhXvQycaU3xFwyvcrqJia88lMm4sRQQeYZwoQjI1HWDBowRYnhE0swUcy+gcgIK0yM7a9k+/EW21gmrYuqV6vW7muV+nXeVBFO4BTOwYNLqMMdNKAJBAS8wCu8Oc/Ou/PhfM5XC05+cwz/4Hz9AgTzm+U=</latexit>

�

<latexit sha1_base64="fcXUPzvYTezoPTJ0wk3s1UbU0qs=">AAACCXicbZDNSgMxFIUz9a/Wv6pLN8EiuCozUtBl0Y3LCvYH2qHcSTPT0GQyJBmhDH0CV271KdyJW5/Ch/AdzLSz0LYHAodz7oWbL0g408Z1v53SxubW9k55t7K3f3B4VD0+6WiZKkLbRHKpegFoyllM24YZTnuJoiACTrvB5C7vu09UaSbjRzNNqC8gilnICBgbdQcRCAGVYbXm1t258KrxClNDhVrD6s9gJEkqaGwIB637npsYPwNlGOF0VhmkmiZAJhDRvrUxCKr9bH7uDF/YZIRDqeyLDZ6nfzcyEFpPRWAnBZixXu7ycG0XAZdMr6v6qQlv/IzFSWpoTBY3hCnHRuIcCx4xRYnhU2uAKGa/gckYFBBj4eV8vGUaq6ZzVfca9cZDo9a8LUiV0Rk6R5fIQ9eoie5RC7URQRP0gl7Rm/PsvDsfzuditOQUO6fon5yvX+5Lmio=</latexit>

v<latexit sha1_base64="sYqKXg4d3C1HQMSraYrjGLszQEE=">AAACDnicbZDNSgMxFIUz9a/Wv6pLN8EiuCozUtBl0Y3LCvYHOkPJpHfa0EwyTTJCGfoOrtzqU7gTt76CD+E7mLaz0LYHAodz7oWbL0w408Z1v53CxubW9k5xt7S3f3B4VD4+aWmZKgpNKrlUnZBo4ExA0zDDoZMoIHHIoR2O7mZ9+wmUZlI8mkkCQUwGgkWMEmMj39djnYYaDIxLvXLFrbpz4VXj5aaCcjV65R+/L2kagzCUE627npuYICPKMMphWvJTDQmhIzKArrWCxKCDbH7zFF/YpI8jqewTBs/TvxsZibWexKGdjIkZ6uVuFq7tBoRLptdV3dREN0HGRJIaEHRxQ5RybCSescF9poAaPrGGUMXsNzAdEkWosQRnfLxlGqumdVX1atXaQ61Sv81JFdEZOkeXyEPXqI7uUQM1EUUJekGv6M15dt6dD+dzMVpw8p1T9E/O1y92b5yp</latexit>

F � � v � � F ]

<latexit sha1_base64="X2K32lPuj10xv2Qwhk/9wEqbn0o=">AAACLnicbVDLSgNBEJz1GeMr6tHLYBA8hV1R9BgUgscI5gHZGHonnWTIzO5mZlYIS/7Dz/ALvOoXCB7Ek+BnOHkgaixoKKq66e4KYsG1cd1XZ2FxaXllNbOWXd/Y3NrO7exWdZQohhUWiUjVA9AoeIgVw43AeqwQZCCwFvQvx37tDpXmUXhjhjE2JXRD3uEMjJVaueMS9RlXjPpdkBKorwc6CTQaHHxLE790m/q6ByoetXJ5t+BOQOeJNyN5MkO5lfvw2xFLJIaGCdC64bmxaaagDGcCR1k/0RgD60MXG5aGIFE308lvI3polTbtRMpWaOhE/TmRgtR6KAPbKcH09F9vLP7nNRLTOW+mPIwTgyGbLuokgpqIjoOiba6QGTG0BJji9lbK7P/AjI3z15YuiIjrcS7e3xTmSfW44J0UTq9P8sWLWUIZsk8OyBHxyBkpkitSJhXCyD15JE/k2XlwXpw3533auuDMZvbILzifX3eIqYU=</latexit>

�(x])

<latexit sha1_base64="ynufzMmf/9xaxvgzQ6dr1NMIqOc=">AAAB+3icbVBNS8NAEJ34WetXrEcvi0Wol5JIRY9FLx4r2A9oYtlsN+3S3STsbqQl9K948aCIV/+IN/+N2zYHbX0w8Hhvhpl5QcKZ0o7zba2tb2xubRd2irt7+weH9lGppeJUEtokMY9lJ8CKchbRpmaa004iKRYBp+1gdDvz209UKhZHD3qSUF/gQcRCRrA2Us8ueQMsBK6MHzNPDbFMpuc9u+xUnTnQKnFzUoYcjZ795fVjkgoaacKxUl3XSbSfYakZ4XRa9FJFE0xGeEC7hkZYUOVn89un6MwofRTG0lSk0Vz9PZFhodREBKZTYD1Uy95M/M/rpjq89jMWJammEVksClOOdIxmQaA+k5RoPjEEE8nMrYiYADDRJq6iCcFdfnmVtC6qbq16eV8r12/yOApwAqdQAReuoA530IAmEBjDM7zCmzW1Xqx362PRumblM8fwB9bnD+sjlF8=</latexit>

x]

<latexit sha1_base64="BT0SvWLzOu+VAjLjQy6RSeGZHbg=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIRZdFNy4r2Ae2Y8mkaRuayQzJHbEM/Qs3LhRx69+4829M21lo64HA4Zx7yT0niKUw6LrfTm5ldW19I79Z2Nre2d0r7h80TJRoxusskpFuBdRwKRSvo0DJW7HmNAwkbwaj66nffOTaiEjd4TjmfkgHSvQFo2il+6eHtGOGVMeTbrHklt0ZyDLxMlKCDLVu8avTi1gScoVMUmPanhujn1KNgkk+KXQSw2PKRnTA25YqGnLjp7OLJ+TEKj3Sj7R9CslM/b2R0tCYcRjYyZDi0Cx6U/E/r51g/9JPhYoT5IrNP+onkmBEpvFJT2jOUI4toUwLeythNj9laEsq2BK8xcjLpHFW9irl89tKqXqV1ZGHIziGU/DgAqpwAzWoAwMFz/AKb45xXpx352M+mnOynUP4A+fzBw/YkS4=</latexit>

F ](x])

<latexit sha1_base64="PNYNHmDKYaoVigjDixafj+QSqWM=">AAAB/3icbZDLSgMxFIbP1Futt1HBjZtgEeqmzEhFl0VBXFawF2jHkkkzbWgmMyQZsYxd+CpuXCji1tdw59uYXhBt/SHw8Z9zOCe/H3OmtON8WZmFxaXllexqbm19Y3PL3t6pqSiRhFZJxCPZ8LGinAla1Uxz2oglxaHPad3vX4zq9TsqFYvEjR7E1AtxV7CAEayN1bb3Lm/TluphGQ8L9z941LbzTtEZC82DO4U8TFVp25+tTkSSkApNOFaq6Tqx9lIsNSOcDnOtRNEYkz7u0qZBgUOqvHR8/xAdGqeDgkiaJzQau78nUhwqNQh90xli3VOztZH5X62Z6ODMS5mIE00FmSwKEo50hEZhoA6TlGg+MICJZOZWREwAmGgTWc6E4M5+eR5qx0W3VDy5LuXL59M4srAPB1AAF06hDFdQgSoQeIAneIFX69F6tt6s90lrxprO7MIfWR/fOV6WPg==</latexit>

F (�(x]))

<latexit sha1_base64="5Ttnl0W3+Mo2hUo/2hsuCVeNti0=">AAAB/nicbVBNS8NAEJ34WetXVDx5WSxCeymJVPRYFMRjBfsBTS2b7aZdupuE3Y1YQsG/4sWDIl79Hd78N27bHLT1wcDjvRlm5vkxZ0o7zre1tLyyurae28hvbm3v7Np7+w0VJZLQOol4JFs+VpSzkNY105y2Ykmx8Dlt+sOrid98oFKxKLzTo5h2BO6HLGAEayN17cProtfHQuDi433qqQGW8bhU6toFp+xMgRaJm5ECZKh17S+vF5FE0FATjpVqu06sOymWmhFOx3kvUTTGZIj7tG1oiAVVnXR6/hidGKWHgkiaCjWaqr8nUiyUGgnfdAqsB2rem4j/ee1EBxedlIVxomlIZouChCMdoUkWqMckJZqPDMFEMnMrIiYBTLRJLG9CcOdfXiSN07JbKZ/dVgrVyyyOHBzBMRTBhXOowg3UoA4EUniGV3iznqwX6936mLUuWdnMAfyB9fkDTvqVFA==</latexit>

�

<latexit sha1_base64="fcXUPzvYTezoPTJ0wk3s1UbU0qs=">AAACCXicbZDNSgMxFIUz9a/Wv6pLN8EiuCozUtBl0Y3LCvYH2qHcSTPT0GQyJBmhDH0CV271KdyJW5/Ch/AdzLSz0LYHAodz7oWbL0g408Z1v53SxubW9k55t7K3f3B4VD0+6WiZKkLbRHKpegFoyllM24YZTnuJoiACTrvB5C7vu09UaSbjRzNNqC8gilnICBgbdQcRCAGVYbXm1t258KrxClNDhVrD6s9gJEkqaGwIB637npsYPwNlGOF0VhmkmiZAJhDRvrUxCKr9bH7uDF/YZIRDqeyLDZ6nfzcyEFpPRWAnBZixXu7ycG0XAZdMr6v6qQlv/IzFSWpoTBY3hCnHRuIcCx4xRYnhU2uAKGa/gckYFBBj4eV8vGUaq6ZzVfca9cZDo9a8LUiV0Rk6R5fIQ9eoie5RC7URQRP0gl7Rm/PsvDsfzuditOQUO6fon5yvX+5Lmio=</latexit>

Intuition: the result of one-step abstract execution (      ) 
subsumes that of one-step concrete execution (    )

F ]

<latexit sha1_base64="d+JzqlEJXa3E2m0YpXlecb9xgIQ=">AAACDHicbZA7SwNBFIXv+ozxFbUUZDAIVmFXFO0MCJIyAfPAZA2zk9lkyOzsMjMrhCWlrZWt/gqLgNha2vsbxP/g5FFokgMDh3PuhTufF3GmtG1/WQuLS8srq6m19PrG5tZ2Zme3osJYElomIQ9lzcOKciZoWTPNaS2SFAcep1WvezXsq/dUKhaKG92LqBvgtmA+I1ib6Pb6LmmoDpZRv5nJ2jl7JDRrnInJXn4OSt8PB4NiM/PTaIUkDqjQhGOl6o4daTfBUjPCaT/diBWNMOniNq0bK3BAlZuMLu6jI5O0kB9K84RGo/TvRoIDpXqBZyYDrDtquhuGc7s25iFT86p6rP0LN2EiijUVZHyDH3OkQzQkg1pMUqJ5zxhMJDPfQMSgwUQbfmnDx5mmMWsqJznnNHdWsrP5AoyVgn04hGNw4BzyUIAilIGAgCd4hhfr0Xq13qz38eiCNdnZg3+yPn4Bcv2gVA==</latexit>

F

<latexit sha1_base64="i9l62HVYA8mKDkl19hPN7ZPD4ok=">AAACA3icbZDLSgMxFIYzXmu9VV0KEiyCqzIjiu4sCNJlC/YC7VAy6WkbmkmGJCOUocuu3OpTuBMX3fgK7n0G8R1MLwtt+0Pg4//PgZM/iDjTxnW/nJXVtfWNzdRWentnd28/c3BY0TJWFMpUcqlqAdHAmYCyYYZDLVJAwoBDNejdjfPqIyjNpHgw/Qj8kHQEazNKjLVK981M1s25E+FF8GaQvf0clb6HJ6NiM/PTaEkahyAM5UTruudGxk+IMoxyGKQbsYaI0B7pQN2iICFoP5kcOsBn1mnhtlT2CYMn7t+NhIRa98PATobEdPV8NjaXZh3CJdPLonps2jd+wkQUGxB0ekM75thIPC4Et5gCanjfAqGK2W9g2iWKUGNrS9t+vPk2FqFykfMuc1clN5svoKlS6BidonPkoWuURwVURGVEEaAn9IxenKHz6rw579PRFWe2c4T+yfn4BeXVnCo=</latexit>

� � F ](x])

<latexit sha1_base64="2Ut6y51lONfqNZXHhvjwFx34xpA=">AAACDHicbVDLSgMxFL3js9ZX1aWbYBHqpsxIRZdFQVxWsA/ojCWTZtrQZGZIMmIZ+gFu/BU3LhRx6we4829M20G09UDgcM653Nzjx5wpbdtf1sLi0vLKam4tv76xubVd2NltqCiRhNZJxCPZ8rGinIW0rpnmtBVLioXPadMfXIz95h2VikXhjR7G1BO4F7KAEayN1CkU3R4WAiOXMEnQ5W3qqj6W8ah0/0OPTMou2xOgeeJkpAgZap3Cp9uNSCJoqAnHSrUdO9ZeiqVmhNNR3k0UjTEZ4B5tGxpiQZWXTo4ZoUOjdFEQSfNCjSbq74kUC6WGwjdJgXVfzXpj8T+vnejgzEtZGCeahmS6KEg40hEaN4O6TFKi+dAQTCQzf0XEFICJNv3lTQnO7MnzpHFcdirlk+tKsXqe1ZGDfTiAEjhwClW4ghrUgcADPMELvFqP1rP1Zr1PowtWNrMHf2B9fAOcp5tc</latexit>

F

<latexit sha1_base64="xHHGwRajmiCRGyWsqVP7F4ddVRc=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKRI9BQTwmYB6QLGF20puMmZ1dZmaFEPIFXjwo4tVP8ubfOEn2oIkFDUVVN91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj25nfekKleSwfzDhBP6IDyUPOqLFS/a5XLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU147U+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNC/KXqV8Wa+UqjdZHHk4gVM4Bw+uoAr3UIMGMEB4hld4cx6dF+fd+Vi05pxs5hj+wPn8AZ0JjNI=</latexit>

F ]

<latexit sha1_base64="w5EfPZ4cvWBptbJvBdoO0zQJuOs=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIRZdFQVxWsA9sx5JJb9vQTGZIMkIZ+hduXCji1r9x59+YtrPQ1gOBwzn3kntOEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoeuo3n1BpHsl7M47RD+lA8j5n1Fjp4eYx7eghVfGkWyy5ZXcGsky8jJQgQ61b/Or0IpaEKA0TVOu258bGT6kynAmcFDqJxpiyER1g21JJQ9R+Ort4Qk6s0iP9SNknDZmpvzdSGmo9DgM7GVIz1IveVPzPayemf+mnXMaJQcnmH/UTQUxEpvFJjytkRowtoUxxeythNj9lxpZUsCV4i5GXSeOs7FXK53eVUvUqqyMPR3AMp+DBBVThFmpQBwYSnuEV3hztvDjvzsd8NOdkO4fwB87nD8I/kPw=</latexit>

Requirement 3: ￼  in relation with ￼
<latexit sha1_base64="Ig/Oa0CBEPOUilLwyuSPj6CpMU4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiIB4r2A9oQ9lsN+3SzSbsToQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1iJOE+xEdKhEKRtFK7d6IYnY37ZcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/d0rOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms9/JQGjOUE4soUwLeythI6opQ5tQyYbgLb+8SloXVa9W9R4uK/WbPI4inMApnIMHV1CHe2hAExiM4Rle4c1JnBfn3flYtBacfOYY/sD5/AFmOo+d</latexit>

F̂
<latexit sha1_base64="huGjp/7X5D20y8rcIf/3porI4o0=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeiwK4rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfzsrq2vrGZmGruL2zu7dfOjhs6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WDGSfoR3QgecgZNVaq3/VKZbfizkCWiZeTMuSo9Upf3X7M0gilYYJq3fHcxPgZVYYzgZNiN9WYUDaiA+xYKmmE2s9mh07IqVX6JIyVLWnITP09kdFI63EU2M6ImqFe9Kbif14nNeG1n3GZpAYlmy8KU0FMTKZfkz5XyIwYW0KZ4vZWwoZUUWZsNkUbgrf48jJpnle8y4pXvyhXb/I4CnAMJ3AGHlxBFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHnGmM0A==</latexit>

F



Then: a Correct Static AnalysisThen: a Correct Static Analysis

static analysis = computing an upper bound of
F

i2N F̂ i(?̂).

Such an upper bound Â is correct:

↵(fixF ) v Â, that is,
fixF v �Â

Theorem[fixpoint-transfer]

Analysis result Â subsumes the real executions fixF

Kwangkeun Yi Abstract Interpretation



How to Compute an Upper Bound of 
<latexit sha1_base64="VJ6U3g2lvKQ+lM5RdCRru06sZ84=">AAACGnicbZDLSgMxFIYz9VbrrerSTbAIdVNmRNRlURBXUsFeoFNLkqZtaCYzJmeEMsxzuPFV3LhQxJ248W1MLwtt/SHw8Z9zyDk/jaQw4LrfTmZhcWl5JbuaW1vf2NzKb+/UTBhrxqsslKFuUGK4FIpXQYDkjUhzElDJ63RwMarXH7g2IlS3MIx4KyA9JbqCEbBWO+/5VPTMPYujdiKwLxT2AwJ9SpPrNPX7BJLL9E4Ux+TTENLDdr7gltyx8Dx4UyigqSrt/KffCVkccAVMEmOanhtBKyEaBJM8zfmx4RFhA9LjTYuKBNy0kvFpKT6wTgd3Q22fAjx2f08kJDBmGFDbOdrbzNZG5n+1Zgzds1YiVBQDV2zyUTeWGEI8ygl3hOYM5NACYVrYXTHrE00Y2DRzNgRv9uR5qB2VvJOSd3NcKJ9P48iiPbSPishDp6iMrlAFVRFDj+gZvaI358l5cd6dj0lrxpnO7KI/cr5+AGllobk=</latexit>G

i2N
F̂ i(?̂)

• If abstract domain       is finite (i.e., all chains are finite), we can 
directly compute 
 
 
 
The computation always terminate. 

• Otherwise, we compute a finite chain  
such that 

Computing an upper bound of
F

i2N F̂ i(?̂)

If the abstract domain D̂ has finite height (i.e., all chains are finite),
we can directly calculate

G

i2N
F̂ i(?̂).

If the domain D̂ has infinite height, the computation may not
terminate. In this case, we find a finite chain
X̂0 v X̂1 v X̂2 v . . . such that

G

i2N
F̂ i(?̂) v lim

i2N
X̂i
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Abstract Domain

?

>

lfp F̂

prefp(F̂ ) = {x 2 D̂ | x v F̂ (x)}

gfp F̂

The ideal 
result

postfp(F̂ ) = {x 2 D̂ | x w F̂ (x)}

<latexit sha1_base64="8/VZxjDLjl5EGjBX2gxYetGx89Y=">AAACJHicbVDLSgMxFM3UV62vUZdugkWomzIjooIIRUVcVrAP6JSSSTNtaJIZkoy0DPMxbvwVNy584MKN32LazkJbDwQO55zLzT1+xKjSjvNl5RYWl5ZX8quFtfWNzS17e6euwlhiUsMhC2XTR4owKkhNU81IM5IEcZ+Rhj+4GvuNByIVDcW9HkWkzVFP0IBipI3Usc8TT3IYRGnJ6yOd3KSH8AJ6CRxCjwo40a5T6HHahVmgNBxHjJ927KJTdiaA88TNSBFkqHbsd68b4pgToTFDSrVcJ9LtBElNMSNpwYsViRAeoB5pGSoQJ6qdTI5M4YFRujAIpXlCw4n6eyJBXKkR902SI91Xs95Y/M9rxTo4aydURLEmAk8XBTGDOoTjxmCXSoI1GxmCsKTmrxD3kURYm14LpgR39uR5Uj8quydl9+64WLnM6siDPbAPSsAFp6ACbkEV1AAGj+AZvII368l6sT6sz2k0Z2Uzu+APrO8fl2+i6A==</latexit>

fp(F̂ ) = {x 2 D̂ | F̂ (x) = x}



Basic Upward/Downward Fixpoint Iteration

?

>

lfp F̂

prefp(F̂ ) = {x 2 D̂ | x v F̂ (x)}

gfp F̂

F̂ (?)

F̂ 2(?)

= F̂w(?)

F̂ (>)

F̂ 2(>) postfp(F̂ ) = {x 2 D̂ | x w F̂ (x)}

<latexit sha1_base64="8/VZxjDLjl5EGjBX2gxYetGx89Y=">AAACJHicbVDLSgMxFM3UV62vUZdugkWomzIjooIIRUVcVrAP6JSSSTNtaJIZkoy0DPMxbvwVNy584MKN32LazkJbDwQO55zLzT1+xKjSjvNl5RYWl5ZX8quFtfWNzS17e6euwlhiUsMhC2XTR4owKkhNU81IM5IEcZ+Rhj+4GvuNByIVDcW9HkWkzVFP0IBipI3Usc8TT3IYRGnJ6yOd3KSH8AJ6CRxCjwo40a5T6HHahVmgNBxHjJ927KJTdiaA88TNSBFkqHbsd68b4pgToTFDSrVcJ9LtBElNMSNpwYsViRAeoB5pGSoQJ6qdTI5M4YFRujAIpXlCw4n6eyJBXKkR902SI91Xs95Y/M9rxTo4aydURLEmAk8XBTGDOoTjxmCXSoI1GxmCsKTmrxD3kURYm14LpgR39uR5Uj8quydl9+64WLnM6siDPbAPSsAFp6ACbkEV1AAGj+AZvII368l6sT6sz2k0Z2Uzu+APrO8fl2+i6A==</latexit>

fp(F̂ ) = {x 2 D̂ | F̂ (x) = x}



Widening: Overshooting via Extrapolation

?

>

lfp F̂

prefp(F̂ ) = {x 2 D̂ | x v F̂ (x)}

gfp F̂

F̂ (?)

= F̂w(?)

F̂ (?)5 F̂ 2(?)

postfp(F̂ ) = {x 2 D̂ | x w F̂ (x)}



Refining the Widened Result

?

>

lfp F̂

prefp(F̂ ) = {x 2 D̂ | x v F̂ (x)}

gfp F̂

= F̂w(?)

x̂

F̂ (x̂)
F̂ 2(x̂)

postfp(F̂ ) = {x 2 D̂ | x w F̂ (x)}



Narrowing

?

>

lfp F̂

prefp(F̂ ) = {x 2 D̂ | x v F̂ (x)}

gfp F̂

= F̂w(?)

x̂

F̂ (x̂)

= F̂w(x̂)

F̂ (x̂)4 F̂ 2(x̂)

Â

postfp(F̂ ) = {x 2 D̂ | x w F̂ (x)}



Widening

• We can define a finite chain with an widening operator ▽ 

• Conditions on ▽ :

Searching for Finite Chain {X̂i}i

Finite chain {X̂i}i such that

G

i2N
(F̂ i(?̂)) v lim

i2N
(X̂i)

If F̂ is monotonic, a chain by an widening operator 5:

X̂0 = ?̂

X̂i+1 =
⇢

X̂i if F̂ (X̂i) v X̂i

X̂i 5 F̂ (X̂i) o.w.

Kwangkeun Yi Abstract Interpretation

Stop if a postfix 
is reached

Finite Chain X̂i

Define finite chain X̂i by an widening operator 5 : D̂ ⇥ D̂ ! D̂:

X̂0 = ?
X̂i = X̂i�1 if F̂ (X̂i�1) v X̂i�1

= X̂i�1 5 F̂ (X̂i�1) otherwise

(2)

Conditions on 5:

8a, b 2 D̂. (a v a 5 b) ^ (b v a 5 b)

For all increasing chains (xi)i, the increasing chain (yi)i defined as

yi =

⇢
x0 if i = 0
yi�1 5 xi if i > 0

eventually stabilizes (i.e., the chain is finite).
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Widening

• Then 

•                                 is a finite chain.

• Its limit is correct:  
 
 
 
Theorem [widen’s safety]

X̂0 v X̂1 v · · · v X̂n

Conditions on Widening 5

Conditions

8a, b 2 D̂ : (a v a5 b) ^ (b v a5 b)
8increasing chain{ai}i : chainx0 = a0, xi+1 = xi5ai+1is finite

Then

{X̂i}i is a finite chain.

Its limit(X̂) such that F̂ (X̂) v X̂ is correct:

G

i2N
(F̂ i(?̂)) v lim

i2N
(X̂i).

Theorem[widen’s safety]

Kwangkeun Yi Abstract Interpretation



Narrowing

• Conditions

•  

•  

• Then

•         is a finite chain.

• Its limit is still correct:  
 
 
 
Theorem [narrow’s safety]

Conditions on Narrowing 4

Conditions

8a, b 2 D̂ : a w b ) a w (a4 b) w b

8decreasing chain{ai}i : chainy0 = a0, yi+1 = yi4ai+1 is finite

Then

{Ŷi}i is a finite chain.

Its limit limi2N(Ŷi) is still correct:

G

i2N
(F̂ i(?̂)) v lim

i2N
(Ŷi).

Theorem[narrow’s safety]

Kwangkeun Yi Abstract Interpretation

Conditions on Narrowing 4

Conditions

8a, b 2 D̂ : a w b ) a w (a4 b) w b

8decreasing chain{ai}i : chainy0 = a0, yi+1 = yi4ai+1 is finite

Then

{Ŷi}i is a finite chain.

Its limit limi2N(Ŷi) is still correct:

G

i2N
(F̂ i(?̂)) v lim

i2N
(Ŷi).

Theorem[narrow’s safety]

Kwangkeun Yi Abstract Interpretation

Conditions on Narrowing 4

Conditions

8a, b 2 D̂ : a w b ) a w (a4 b) w b

8decreasing chain{ai}i : chainy0 = a0, yi+1 = yi4ai+1 is finite

Then

{Ŷi}i is a finite chain.

Its limit limi2N(Ŷi) is still correct:

G

i2N
(F̂ i(?̂)) v lim

i2N
(Ŷi).

Theorem[narrow’s safety]

Kwangkeun Yi Abstract Interpretation

<latexit sha1_base64="R+wl8+VUUHr6jjHjiFtqNYB3sbQ="></latexit>

8a, b 2 D̂. a w b =) a w a4b w b

• We can define a finite chain with a narrowing operator △:
<latexit sha1_base64="HvJ5VaEo8VZY1aVAcYk4osXBg1k="></latexit>

Ŷ0 = Â s.t. Â 2 postfp(F̂ )
<latexit sha1_base64="bFdhIG6f9Dkiy1pYp5b1MoOzH+E=">AAACH3icbVDLSgMxFM3UV62vqks3wSJUhDIjUt0IRUFcVrAP6Qwlk6ZtaCYzJHeEMsyfuPFX3LhQRNz1b0wfilYPXDg5515y7/EjwTXY9sjKLCwuLa9kV3Nr6xubW/ntnboOY0VZjYYiVE2faCa4ZDXgIFgzUowEvmANf3A59hv3TGkeylsYRswLSE/yLqcEjNTOl90+geQubSf8yEnxOf56c+yC4kT2BJtqV2nx2zts5wt2yZ4A/yXOjBTQDNV2/sPthDQOmAQqiNYtx47AS4gCTgVLc26sWUTogPRYy1BJAqa9ZHJfig+M0sHdUJmSgCfqz4mEBFoPA990BgT6et4bi/95rRi6Z17CZRQDk3T6UTcWGEI8Dgt3uGIUxNAQQhU3u2LaJ4pQMJHmTAjO/Ml/Sf245JRLzs1JoXIxiyOL9tA+KiIHnaIKukZVVEMUPaAn9IJerUfr2Xqz3qetGWs2s4t+wRp9AsDUos4=</latexit>

Ŷi+1 = Ŷi4F̂ (Ŷi)



Why Above Prescription Is Correct?
Why Above Prescription Is Correct? (1/2)

Fixpoint Transfer Theorem

Theorem (fixpoint transfer)

Let CPOs D and D̂ are Galois-connected. Function F : D ! D is continuous.

F̂ : D̂ ! D̂ is either monotonic or extensive. Either ↵ � F v F̂ � ↵ or ↵ f v f̂
implies ↵(F f) v F̂ f̂ . Then,

↵(fixF ) v
G

i2N
F̂ i(?̂).

Kwangkeun Yi Abstract Interpretation



Why Above Prescription Is Correct?
Why Above Prescription Is Correct? (2/2)

Widening/Narrowing Theorems

Theorem (widen’s safety)

Let F̂ : D̂ ! D̂ be monotonic over CPO D̂. Let widening operator

5 : D̂ ⇥ D̂ ! D̂ satisfies the widending conditions. Then the widened chain

{X̂i}i is finite and its limit satisfies limi2N X̂i w
F

i2N F̂ i(?̂).

Theorem (narrow’s safety)

Let F̂ : D̂ ! D̂ be monotonic over CPO D̂. Let narrowing operator

4 : D̂ ⇥ D̂ ! D̂ satisfies the narrowng conditions. If F̂ (Â) v Â then the

narrowed chain {Ŷi}i is finite and its limit satisfies limi2N Ŷi w
F

i2N F̂ i(?̂).

Kwangkeun Yi Abstract Interpretation



More Properties of Galois Connections



Properties of Galois Connections8x 2 D, x̂ 2 D̂. ↵(x) v x̂ () x v �(x̂)

D ���! ���↵
�

D̂

Theorem 1. ↵(?) = ?̂

Proof. ↵(?) v ?̂ because ? v �(?̂). By the definition of ?̂ v ↵(?). Therefore,
↵(?) = ?̂.

Theorem 2. id v � � ↵

Proof. ↵(x) v ↵(x). By the definition of galois connection, x v �(↵(x)).

Theorem 3. ↵ � � v id

Proof. �(x̂) v �(x̂). By the definition of galois connection, ↵(�(x̂)) v x̂.

Theorem 4. � is monotone.

Proof. Suppose x̂ v ŷ. Because ↵ � � v id, ↵ � �(x̂) v ŷ. By the definition of
galois connection, �(x̂) v �(ŷ).

Theorem 5. ↵ is monotone.

Proof. Suppose x v y. Then x v � � ↵(y) because id v � � ↵. By the definition
of galois connection, ↵(x) v ↵(y).

Theorem 6. ↵ is continuous.

Proof. We show that for any chain S in D,

↵(
G

x2S

x) =
G

x2S

↵(x).

• (v): Because ↵ is monotone, ↵(
F

x2S x) v
F

x2S ↵(x).

• (w):
F

x2S x v ��(
F

x2S ↵(x)) because

F
x2S x v

F
x2S �(↵(x)) (id v � � ↵)

F
x2S �(↵(x)) v �(

F
x2S ↵(x)) (� is monotone)

By the definition of galois connection, ↵(
F

x2S x) v
F

x2S ↵(x).

1
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Compositional Constructions of Galois Connections

• Suppose                           and                          .  Then,

•  

• with 

•  

• with 

A ����! ����
↵A

�A
Â

B ����! ����
↵B

�B
B̂

A⇥B ������! ������
↵A⇥B

�A⇥B

Â⇥ B̂

A+B ������! ������
↵A+B

�A+B

Â+ B̂

A! B ������! ������
↵A!B

�A!B
Â! B̂

↵A⇥B = �ha, bi. h↵A(a),↵B(b)i

↵A+B = �x.

⇢
↵A(x) (x 2 A)
↵B(x) (otherwise)

↵A!B = �f. ↵B � f � �Â

2

A ����! ����
↵A

�A
Â

B ����! ����
↵B

�B
B̂

A⇥B ������! ������
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Â

B ����! ����
↵B

�B
B̂

A⇥B ������! ������
↵A⇥B

�A⇥B
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2

A ����! ����
↵A

�A
Â
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Compositional Constructions of Galois Connections

A ����! ����
↵A

�A
Â

B ����! ����
↵B

�B
B̂

A⇥B ������! ������
↵A⇥B

�A⇥B

Â⇥ B̂

A+B ������! ������
↵A+B

�A+B

Â+ B̂

A! B ������! ������
↵A!B

�A!B
Â! B̂

↵A⇥B = �ha, bi. h↵A(a),↵B(b)i

↵A+B = �x.

⇢
↵A(x) (x 2 A)
↵B(x) (otherwise)

↵A!B = �f. ↵B � f � �Â

Theorem 7. If A ����! ����
↵A

�A
Â and B ����! ����

↵B

�B
B̂, then A ! B ������! ������

↵A!B

�A!B
Â ! B̂

where ↵A!B = �f. ↵B � f � �Â and �Â!B̂ = �f̂ . �B̂ � f̂ � ↵A.

Proof. We will show

8f 2 A! B, f̂ 2 Â! B̂. ↵A!B(f) v f̂ () f v �Â!B̂(f̂).

• Case ()): for f 2 A! B, f̂ 2 Â! B̂, ↵A!B(f) v f̂ .

↵B � f � �Â v f̂
�B̂ � ↵B � f � �Â v �B̂ � f̂ (�B̂ monotone)
f � �Â v �B̂ � f̂ (id v �B̂ � ↵B)
f � �Â � ↵A v �B̂ � f̂ � ↵A

f v �B̂ � f̂ � ↵A (f monotone, id v �Â � ↵A)

• Case ((): similar to the above case.

Theorem 8. If A �����! �����
↵A

�A#

A#, B �����! �����
↵B

�B#

B#, and f 2 A ! B is a concrete

semantic function, then f# = ↵B �f ��A# is the most precise abstract semantic
function.

Proof. We show that

• f � �A# v �B# � f#

• For any g 2 A# ! B#, if f � �A# v �B# � g#, then f# v g#.
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Â and B ����! ����

↵B

�B
B̂, then A ! B ������! ������

↵A!B

�A!B
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Fixpoint Transfer Theorems

5. Abstract Interpretation IS593 / KAIST Kihong Heo / 52

Proof

37

Theorem (Fixpoint Transfer 1). Let D and D] be related by Galois connection

D ���! ���↵
�

D]. Let F : D ! D be a continuous function and F ] : D] ! D] be a

monotone or extensive function such that F � � v � � F ]. Then,

lfpF v �(
G

i�0

F ]i(?])).

<latexit sha1_base64="sBo2z9m8TFKlkO8fMe/hjSgbRMg="></latexit>

8n 2 N. Fn(?) v �(F ]n(?]))

<latexit sha1_base64="bLh4PfJmi+z0podwDyDeUt+c3q4="></latexit>

Proof. First we prove                                           by induction. The base case is trivial. The inductive case is 
as follows:

Fn+1(?) = F � Fn(?)

v F � �(F ]n(?])) (by induction hypothesis and monotonicity of F )

v � � F ] � F ]n(?]) (by assumption F � � v � � F ])

= �(F ]n+1(?]))

<latexit sha1_base64="3RQzq7fGyTLEMm08YTw98bKfzHY="></latexit>

             is a chain because     is continuous (so monotone). Then, the least upper bound of the chain                 
exists because     is a CPO.                 is a chain because      is monotone or extensive. Then,                     is 
also a chain because    is monotone. Therefore, the least upper bound of the chain                        exists.

{F i(?)}i

<latexit sha1_base64="FCuC3cxw9b2IFFaP1LCfLBAaHvs="></latexit>

F

<latexit sha1_base64="PrJVTRHDpsDG/GxnCKwsYI5djf0=">AAACMHicbZDLSgNBEEV74iu+o67EzWAQxEWYkYjiShDEZQKJCjGEnk4ladKPobtGCcN8gVv9Eb9GV+LWr7DzEDSxoOFwq4pbfaNYcItB8O7l5uYXFpfyyyura+sbm4Wt7RurE8OgzrTQ5i6iFgRXUEeOAu5iA1RGAm6j/uWwf/sAxnKtajiIoSlpV/EOZxSdVL1qFYpBKRiVPwvhBIpkUpXWlrd739YskaCQCWptIwxibKbUIGcCspX7xEJMWZ92oeFQUQm2mY4uzfwDp7T9jjbuKfRH6u+NlEprBzJyk5Jiz073huJ/vUaCnbNmylWcICg2NuokwkftD7/tt7kBhmLggDLD3a0+61FDGbpw/rh0qdDcZtPO2JNOU/CIPdAG5FH6A1laG1Pmwgyno5uFm+NSWC6dVMvFi/NJrHmyR/bJIQnJKbkg16RC6oQRIE/kmbx4r96b9+F9jkdz3mRnh/wp7+sbPt+qGA==</latexit>

G

i�0

F i(?)

<latexit sha1_base64="eac0IEXLiFTtDDW6QeXYWUhxI0w="></latexit>

D

<latexit sha1_base64="mBSkTF0fp3YhI6Q1iulTfX9J/zc=">AAACOXicbZDLSgNBEEV7fMb3ayVuBoMgLsKMKIorQRcuI5hETIL0dCpJYz+G7holDPMXbvVH/BKX7sStP2BPEsEkFjQcblVxq28UC24xCN69qemZ2bn5wsLi0vLK6tr6xmbV6sQwqDAttLmNqAXBFVSQo4Db2ACVkYBa9HCR92uPYCzX6gZ7MTQl7Sje5oyik+4akmI3itLL7H69GJSCfvmTEA6hSIZVvt/wthstzRIJCpmg1tbDIMZmSg1yJiBbbCQWYsoeaAfqDhWVYJtp/+TM33NKy29r455Cv6/+3UiptLYnIzeZn2jHe7n4X6+eYPu0mXIVJwiKDYzaifBR+/n//RY3wFD0HFBmuLvVZ11qKEOX0ohLhwrNbTbujF3pNAVP2AVtQB6kv5ClNwPKwwzHo5uE6mEpPCodXx8Vz8+GsRbIDtkl+yQkJ+ScXJEyqRBGFHkmL+TVe/M+vE/vazA65Q13tshIed8/XR6uMg==</latexit>

{F ]i(?])}i

<latexit sha1_base64="Mq7W5BvFWONl9G/hkqV+REhQkzo="></latexit>

F ]

<latexit sha1_base64="NmQ8nw0l1IyX6EcNqASS7WBZbH4=">AAACOXicbZDLSgNBEEV7fMb41pW4GQyCuAgzoiiuBEFcRjAmmMTQ06kkTfoxdNcoYZi/cKs/4pe4dCdu/QE7D0GjBQ2HW1Xc6hvFglsMgldvanpmdm4+t5BfXFpeWV1b37ixOjEMykwLbaoRtSC4gjJyFFCNDVAZCahEvfNBv3IPxnKtrrEfQ0PSjuJtzig66fbiLq3bLjVx1lwrBMVgWP5fCMdQIOMqNde9rXpLs0SCQiaotbUwiLGRUoOcCcjy9cRCTFmPdqDmUFEJtpEOT878Xae0/LY27in0h+rPjZRKa/sycpOSYtdO9gbif71agu2TRspVnCAoNjJqJ8JH7Q/+77e4AYai74Ayw92tPnMBUIYupV8uHSo0t9mkM3al0xQ8YBe0AbmffkOWXo9oEGY4Gd1fuDkohofFo6vDwtnpONYc2SY7ZI+E5JickUtSImXCiCKP5Ik8ey/em/fufYxGp7zxzib5Vd7nF3ksrkI=</latexit>

{�(F ]i(?]))}i

<latexit sha1_base64="kOu1xz4bU5sIgtb3nUwlKDzA43c="></latexit>

�

<latexit sha1_base64="M55YmqBCN3zBw1tCpCB1zuY29mU=">AAACNXicbZDJSgNBEIZ73Pf1JF4GgyAewowoiifBi0cFE4UkSE2nkrT2MnTXKGGYd/CqL+KzePAmXn0FO4ug0YKGj7+q+Kv/JJXCURS9BmPjE5NT0zOzc/MLi0vLK6trVWcyy7HCjTT2OgGHUmiskCCJ16lFUInEq+TutNe/ukfrhNGX1E2xoaCtRUtwIC9V621QCm5WSlE56lf4F+IhlNiwzm9Wg4160/BMoSYuwblaHKXUyMGS4BKLuXrmMAV+B22sedSg0DXy/rlFuO2VZtgy1j9NYV/9uZGDcq6rEj+pgDputNcT/+vVMmodNXKh04xQ84FRK5MhmbD397ApLHKSXQ/ArfC3hrwDFjj5hH65tEEa4YpRZ+oor2l8oA4ai2o3/4YivxxQ4cOMR6P7C9W9crxfPrjYL50cD2OdYZtsi+2wmB2yE3bGzlmFcXbLHtkTew5egrfgPfgYjI4Fw5119quCzy/Dyaxj</latexit>

G

i�0

{�(F ]i(?]))}i

<latexit sha1_base64="+a1/5Mz1lZ/JvYrKVGwsDxeruEI="></latexit>

lfpF =
G

i�0

F i(?) v
G

i�0

�(F ]i(?]))

v �(
G

i�0

(F ]i(?]))) (by monotonicity of �)

<latexit sha1_base64="pwGVfx4Ed2SmTsEdLiavK2rO/vU="></latexit>
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<latexit sha1_base64="mBSkTF0fp3YhI6Q1iulTfX9J/zc=">AAACOXicbZDLSgNBEEV7fMb3ayVuBoMgLsKMKIorQRcuI5hETIL0dCpJYz+G7holDPMXbvVH/BKX7sStP2BPEsEkFjQcblVxq28UC24xCN69qemZ2bn5wsLi0vLK6tr6xmbV6sQwqDAttLmNqAXBFVSQo4Db2ACVkYBa9HCR92uPYCzX6gZ7MTQl7Sje5oyik+4akmI3itLL7H69GJSCfvmTEA6hSIZVvt/wthstzRIJCpmg1tbDIMZmSg1yJiBbbCQWYsoeaAfqDhWVYJtp/+TM33NKy29r455Cv6/+3UiptLYnIzeZn2jHe7n4X6+eYPu0mXIVJwiKDYzaifBR+/n//RY3wFD0HFBmuLvVZ11qKEOX0ohLhwrNbTbujF3pNAVP2AVtQB6kv5ClNwPKwwzHo5uE6mEpPCodXx8Vz8+GsRbIDtkl+yQkJ+ScXJEyqRBGFHkmL+TVe/M+vE/vazA65Q13tshIed8/XR6uMg==</latexit>

{F ]i(?])}i

<latexit sha1_base64="Mq7W5BvFWONl9G/hkqV+REhQkzo="></latexit>

F ]

<latexit sha1_base64="NmQ8nw0l1IyX6EcNqASS7WBZbH4=">AAACOXicbZDLSgNBEEV7fMb41pW4GQyCuAgzoiiuBEFcRjAmmMTQ06kkTfoxdNcoYZi/cKs/4pe4dCdu/QE7D0GjBQ2HW1Xc6hvFglsMgldvanpmdm4+t5BfXFpeWV1b37ixOjEMykwLbaoRtSC4gjJyFFCNDVAZCahEvfNBv3IPxnKtrrEfQ0PSjuJtzig66fbiLq3bLjVx1lwrBMVgWP5fCMdQIOMqNde9rXpLs0SCQiaotbUwiLGRUoOcCcjy9cRCTFmPdqDmUFEJtpEOT878Xae0/LY27in0h+rPjZRKa/sycpOSYtdO9gbif71agu2TRspVnCAoNjJqJ8JH7Q/+77e4AYai74Ayw92tPnMBUIYupV8uHSo0t9mkM3al0xQ8YBe0AbmffkOWXo9oEGY4Gd1fuDkohofFo6vDwtnpONYc2SY7ZI+E5JickUtSImXCiCKP5Ik8ey/em/fufYxGp7zxzib5Vd7nF3ksrkI=</latexit>

{�(F ]i(?]))}i

<latexit sha1_base64="kOu1xz4bU5sIgtb3nUwlKDzA43c="></latexit>

�

<latexit sha1_base64="M55YmqBCN3zBw1tCpCB1zuY29mU=">AAACNXicbZDJSgNBEIZ73Pf1JF4GgyAewowoiifBi0cFE4UkSE2nkrT2MnTXKGGYd/CqL+KzePAmXn0FO4ug0YKGj7+q+Kv/JJXCURS9BmPjE5NT0zOzc/MLi0vLK6trVWcyy7HCjTT2OgGHUmiskCCJ16lFUInEq+TutNe/ukfrhNGX1E2xoaCtRUtwIC9V621QCm5WSlE56lf4F+IhlNiwzm9Wg4160/BMoSYuwblaHKXUyMGS4BKLuXrmMAV+B22sedSg0DXy/rlFuO2VZtgy1j9NYV/9uZGDcq6rEj+pgDputNcT/+vVMmodNXKh04xQ84FRK5MhmbD397ApLHKSXQ/ArfC3hrwDFjj5hH65tEEa4YpRZ+oor2l8oA4ai2o3/4YivxxQ4cOMR6P7C9W9crxfPrjYL50cD2OdYZtsi+2wmB2yE3bGzlmFcXbLHtkTew5egrfgPfgYjI4Fw5119quCzy/Dyaxj</latexit>

G

i�0

{�(F ]i(?]))}i

<latexit sha1_base64="+a1/5Mz1lZ/JvYrKVGwsDxeruEI="></latexit>

lfpF =
G

i�0

F i(?) v
G

i�0

�(F ]i(?]))

v �(
G

i�0

(F ]i(?]))) (by monotonicity of �)

<latexit sha1_base64="pwGVfx4Ed2SmTsEdLiavK2rO/vU="></latexit>
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Proof

37

Theorem (Fixpoint Transfer 1). Let D and D] be related by Galois connection

D ���! ���↵
�

D]. Let F : D ! D be a continuous function and F ] : D] ! D] be a

monotone or extensive function such that F � � v � � F ]. Then,

lfpF v �(
G

i�0

F ]i(?])).

<latexit sha1_base64="sBo2z9m8TFKlkO8fMe/hjSgbRMg="></latexit>

8n 2 N. Fn(?) v �(F ]n(?]))

<latexit sha1_base64="bLh4PfJmi+z0podwDyDeUt+c3q4="></latexit>

Proof. First we prove                                           by induction. The base case is trivial. The inductive case is 
as follows:

Fn+1(?) = F � Fn(?)

v F � �(F ]n(?])) (by induction hypothesis and monotonicity of F )

v � � F ] � F ]n(?]) (by assumption F � � v � � F ])

= �(F ]n+1(?]))

<latexit sha1_base64="3RQzq7fGyTLEMm08YTw98bKfzHY="></latexit>

             is a chain because     is continuous (so monotone). Then, the least upper bound of the chain                 
exists because     is a CPO.                 is a chain because      is monotone or extensive. Then,                     is 
also a chain because    is monotone. Therefore, the least upper bound of the chain                        exists.

{F i(?)}i

<latexit sha1_base64="FCuC3cxw9b2IFFaP1LCfLBAaHvs="></latexit>

F

<latexit sha1_base64="PrJVTRHDpsDG/GxnCKwsYI5djf0=">AAACMHicbZDLSgNBEEV74iu+o67EzWAQxEWYkYjiShDEZQKJCjGEnk4ladKPobtGCcN8gVv9Eb9GV+LWr7DzEDSxoOFwq4pbfaNYcItB8O7l5uYXFpfyyyura+sbm4Wt7RurE8OgzrTQ5i6iFgRXUEeOAu5iA1RGAm6j/uWwf/sAxnKtajiIoSlpV/EOZxSdVL1qFYpBKRiVPwvhBIpkUpXWlrd739YskaCQCWptIwxibKbUIGcCspX7xEJMWZ92oeFQUQm2mY4uzfwDp7T9jjbuKfRH6u+NlEprBzJyk5Jiz073huJ/vUaCnbNmylWcICg2NuokwkftD7/tt7kBhmLggDLD3a0+61FDGbpw/rh0qdDcZtPO2JNOU/CIPdAG5FH6A1laG1Pmwgyno5uFm+NSWC6dVMvFi/NJrHmyR/bJIQnJKbkg16RC6oQRIE/kmbx4r96b9+F9jkdz3mRnh/wp7+sbPt+qGA==</latexit>

G

i�0

F i(?)

<latexit sha1_base64="eac0IEXLiFTtDDW6QeXYWUhxI0w="></latexit>

D

<latexit sha1_base64="mBSkTF0fp3YhI6Q1iulTfX9J/zc=">AAACOXicbZDLSgNBEEV7fMb3ayVuBoMgLsKMKIorQRcuI5hETIL0dCpJYz+G7holDPMXbvVH/BKX7sStP2BPEsEkFjQcblVxq28UC24xCN69qemZ2bn5wsLi0vLK6tr6xmbV6sQwqDAttLmNqAXBFVSQo4Db2ACVkYBa9HCR92uPYCzX6gZ7MTQl7Sje5oyik+4akmI3itLL7H69GJSCfvmTEA6hSIZVvt/wthstzRIJCpmg1tbDIMZmSg1yJiBbbCQWYsoeaAfqDhWVYJtp/+TM33NKy29r455Cv6/+3UiptLYnIzeZn2jHe7n4X6+eYPu0mXIVJwiKDYzaifBR+/n//RY3wFD0HFBmuLvVZ11qKEOX0ohLhwrNbTbujF3pNAVP2AVtQB6kv5ClNwPKwwzHo5uE6mEpPCodXx8Vz8+GsRbIDtkl+yQkJ+ScXJEyqRBGFHkmL+TVe/M+vE/vazA65Q13tshIed8/XR6uMg==</latexit>

{F ]i(?])}i

<latexit sha1_base64="Mq7W5BvFWONl9G/hkqV+REhQkzo="></latexit>

F ]

<latexit sha1_base64="NmQ8nw0l1IyX6EcNqASS7WBZbH4=">AAACOXicbZDLSgNBEEV7fMb41pW4GQyCuAgzoiiuBEFcRjAmmMTQ06kkTfoxdNcoYZi/cKs/4pe4dCdu/QE7D0GjBQ2HW1Xc6hvFglsMgldvanpmdm4+t5BfXFpeWV1b37ixOjEMykwLbaoRtSC4gjJyFFCNDVAZCahEvfNBv3IPxnKtrrEfQ0PSjuJtzig66fbiLq3bLjVx1lwrBMVgWP5fCMdQIOMqNde9rXpLs0SCQiaotbUwiLGRUoOcCcjy9cRCTFmPdqDmUFEJtpEOT878Xae0/LY27in0h+rPjZRKa/sycpOSYtdO9gbif71agu2TRspVnCAoNjJqJ8JH7Q/+77e4AYai74Ayw92tPnMBUIYupV8uHSo0t9mkM3al0xQ8YBe0AbmffkOWXo9oEGY4Gd1fuDkohofFo6vDwtnpONYc2SY7ZI+E5JickUtSImXCiCKP5Ik8ey/em/fufYxGp7zxzib5Vd7nF3ksrkI=</latexit>

{�(F ]i(?]))}i

<latexit sha1_base64="kOu1xz4bU5sIgtb3nUwlKDzA43c="></latexit>

�

<latexit sha1_base64="M55YmqBCN3zBw1tCpCB1zuY29mU=">AAACNXicbZDJSgNBEIZ73Pf1JF4GgyAewowoiifBi0cFE4UkSE2nkrT2MnTXKGGYd/CqL+KzePAmXn0FO4ug0YKGj7+q+Kv/JJXCURS9BmPjE5NT0zOzc/MLi0vLK6trVWcyy7HCjTT2OgGHUmiskCCJ16lFUInEq+TutNe/ukfrhNGX1E2xoaCtRUtwIC9V621QCm5WSlE56lf4F+IhlNiwzm9Wg4160/BMoSYuwblaHKXUyMGS4BKLuXrmMAV+B22sedSg0DXy/rlFuO2VZtgy1j9NYV/9uZGDcq6rEj+pgDputNcT/+vVMmodNXKh04xQ84FRK5MhmbD397ApLHKSXQ/ArfC3hrwDFjj5hH65tEEa4YpRZ+oor2l8oA4ai2o3/4YivxxQ4cOMR6P7C9W9crxfPrjYL50cD2OdYZtsi+2wmB2yE3bGzlmFcXbLHtkTew5egrfgPfgYjI4Fw5119quCzy/Dyaxj</latexit>

G

i�0

{�(F ]i(?]))}i

<latexit sha1_base64="+a1/5Mz1lZ/JvYrKVGwsDxeruEI="></latexit>

lfpF =
G

i�0

F i(?) v
G

i�0

�(F ]i(?]))

v �(
G

i�0

(F ]i(?]))) (by monotonicity of �)

<latexit sha1_base64="pwGVfx4Ed2SmTsEdLiavK2rO/vU="></latexit>
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Proof. First we prove chain          is finite. According to the second condition on widening operator, it is 
enough to show that chain                 is increasing. The chain is increasing because 1)                is either 

            or                          , 2)                              according to the first condition on widening, and 3)       is 
monotone.

Proof

45

{Y ]
i }i

<latexit sha1_base64="VE/bQUOP9Il5yKjg+F7AGRHQgzk=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm2ARXJVEKrosunFZwT6kiWEynbRDJ5MwMxFKzMJfceNCEbf+hjv/xmnahbYeuJfDOfcyd06QMCqVbX8bpaXlldW18nplY3Nre8fc3WvLOBWYtHDMYtENkCSMctJSVDHSTQRBUcBIJxhdTfzOAxGSxvxWjRPiRWjAaUgxUlryzQM3u7vPXDlEIsn9jOZu0X2zatfsAtYicWakCjM0ffPL7cc4jQhXmCEpe46dKC9DQlHMSF5xU0kShEdoQHqachQR6WXF/bl1rJW+FcZCF1dWof7eyFAk5TgK9GSE1FDOexPxP6+XqvDCyyhPUkU4nj4UpsxSsTUJw+pTQbBiY00QFlTfamGdBMJKR1bRITjzX14k7dOaU6+d3dSrjctZHGU4hCM4AQfOoQHX0IQWYHiEZ3iFN+PJeDHejY/paMmY7ezDHxifPz+vlug=</latexit>

{F ](Y ]
i )}i

<latexit sha1_base64="lg/DKNhESS9MdTV0YukEj7VWNeI=">AAACC3icbZBNS8MwGMfT+TbnW9Wjl7AhzMtoZaLHoSAeJ7gXWWtJs3QLS9OSpMIou3vxq3jxoIhXv4A3v41ZV0Q3Hwj58f8/D8nz92NGpbKsL6OwtLyyulZcL21sbm3vmLt7bRklApMWjlgkuj6ShFFOWooqRrqxICj0Gen4o4up37knQtKI36hxTNwQDTgNKEZKS55ZdtLLu9SRQyTiSfX2B72UTo6c7PLMilWzsoKLYOdQAXk1PfPT6Uc4CQlXmCEpe7YVKzdFQlHMyKTkJJLECI/QgPQ0chQS6abZLhN4qJU+DCKhD1cwU39PpCiUchz6ujNEaijnvan4n9dLVHDmppTHiSIczx4KEgZVBKfBwD4VBCs21oCwoPqvEOsoEFY6vpIOwZ5feRHaxzW7Xju5rlca53kcRXAAyqAKbHAKGuAKNEELYPAAnsALeDUejWfjzXiftRaMfGYf/Cnj4xsqUpvH</latexit>

F ](Y ]
i+1)

<latexit sha1_base64="b/WrwS2r3iNL9y5XqPS4+oZWw1g=">AAACBXicbZDLSsNAFIZP6q3WW9SlLgaLUBFKIhVdFgVxWcFepI1hMp22QycXZiZCCdm48VXcuFDEre/gzrdx2gbR6g8DH/85hzPn9yLOpLKsTyM3N7+wuJRfLqysrq1vmJtbDRnGgtA6CXkoWh6WlLOA1hVTnLYiQbHvcdr0hufjevOOCsnC4FqNIur4uB+wHiNYacs1dy9uk44cYBGlpZtvdBN2aKcHrlm0ytZE6C/YGRQhU801PzrdkMQ+DRThWMq2bUXKSbBQjHCaFjqxpBEmQ9ynbY0B9ql0kskVKdrXThf1QqFfoNDE/TmRYF/Kke/pTh+rgZytjc3/au1Y9U6dhAVRrGhApot6MUcqRONIUJcJShQfacBEMP1XRHQMmCgdXEGHYM+e/BcaR2W7Uj6+qhSrZ1kcediBPSiBDSdQhUuoQR0I3MMjPMOL8WA8Ga/G27Q1Z2Qz2/BLxvsXVROYdw==</latexit>

F ](Y ]
i )

<latexit sha1_base64="HFpMamdu9OCivCryKlSfBy05IKo=">AAACA3icbZDLSsNAFIZP6q3WW9SdboJFqJuSSEWXRUFcVrAXaWOYTCft0MkkzEyEEgJufBU3LhRx60u4822cXhBt/WHg4z/ncOb8fsyoVLb9ZeQWFpeWV/KrhbX1jc0tc3unIaNEYFLHEYtEy0eSMMpJXVHFSCsWBIU+I01/cDGqN++JkDTiN2oYEzdEPU4DipHSlmfuXd6lHdlHIs5Ktz/opTQ78syiXbbHsubBmUIRpqp55menG+EkJFxhhqRsO3as3BQJRTEjWaGTSBIjPEA90tbIUUikm45vyKxD7XStIBL6cWWN3d8TKQqlHIa+7gyR6svZ2sj8r9ZOVHDmppTHiSIcTxYFCbNUZI0CsbpUEKzYUAPCguq/WliHgLDSsRV0CM7syfPQOC47lfLJdaVYPZ/GkYd9OIASOHAKVbiCGtQBwwM8wQu8Go/Gs/FmvE9ac8Z0Zhf+yPj4BmrxmAc=</latexit>

F ](Y ]
i OF

](Y ]
i ))

<latexit sha1_base64="SIWr7oHMxs7JRDUOKGdpPuo5RKg=">AAACLHicdVDLSgMxFM34rPVVdekmWIR2U2akostiQVxWsA9pxyGTSdvQTDIkGaUM80Fu/BVBXFjErd9h+kC01QOBwznncnOPHzGqtG2PrKXlldW19cxGdnNre2c3t7ffUCKWmNSxYEK2fKQIo5zUNdWMtCJJUOgz0vQH1bHfvCdSUcFv9DAiboh6nHYpRtpIXq56eZd0VB/JKC3cflMvoSnsaEkR7zESiAcO/80Vi14ub5fsCeAicWYkD2aoebmXTiBwHBKuMUNKtR070m6CpKaYkTTbiRWJEB6gHmkbylFIlJtMjk3hsVEC2BXSPK7hRP05kaBQqWHom2SIdF/Ne2PxL68d6+65m1AexZpwPF3UjRnUAo6bgwGVBGs2NARhSc1fITYtIKxNv1lTgjN/8iJpnJSccun0upyvXMzqyIBDcAQKwAFnoAKuQA3UAQaP4Bm8gZH1ZL1a79bHNLpkzWYOwC9Yn1+KWKmb</latexit>

F ]

<latexit sha1_base64="w5EfPZ4cvWBptbJvBdoO0zQJuOs=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIRZdFQVxWsA9sx5JJb9vQTGZIMkIZ+hduXCji1r9x59+YtrPQ1gOBwzn3kntOEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoeuo3n1BpHsl7M47RD+lA8j5n1Fjp4eYx7eghVfGkWyy5ZXcGsky8jJQgQ61b/Or0IpaEKA0TVOu258bGT6kynAmcFDqJxpiyER1g21JJQ9R+Ort4Qk6s0iP9SNknDZmpvzdSGmo9DgM7GVIz1IveVPzPayemf+mnXMaJQcnmH/UTQUxEpvFJjytkRowtoUxxeythNj9lxpZUsCV4i5GXSeOs7FXK53eVUvUqqyMPR3AMp+DBBVThFmpQBwYSnuEV3hztvDjvzsd8NOdkO4fwB87nD8I/kPw=</latexit>

  Second, we prove                          . It is enough to show that                                       that can be proven by 
induction. The base case is trivial. The inductive case is as follows:

8i 2 N. F ]i(?]) v Y ]
i

<latexit sha1_base64="0/Vn0t7tD9TEeWX+97+MP8cpUPc="></latexit>

G

i�0

F ]i(?]) v Y ]
lim

<latexit sha1_base64="lKZjJwvVnLphOCiASpIsdR4B4UU="></latexit>

If                        , then                    by definition. Therefore,                           .F ](Y ]
i ) v Y ]

i

<latexit sha1_base64="0Fb+MXhUt4rXFB/xqYeLWDJKsdE=">AAACHnicbVDLSgMxFM34rPU16tJNsAh1U2akRZdFQVxWsA9px5JJb9vQzKNJRijDfIkbf8WNC0UEV/o3pu0gtvVA4OSce0nOcUPOpLKsb2NpeWV1bT2zkd3c2t7ZNff2azKIBIUqDXggGi6RwJkPVcUUh0YogHguh7o7uBz79QcQkgX+rRqF4Hik57Muo0RpqW2Wru7jluwTESb5u3bMkt/rCW7JoYxcCQqGeNZrmzmrYE2AF4mdkhxKUWmbn61OQCMPfEU5kbJpW6FyYiIUoxySbCuSEBI6ID1oauoTD6QTT+Il+FgrHdwNhD6+whP170ZMPClHnqsnPaL6ct4bi/95zUh1z52Y+WGkwKfTh7oRxyrA465whwmgio80IVQw/VdMdX5ClW40q0uw5yMvktppwS4WSjfFXPkirSODDtERyiMbnaEyukYVVEUUPaJn9IrejCfjxXg3PqajS0a6c4BmYHz9AGU0o+o=</latexit>

Y ]
i+1 = Y ]

i

<latexit sha1_base64="Z7Lp4bGBisCixh/nfk9YfqedNZg=">AAACCnicbVDLSsNAFL3xWesr6tLNaBEEoSRS0Y1QdOOygn1IW8NkOmmHTh7MTIQSsnbjr7hxoYhbv8Cdf+OkDaitBwYO59zLnXPciDOpLOvLmJtfWFxaLqwUV9fWNzbNre2GDGNBaJ2EPBQtF0vKWUDriilOW5Gg2Hc5bbrDy8xv3lMhWRjcqFFEuz7uB8xjBCstOeberZOwIzu9SzpygEWUonOUST+CY5assjUGmiV2TkqQo+aYn51eSGKfBopwLGXbtiLVTbBQjHCaFjuxpBEmQ9ynbU0D7FPZTcZRUnSglR7yQqFfoNBY/b2RYF/Kke/qSR+rgZz2MvE/rx0r76ybsCCKFQ3I5JAXc6RClPWCekxQovhIE0wE039FROfHROn2iroEezryLGkcl+1K+eS6Uqpe5HUUYBf24RBsOIUqXEEN6kDgAZ7gBV6NR+PZeDPeJ6NzRr6zA39gfHwDRdKaqA==</latexit>

F ]i+1(?]) v Y ]
i+1

<latexit sha1_base64="I4YAQHqMXEGu8rB23uIzZfH5SDk=">AAACI3icbVDJSgNBFOxxjXGLevTSGARFCDMSUTwFBfEYwSySiaGn8xKb9CzpfiOEIf/ixV/x4kEJXjz4L3YWRaMFDUXVe7yu8iIpNNr2uzUzOze/sJhaSi+vrK6tZzY2yzqMFYcSD2Woqh7TIEUAJRQooRopYL4noeJ1zod+5R6UFmFwjb0I6j5rB6IlOEMjNTKnF7eJq++Yiqg4cPp7rhfil9Lfp67u6tjTgNClN41kOPLtNjJZO2ePQP8SZ0KyZIJiIzNwmyGPfQiQS6Z1zbEjrCdMoeAS+mk31hAx3mFtqBkaMB90PRll7NNdozRpK1TmBUhH6s+NhPla93zPTPoM7/S0NxT/82oxtk7qiQiiGCHg40OtWFIM6bAw2hQKOMqeIYwrYf5KucnPOJpa06YEZzryX1I+zDn53NFVPls4m9SRIttkh+wRhxyTArkkRVIinDyQJ/JCXq1H69kaWG/j0RlrsrNFfsH6+ASWd6Tl</latexit>

If                        , then                                    by definition. According to the first condition on widening, 

                                      . Therefore,                           .

F ](Y ]
i ) A Y ]

i

<latexit sha1_base64="JunBcU3C54e3QUCHjllVR1tvoc0=">AAACHHicbVBLSwMxGMzWV62vVY9egkWol7KrFT0WBfFYwT6kuy7ZNNuGZrNrkhXKsj/Ei3/FiwdFvHgQ/DemD8S2DgQmM99HMuPHjEplWd9GbmFxaXklv1pYW9/Y3DK3dxoySgQmdRyxSLR8JAmjnNQVVYy0YkFQ6DPS9PsXQ7/5QISkEb9Rg5i4IepyGlCMlJY88/jyLnVkD4k4K916Kc1+r4fQkfcyiSVRcNrxzKJVtkaA88SekCKYoOaZn04nwklIuMIMSdm2rVi5KRKKYkaygpNIEiPcR13S1pSjkEg3HYXL4IFWOjCIhD5cwZH6dyNFoZSD0NeTIVI9OesNxf+8dqKCMzelPE4U4Xj8UJAwqCI4bAp2qCBYsYEmCAuq/wqxzo+w0n0WdAn2bOR50jgq25XyyXWlWD2f1JEHe2AflIANTkEVXIEaqAMMHsEzeAVvxpPxYrwbH+PRnDHZ2QVTML5+AMKnow4=</latexit>

Y ]
i+1 = Y ]

i O F ](Y ]
i )

<latexit sha1_base64="m/Y36OBM0hsIln0XrRLH738jYYk="></latexit>

F ](Y ]
i ) v Y ]

i O F ](Y ]
i )

<latexit sha1_base64="8NjpvpYZCYvvR3l6CNAFdVQi4zk="></latexit>

F ]i+1(?]) v Y ]
i+1

<latexit sha1_base64="I4YAQHqMXEGu8rB23uIzZfH5SDk=">AAACI3icbVDJSgNBFOxxjXGLevTSGARFCDMSUTwFBfEYwSySiaGn8xKb9CzpfiOEIf/ixV/x4kEJXjz4L3YWRaMFDUXVe7yu8iIpNNr2uzUzOze/sJhaSi+vrK6tZzY2yzqMFYcSD2Woqh7TIEUAJRQooRopYL4noeJ1zod+5R6UFmFwjb0I6j5rB6IlOEMjNTKnF7eJq++Yiqg4cPp7rhfil9Lfp67u6tjTgNClN41kOPLtNjJZO2ePQP8SZ0KyZIJiIzNwmyGPfQiQS6Z1zbEjrCdMoeAS+mk31hAx3mFtqBkaMB90PRll7NNdozRpK1TmBUhH6s+NhPla93zPTPoM7/S0NxT/82oxtk7qiQiiGCHg40OtWFIM6bAw2hQKOMqeIYwrYf5KucnPOJpa06YEZzryX1I+zDn53NFVPls4m9SRIttkh+wRhxyTArkkRVIinDyQJ/JCXq1H69kaWG/j0RlrsrNFfsH6+ASWd6Tl</latexit>

F ]i+1(?]) = F ](F ]i(?]))

v F ](Y ]
i ) (by induction hypothesis and monotonicity of F ])

<latexit sha1_base64="8Fs5OcE9JxQ85IOxHUWMnaUtiPQ="></latexit>

Theorem (Widening’s Safety). Let D]
be a CPO, F ] : D] ! D]

be a monotone

function, and O : D] ⇥ D] ! D]
be a widening operator. Then, chain {Y ]

i }i
eventually stabilizes and G

i�0

F ]i(?]) v Y ]
lim

where Y ]
lim is the greatest element of the chain.

<latexit sha1_base64="dEHe/27BGrLrLrLHIOEwXUUGImg="></latexit>

Y ]
i v Y ]

i OF
](Y ]

i )

<latexit sha1_base64="NYSIyb2/ZMXRW6IijI1Sv3WW/kY=">AAACO3icbVA9SwNBFNyL3/ErammzGITYhDuJaCkKYqlijJLEsLd5SZbs7V123ynhyP+y8U/Y2dhYKGJr7+YDMdGBhWFmHm/f+JEUBl332UlNTc/Mzs0vpBeXlldWM2vrVyaMNYciD2Wor31mQAoFRRQo4TrSwAJfQslvH/f90h1oI0J1id0IqgFrKtEQnKGVapmLm9ukYlpMR71aInq0Yjom9g0gdOikhVow1ZRQD+8VPfkxc+O5nVom6+bdAehf4o1IloxwVss8VeohjwNQyCUzpuy5EVYTplFwCb10JTYQMd5mTShbqlgAppoMbu/RbavUaSPU9imkA/X3RMICY7qBb5MBw5aZ9Prif145xsZBNREqihEUHy5qxJJiSPtF0rrQwFF2LWFcC/tXym0JjKOtO21L8CZP/kuudvNeIb93XsgeHo3qmCebZIvkiEf2ySE5JWekSDh5IC/kjbw7j86r8+F8DqMpZzSzQcbgfH0DR+Ownw==</latexit>



Widening’s Safety
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Proof. First we prove chain          is finite. According to the second condition on widening operator, it is 
enough to show that chain                 is increasing. The chain is increasing because 1)                is either 

            or                          , 2)                              according to the first condition on widening, and 3)       is 
monotone.

Proof

45

{Y ]
i }i

<latexit sha1_base64="VE/bQUOP9Il5yKjg+F7AGRHQgzk=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm2ARXJVEKrosunFZwT6kiWEynbRDJ5MwMxFKzMJfceNCEbf+hjv/xmnahbYeuJfDOfcyd06QMCqVbX8bpaXlldW18nplY3Nre8fc3WvLOBWYtHDMYtENkCSMctJSVDHSTQRBUcBIJxhdTfzOAxGSxvxWjRPiRWjAaUgxUlryzQM3u7vPXDlEIsn9jOZu0X2zatfsAtYicWakCjM0ffPL7cc4jQhXmCEpe46dKC9DQlHMSF5xU0kShEdoQHqachQR6WXF/bl1rJW+FcZCF1dWof7eyFAk5TgK9GSE1FDOexPxP6+XqvDCyyhPUkU4nj4UpsxSsTUJw+pTQbBiY00QFlTfamGdBMJKR1bRITjzX14k7dOaU6+d3dSrjctZHGU4hCM4AQfOoQHX0IQWYHiEZ3iFN+PJeDHejY/paMmY7ezDHxifPz+vlug=</latexit>

{F ](Y ]
i )}i

<latexit sha1_base64="lg/DKNhESS9MdTV0YukEj7VWNeI=">AAACC3icbZBNS8MwGMfT+TbnW9Wjl7AhzMtoZaLHoSAeJ7gXWWtJs3QLS9OSpMIou3vxq3jxoIhXv4A3v41ZV0Q3Hwj58f8/D8nz92NGpbKsL6OwtLyyulZcL21sbm3vmLt7bRklApMWjlgkuj6ShFFOWooqRrqxICj0Gen4o4up37knQtKI36hxTNwQDTgNKEZKS55ZdtLLu9SRQyTiSfX2B72UTo6c7PLMilWzsoKLYOdQAXk1PfPT6Uc4CQlXmCEpe7YVKzdFQlHMyKTkJJLECI/QgPQ0chQS6abZLhN4qJU+DCKhD1cwU39PpCiUchz6ujNEaijnvan4n9dLVHDmppTHiSIczx4KEgZVBKfBwD4VBCs21oCwoPqvEOsoEFY6vpIOwZ5feRHaxzW7Xju5rlca53kcRXAAyqAKbHAKGuAKNEELYPAAnsALeDUejWfjzXiftRaMfGYf/Cnj4xsqUpvH</latexit>

F ](Y ]
i+1)

<latexit sha1_base64="b/WrwS2r3iNL9y5XqPS4+oZWw1g=">AAACBXicbZDLSsNAFIZP6q3WW9SlLgaLUBFKIhVdFgVxWcFepI1hMp22QycXZiZCCdm48VXcuFDEre/gzrdx2gbR6g8DH/85hzPn9yLOpLKsTyM3N7+wuJRfLqysrq1vmJtbDRnGgtA6CXkoWh6WlLOA1hVTnLYiQbHvcdr0hufjevOOCsnC4FqNIur4uB+wHiNYacs1dy9uk44cYBGlpZtvdBN2aKcHrlm0ytZE6C/YGRQhU801PzrdkMQ+DRThWMq2bUXKSbBQjHCaFjqxpBEmQ9ynbY0B9ql0kskVKdrXThf1QqFfoNDE/TmRYF/Kke/pTh+rgZytjc3/au1Y9U6dhAVRrGhApot6MUcqRONIUJcJShQfacBEMP1XRHQMmCgdXEGHYM+e/BcaR2W7Uj6+qhSrZ1kcediBPSiBDSdQhUuoQR0I3MMjPMOL8WA8Ga/G27Q1Z2Qz2/BLxvsXVROYdw==</latexit>

F ](Y ]
i )

<latexit sha1_base64="HFpMamdu9OCivCryKlSfBy05IKo=">AAACA3icbZDLSsNAFIZP6q3WW9SdboJFqJuSSEWXRUFcVrAXaWOYTCft0MkkzEyEEgJufBU3LhRx60u4822cXhBt/WHg4z/ncOb8fsyoVLb9ZeQWFpeWV/KrhbX1jc0tc3unIaNEYFLHEYtEy0eSMMpJXVHFSCsWBIU+I01/cDGqN++JkDTiN2oYEzdEPU4DipHSlmfuXd6lHdlHIs5Ktz/opTQ78syiXbbHsubBmUIRpqp55menG+EkJFxhhqRsO3as3BQJRTEjWaGTSBIjPEA90tbIUUikm45vyKxD7XStIBL6cWWN3d8TKQqlHIa+7gyR6svZ2sj8r9ZOVHDmppTHiSIcTxYFCbNUZI0CsbpUEKzYUAPCguq/WliHgLDSsRV0CM7syfPQOC47lfLJdaVYPZ/GkYd9OIASOHAKVbiCGtQBwwM8wQu8Go/Gs/FmvE9ac8Z0Zhf+yPj4BmrxmAc=</latexit>

F ](Y ]
i OF

](Y ]
i ))

<latexit sha1_base64="SIWr7oHMxs7JRDUOKGdpPuo5RKg=">AAACLHicdVDLSgMxFM34rPVVdekmWIR2U2akostiQVxWsA9pxyGTSdvQTDIkGaUM80Fu/BVBXFjErd9h+kC01QOBwznncnOPHzGqtG2PrKXlldW19cxGdnNre2c3t7ffUCKWmNSxYEK2fKQIo5zUNdWMtCJJUOgz0vQH1bHfvCdSUcFv9DAiboh6nHYpRtpIXq56eZd0VB/JKC3cflMvoSnsaEkR7zESiAcO/80Vi14ub5fsCeAicWYkD2aoebmXTiBwHBKuMUNKtR070m6CpKaYkTTbiRWJEB6gHmkbylFIlJtMjk3hsVEC2BXSPK7hRP05kaBQqWHom2SIdF/Ne2PxL68d6+65m1AexZpwPF3UjRnUAo6bgwGVBGs2NARhSc1fITYtIKxNv1lTgjN/8iJpnJSccun0upyvXMzqyIBDcAQKwAFnoAKuQA3UAQaP4Bm8gZH1ZL1a79bHNLpkzWYOwC9Yn1+KWKmb</latexit>

F ]

<latexit sha1_base64="w5EfPZ4cvWBptbJvBdoO0zQJuOs=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIRZdFQVxWsA9sx5JJb9vQTGZIMkIZ+hduXCji1r9x59+YtrPQ1gOBwzn3kntOEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoeuo3n1BpHsl7M47RD+lA8j5n1Fjp4eYx7eghVfGkWyy5ZXcGsky8jJQgQ61b/Or0IpaEKA0TVOu258bGT6kynAmcFDqJxpiyER1g21JJQ9R+Ort4Qk6s0iP9SNknDZmpvzdSGmo9DgM7GVIz1IveVPzPayemf+mnXMaJQcnmH/UTQUxEpvFJjytkRowtoUxxeythNj9lxpZUsCV4i5GXSeOs7FXK53eVUvUqqyMPR3AMp+DBBVThFmpQBwYSnuEV3hztvDjvzsd8NOdkO4fwB87nD8I/kPw=</latexit>

  Second, we prove                          . It is enough to show that                                       that can be proven by 
induction. The base case is trivial. The inductive case is as follows:

8i 2 N. F ]i(?]) v Y ]
i

<latexit sha1_base64="0/Vn0t7tD9TEeWX+97+MP8cpUPc="></latexit>

G

i�0

F ]i(?]) v Y ]
lim

<latexit sha1_base64="lKZjJwvVnLphOCiASpIsdR4B4UU="></latexit>

If                        , then                    by definition. Therefore,                           .F ](Y ]
i ) v Y ]

i

<latexit sha1_base64="0Fb+MXhUt4rXFB/xqYeLWDJKsdE=">AAACHnicbVDLSgMxFM34rPU16tJNsAh1U2akRZdFQVxWsA9px5JJb9vQzKNJRijDfIkbf8WNC0UEV/o3pu0gtvVA4OSce0nOcUPOpLKsb2NpeWV1bT2zkd3c2t7ZNff2azKIBIUqDXggGi6RwJkPVcUUh0YogHguh7o7uBz79QcQkgX+rRqF4Hik57Muo0RpqW2Wru7jluwTESb5u3bMkt/rCW7JoYxcCQqGeNZrmzmrYE2AF4mdkhxKUWmbn61OQCMPfEU5kbJpW6FyYiIUoxySbCuSEBI6ID1oauoTD6QTT+Il+FgrHdwNhD6+whP170ZMPClHnqsnPaL6ct4bi/95zUh1z52Y+WGkwKfTh7oRxyrA465whwmgio80IVQw/VdMdX5ClW40q0uw5yMvktppwS4WSjfFXPkirSODDtERyiMbnaEyukYVVEUUPaJn9IrejCfjxXg3PqajS0a6c4BmYHz9AGU0o+o=</latexit>

Y ]
i+1 = Y ]

i

<latexit sha1_base64="Z7Lp4bGBisCixh/nfk9YfqedNZg=">AAACCnicbVDLSsNAFL3xWesr6tLNaBEEoSRS0Y1QdOOygn1IW8NkOmmHTh7MTIQSsnbjr7hxoYhbv8Cdf+OkDaitBwYO59zLnXPciDOpLOvLmJtfWFxaLqwUV9fWNzbNre2GDGNBaJ2EPBQtF0vKWUDriilOW5Gg2Hc5bbrDy8xv3lMhWRjcqFFEuz7uB8xjBCstOeberZOwIzu9SzpygEWUonOUST+CY5assjUGmiV2TkqQo+aYn51eSGKfBopwLGXbtiLVTbBQjHCaFjuxpBEmQ9ynbU0D7FPZTcZRUnSglR7yQqFfoNBY/b2RYF/Kke/qSR+rgZz2MvE/rx0r76ybsCCKFQ3I5JAXc6RClPWCekxQovhIE0wE039FROfHROn2iroEezryLGkcl+1K+eS6Uqpe5HUUYBf24RBsOIUqXEEN6kDgAZ7gBV6NR+PZeDPeJ6NzRr6zA39gfHwDRdKaqA==</latexit>

F ]i+1(?]) v Y ]
i+1

<latexit sha1_base64="I4YAQHqMXEGu8rB23uIzZfH5SDk=">AAACI3icbVDJSgNBFOxxjXGLevTSGARFCDMSUTwFBfEYwSySiaGn8xKb9CzpfiOEIf/ixV/x4kEJXjz4L3YWRaMFDUXVe7yu8iIpNNr2uzUzOze/sJhaSi+vrK6tZzY2yzqMFYcSD2Woqh7TIEUAJRQooRopYL4noeJ1zod+5R6UFmFwjb0I6j5rB6IlOEMjNTKnF7eJq++Yiqg4cPp7rhfil9Lfp67u6tjTgNClN41kOPLtNjJZO2ePQP8SZ0KyZIJiIzNwmyGPfQiQS6Z1zbEjrCdMoeAS+mk31hAx3mFtqBkaMB90PRll7NNdozRpK1TmBUhH6s+NhPla93zPTPoM7/S0NxT/82oxtk7qiQiiGCHg40OtWFIM6bAw2hQKOMqeIYwrYf5KucnPOJpa06YEZzryX1I+zDn53NFVPls4m9SRIttkh+wRhxyTArkkRVIinDyQJ/JCXq1H69kaWG/j0RlrsrNFfsH6+ASWd6Tl</latexit>

If                        , then                                    by definition. According to the first condition on widening, 

                                      . Therefore,                           .

F ](Y ]
i ) A Y ]

i

<latexit sha1_base64="JunBcU3C54e3QUCHjllVR1tvoc0=">AAACHHicbVBLSwMxGMzWV62vVY9egkWol7KrFT0WBfFYwT6kuy7ZNNuGZrNrkhXKsj/Ei3/FiwdFvHgQ/DemD8S2DgQmM99HMuPHjEplWd9GbmFxaXklv1pYW9/Y3DK3dxoySgQmdRyxSLR8JAmjnNQVVYy0YkFQ6DPS9PsXQ7/5QISkEb9Rg5i4IepyGlCMlJY88/jyLnVkD4k4K916Kc1+r4fQkfcyiSVRcNrxzKJVtkaA88SekCKYoOaZn04nwklIuMIMSdm2rVi5KRKKYkaygpNIEiPcR13S1pSjkEg3HYXL4IFWOjCIhD5cwZH6dyNFoZSD0NeTIVI9OesNxf+8dqKCMzelPE4U4Xj8UJAwqCI4bAp2qCBYsYEmCAuq/wqxzo+w0n0WdAn2bOR50jgq25XyyXWlWD2f1JEHe2AflIANTkEVXIEaqAMMHsEzeAVvxpPxYrwbH+PRnDHZ2QVTML5+AMKnow4=</latexit>

Y ]
i+1 = Y ]

i O F ](Y ]
i )

<latexit sha1_base64="m/Y36OBM0hsIln0XrRLH738jYYk="></latexit>

F ](Y ]
i ) v Y ]

i O F ](Y ]
i )

<latexit sha1_base64="8NjpvpYZCYvvR3l6CNAFdVQi4zk="></latexit>

F ]i+1(?]) v Y ]
i+1

<latexit sha1_base64="I4YAQHqMXEGu8rB23uIzZfH5SDk=">AAACI3icbVDJSgNBFOxxjXGLevTSGARFCDMSUTwFBfEYwSySiaGn8xKb9CzpfiOEIf/ixV/x4kEJXjz4L3YWRaMFDUXVe7yu8iIpNNr2uzUzOze/sJhaSi+vrK6tZzY2yzqMFYcSD2Woqh7TIEUAJRQooRopYL4noeJ1zod+5R6UFmFwjb0I6j5rB6IlOEMjNTKnF7eJq++Yiqg4cPp7rhfil9Lfp67u6tjTgNClN41kOPLtNjJZO2ePQP8SZ0KyZIJiIzNwmyGPfQiQS6Z1zbEjrCdMoeAS+mk31hAx3mFtqBkaMB90PRll7NNdozRpK1TmBUhH6s+NhPla93zPTPoM7/S0NxT/82oxtk7qiQiiGCHg40OtWFIM6bAw2hQKOMqeIYwrYf5KucnPOJpa06YEZzryX1I+zDn53NFVPls4m9SRIttkh+wRhxyTArkkRVIinDyQJ/JCXq1H69kaWG/j0RlrsrNFfsH6+ASWd6Tl</latexit>

F ]i+1(?]) = F ](F ]i(?]))

v F ](Y ]
i ) (by induction hypothesis and monotonicity of F ])

<latexit sha1_base64="8Fs5OcE9JxQ85IOxHUWMnaUtiPQ="></latexit>

Theorem (Widening’s Safety). Let D]
be a CPO, F ] : D] ! D]

be a monotone

function, and O : D] ⇥ D] ! D]
be a widening operator. Then, chain {Y ]

i }i
eventually stabilizes and G

i�0

F ]i(?]) v Y ]
lim

where Y ]
lim is the greatest element of the chain.

<latexit sha1_base64="dEHe/27BGrLrLrLHIOEwXUUGImg="></latexit>

Y ]
i v Y ]

i OF
](Y ]

i )

<latexit sha1_base64="NYSIyb2/ZMXRW6IijI1Sv3WW/kY=">AAACO3icbVA9SwNBFNyL3/ErammzGITYhDuJaCkKYqlijJLEsLd5SZbs7V123ynhyP+y8U/Y2dhYKGJr7+YDMdGBhWFmHm/f+JEUBl332UlNTc/Mzs0vpBeXlldWM2vrVyaMNYciD2Wor31mQAoFRRQo4TrSwAJfQslvH/f90h1oI0J1id0IqgFrKtEQnKGVapmLm9ukYlpMR71aInq0Yjom9g0gdOikhVow1ZRQD+8VPfkxc+O5nVom6+bdAehf4o1IloxwVss8VeohjwNQyCUzpuy5EVYTplFwCb10JTYQMd5mTShbqlgAppoMbu/RbavUaSPU9imkA/X3RMICY7qBb5MBw5aZ9Prif145xsZBNREqihEUHy5qxJJiSPtF0rrQwFF2LWFcC/tXym0JjKOtO21L8CZP/kuudvNeIb93XsgeHo3qmCebZIvkiEf2ySE5JWekSDh5IC/kjbw7j86r8+F8DqMpZzSzQcbgfH0DR+Ownw==</latexit>
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Proof. First we prove chain          is finite. According to the second condition on widening operator, it is 
enough to show that chain                 is increasing. The chain is increasing because 1)                is either 

            or                          , 2)                              according to the first condition on widening, and 3)       is 
monotone.

Proof

45

{Y ]
i }i

<latexit sha1_base64="VE/bQUOP9Il5yKjg+F7AGRHQgzk=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm2ARXJVEKrosunFZwT6kiWEynbRDJ5MwMxFKzMJfceNCEbf+hjv/xmnahbYeuJfDOfcyd06QMCqVbX8bpaXlldW18nplY3Nre8fc3WvLOBWYtHDMYtENkCSMctJSVDHSTQRBUcBIJxhdTfzOAxGSxvxWjRPiRWjAaUgxUlryzQM3u7vPXDlEIsn9jOZu0X2zatfsAtYicWakCjM0ffPL7cc4jQhXmCEpe46dKC9DQlHMSF5xU0kShEdoQHqachQR6WXF/bl1rJW+FcZCF1dWof7eyFAk5TgK9GSE1FDOexPxP6+XqvDCyyhPUkU4nj4UpsxSsTUJw+pTQbBiY00QFlTfamGdBMJKR1bRITjzX14k7dOaU6+d3dSrjctZHGU4hCM4AQfOoQHX0IQWYHiEZ3iFN+PJeDHejY/paMmY7ezDHxifPz+vlug=</latexit>

{F ](Y ]
i )}i

<latexit sha1_base64="lg/DKNhESS9MdTV0YukEj7VWNeI=">AAACC3icbZBNS8MwGMfT+TbnW9Wjl7AhzMtoZaLHoSAeJ7gXWWtJs3QLS9OSpMIou3vxq3jxoIhXv4A3v41ZV0Q3Hwj58f8/D8nz92NGpbKsL6OwtLyyulZcL21sbm3vmLt7bRklApMWjlgkuj6ShFFOWooqRrqxICj0Gen4o4up37knQtKI36hxTNwQDTgNKEZKS55ZdtLLu9SRQyTiSfX2B72UTo6c7PLMilWzsoKLYOdQAXk1PfPT6Uc4CQlXmCEpe7YVKzdFQlHMyKTkJJLECI/QgPQ0chQS6abZLhN4qJU+DCKhD1cwU39PpCiUchz6ujNEaijnvan4n9dLVHDmppTHiSIczx4KEgZVBKfBwD4VBCs21oCwoPqvEOsoEFY6vpIOwZ5feRHaxzW7Xju5rlca53kcRXAAyqAKbHAKGuAKNEELYPAAnsALeDUejWfjzXiftRaMfGYf/Cnj4xsqUpvH</latexit>

F ](Y ]
i+1)

<latexit sha1_base64="b/WrwS2r3iNL9y5XqPS4+oZWw1g=">AAACBXicbZDLSsNAFIZP6q3WW9SlLgaLUBFKIhVdFgVxWcFepI1hMp22QycXZiZCCdm48VXcuFDEre/gzrdx2gbR6g8DH/85hzPn9yLOpLKsTyM3N7+wuJRfLqysrq1vmJtbDRnGgtA6CXkoWh6WlLOA1hVTnLYiQbHvcdr0hufjevOOCsnC4FqNIur4uB+wHiNYacs1dy9uk44cYBGlpZtvdBN2aKcHrlm0ytZE6C/YGRQhU801PzrdkMQ+DRThWMq2bUXKSbBQjHCaFjqxpBEmQ9ynbY0B9ql0kskVKdrXThf1QqFfoNDE/TmRYF/Kke/pTh+rgZytjc3/au1Y9U6dhAVRrGhApot6MUcqRONIUJcJShQfacBEMP1XRHQMmCgdXEGHYM+e/BcaR2W7Uj6+qhSrZ1kcediBPSiBDSdQhUuoQR0I3MMjPMOL8WA8Ga/G27Q1Z2Qz2/BLxvsXVROYdw==</latexit>

F ](Y ]
i )

<latexit sha1_base64="HFpMamdu9OCivCryKlSfBy05IKo=">AAACA3icbZDLSsNAFIZP6q3WW9SdboJFqJuSSEWXRUFcVrAXaWOYTCft0MkkzEyEEgJufBU3LhRx60u4822cXhBt/WHg4z/ncOb8fsyoVLb9ZeQWFpeWV/KrhbX1jc0tc3unIaNEYFLHEYtEy0eSMMpJXVHFSCsWBIU+I01/cDGqN++JkDTiN2oYEzdEPU4DipHSlmfuXd6lHdlHIs5Ktz/opTQ78syiXbbHsubBmUIRpqp55menG+EkJFxhhqRsO3as3BQJRTEjWaGTSBIjPEA90tbIUUikm45vyKxD7XStIBL6cWWN3d8TKQqlHIa+7gyR6svZ2sj8r9ZOVHDmppTHiSIcTxYFCbNUZI0CsbpUEKzYUAPCguq/WliHgLDSsRV0CM7syfPQOC47lfLJdaVYPZ/GkYd9OIASOHAKVbiCGtQBwwM8wQu8Go/Gs/FmvE9ac8Z0Zhf+yPj4BmrxmAc=</latexit>

F ](Y ]
i OF

](Y ]
i ))

<latexit sha1_base64="SIWr7oHMxs7JRDUOKGdpPuo5RKg=">AAACLHicdVDLSgMxFM34rPVVdekmWIR2U2akostiQVxWsA9pxyGTSdvQTDIkGaUM80Fu/BVBXFjErd9h+kC01QOBwznncnOPHzGqtG2PrKXlldW19cxGdnNre2c3t7ffUCKWmNSxYEK2fKQIo5zUNdWMtCJJUOgz0vQH1bHfvCdSUcFv9DAiboh6nHYpRtpIXq56eZd0VB/JKC3cflMvoSnsaEkR7zESiAcO/80Vi14ub5fsCeAicWYkD2aoebmXTiBwHBKuMUNKtR070m6CpKaYkTTbiRWJEB6gHmkbylFIlJtMjk3hsVEC2BXSPK7hRP05kaBQqWHom2SIdF/Ne2PxL68d6+65m1AexZpwPF3UjRnUAo6bgwGVBGs2NARhSc1fITYtIKxNv1lTgjN/8iJpnJSccun0upyvXMzqyIBDcAQKwAFnoAKuQA3UAQaP4Bm8gZH1ZL1a79bHNLpkzWYOwC9Yn1+KWKmb</latexit>

F ]

<latexit sha1_base64="w5EfPZ4cvWBptbJvBdoO0zQJuOs=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIRZdFQVxWsA9sx5JJb9vQTGZIMkIZ+hduXCji1r9x59+YtrPQ1gOBwzn3kntOEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoeuo3n1BpHsl7M47RD+lA8j5n1Fjp4eYx7eghVfGkWyy5ZXcGsky8jJQgQ61b/Or0IpaEKA0TVOu258bGT6kynAmcFDqJxpiyER1g21JJQ9R+Ort4Qk6s0iP9SNknDZmpvzdSGmo9DgM7GVIz1IveVPzPayemf+mnXMaJQcnmH/UTQUxEpvFJjytkRowtoUxxeythNj9lxpZUsCV4i5GXSeOs7FXK53eVUvUqqyMPR3AMp+DBBVThFmpQBwYSnuEV3hztvDjvzsd8NOdkO4fwB87nD8I/kPw=</latexit>

  Second, we prove                          . It is enough to show that                                       that can be proven by 
induction. The base case is trivial. The inductive case is as follows:

8i 2 N. F ]i(?]) v Y ]
i

<latexit sha1_base64="0/Vn0t7tD9TEeWX+97+MP8cpUPc="></latexit>

G

i�0

F ]i(?]) v Y ]
lim

<latexit sha1_base64="lKZjJwvVnLphOCiASpIsdR4B4UU="></latexit>

If                        , then                    by definition. Therefore,                           .F ](Y ]
i ) v Y ]

i

<latexit sha1_base64="0Fb+MXhUt4rXFB/xqYeLWDJKsdE=">AAACHnicbVDLSgMxFM34rPU16tJNsAh1U2akRZdFQVxWsA9px5JJb9vQzKNJRijDfIkbf8WNC0UEV/o3pu0gtvVA4OSce0nOcUPOpLKsb2NpeWV1bT2zkd3c2t7ZNff2azKIBIUqDXggGi6RwJkPVcUUh0YogHguh7o7uBz79QcQkgX+rRqF4Hik57Muo0RpqW2Wru7jluwTESb5u3bMkt/rCW7JoYxcCQqGeNZrmzmrYE2AF4mdkhxKUWmbn61OQCMPfEU5kbJpW6FyYiIUoxySbCuSEBI6ID1oauoTD6QTT+Il+FgrHdwNhD6+whP170ZMPClHnqsnPaL6ct4bi/95zUh1z52Y+WGkwKfTh7oRxyrA465whwmgio80IVQw/VdMdX5ClW40q0uw5yMvktppwS4WSjfFXPkirSODDtERyiMbnaEyukYVVEUUPaJn9IrejCfjxXg3PqajS0a6c4BmYHz9AGU0o+o=</latexit>

Y ]
i+1 = Y ]

i

<latexit sha1_base64="Z7Lp4bGBisCixh/nfk9YfqedNZg=">AAACCnicbVDLSsNAFL3xWesr6tLNaBEEoSRS0Y1QdOOygn1IW8NkOmmHTh7MTIQSsnbjr7hxoYhbv8Cdf+OkDaitBwYO59zLnXPciDOpLOvLmJtfWFxaLqwUV9fWNzbNre2GDGNBaJ2EPBQtF0vKWUDriilOW5Gg2Hc5bbrDy8xv3lMhWRjcqFFEuz7uB8xjBCstOeberZOwIzu9SzpygEWUonOUST+CY5assjUGmiV2TkqQo+aYn51eSGKfBopwLGXbtiLVTbBQjHCaFjuxpBEmQ9ynbU0D7FPZTcZRUnSglR7yQqFfoNBY/b2RYF/Kke/qSR+rgZz2MvE/rx0r76ybsCCKFQ3I5JAXc6RClPWCekxQovhIE0wE039FROfHROn2iroEezryLGkcl+1K+eS6Uqpe5HUUYBf24RBsOIUqXEEN6kDgAZ7gBV6NR+PZeDPeJ6NzRr6zA39gfHwDRdKaqA==</latexit>

F ]i+1(?]) v Y ]
i+1

<latexit sha1_base64="I4YAQHqMXEGu8rB23uIzZfH5SDk=">AAACI3icbVDJSgNBFOxxjXGLevTSGARFCDMSUTwFBfEYwSySiaGn8xKb9CzpfiOEIf/ixV/x4kEJXjz4L3YWRaMFDUXVe7yu8iIpNNr2uzUzOze/sJhaSi+vrK6tZzY2yzqMFYcSD2Woqh7TIEUAJRQooRopYL4noeJ1zod+5R6UFmFwjb0I6j5rB6IlOEMjNTKnF7eJq++Yiqg4cPp7rhfil9Lfp67u6tjTgNClN41kOPLtNjJZO2ePQP8SZ0KyZIJiIzNwmyGPfQiQS6Z1zbEjrCdMoeAS+mk31hAx3mFtqBkaMB90PRll7NNdozRpK1TmBUhH6s+NhPla93zPTPoM7/S0NxT/82oxtk7qiQiiGCHg40OtWFIM6bAw2hQKOMqeIYwrYf5KucnPOJpa06YEZzryX1I+zDn53NFVPls4m9SRIttkh+wRhxyTArkkRVIinDyQJ/JCXq1H69kaWG/j0RlrsrNFfsH6+ASWd6Tl</latexit>

If                        , then                                    by definition. According to the first condition on widening, 

                                      . Therefore,                           .

F ](Y ]
i ) A Y ]

i

<latexit sha1_base64="JunBcU3C54e3QUCHjllVR1tvoc0=">AAACHHicbVBLSwMxGMzWV62vVY9egkWol7KrFT0WBfFYwT6kuy7ZNNuGZrNrkhXKsj/Ei3/FiwdFvHgQ/DemD8S2DgQmM99HMuPHjEplWd9GbmFxaXklv1pYW9/Y3DK3dxoySgQmdRyxSLR8JAmjnNQVVYy0YkFQ6DPS9PsXQ7/5QISkEb9Rg5i4IepyGlCMlJY88/jyLnVkD4k4K916Kc1+r4fQkfcyiSVRcNrxzKJVtkaA88SekCKYoOaZn04nwklIuMIMSdm2rVi5KRKKYkaygpNIEiPcR13S1pSjkEg3HYXL4IFWOjCIhD5cwZH6dyNFoZSD0NeTIVI9OesNxf+8dqKCMzelPE4U4Xj8UJAwqCI4bAp2qCBYsYEmCAuq/wqxzo+w0n0WdAn2bOR50jgq25XyyXWlWD2f1JEHe2AflIANTkEVXIEaqAMMHsEzeAVvxpPxYrwbH+PRnDHZ2QVTML5+AMKnow4=</latexit>

Y ]
i+1 = Y ]

i O F ](Y ]
i )

<latexit sha1_base64="m/Y36OBM0hsIln0XrRLH738jYYk="></latexit>

F ](Y ]
i ) v Y ]

i O F ](Y ]
i )

<latexit sha1_base64="8NjpvpYZCYvvR3l6CNAFdVQi4zk="></latexit>

F ]i+1(?]) v Y ]
i+1

<latexit sha1_base64="I4YAQHqMXEGu8rB23uIzZfH5SDk=">AAACI3icbVDJSgNBFOxxjXGLevTSGARFCDMSUTwFBfEYwSySiaGn8xKb9CzpfiOEIf/ixV/x4kEJXjz4L3YWRaMFDUXVe7yu8iIpNNr2uzUzOze/sJhaSi+vrK6tZzY2yzqMFYcSD2Woqh7TIEUAJRQooRopYL4noeJ1zod+5R6UFmFwjb0I6j5rB6IlOEMjNTKnF7eJq++Yiqg4cPp7rhfil9Lfp67u6tjTgNClN41kOPLtNjJZO2ePQP8SZ0KyZIJiIzNwmyGPfQiQS6Z1zbEjrCdMoeAS+mk31hAx3mFtqBkaMB90PRll7NNdozRpK1TmBUhH6s+NhPla93zPTPoM7/S0NxT/82oxtk7qiQiiGCHg40OtWFIM6bAw2hQKOMqeIYwrYf5KucnPOJpa06YEZzryX1I+zDn53NFVPls4m9SRIttkh+wRhxyTArkkRVIinDyQJ/JCXq1H69kaWG/j0RlrsrNFfsH6+ASWd6Tl</latexit>

F ]i+1(?]) = F ](F ]i(?]))

v F ](Y ]
i ) (by induction hypothesis and monotonicity of F ])

<latexit sha1_base64="8Fs5OcE9JxQ85IOxHUWMnaUtiPQ="></latexit>

Theorem (Widening’s Safety). Let D]
be a CPO, F ] : D] ! D]

be a monotone

function, and O : D] ⇥ D] ! D]
be a widening operator. Then, chain {Y ]

i }i
eventually stabilizes and G

i�0

F ]i(?]) v Y ]
lim

where Y ]
lim is the greatest element of the chain.

<latexit sha1_base64="dEHe/27BGrLrLrLHIOEwXUUGImg="></latexit>

Y ]
i v Y ]

i OF
](Y ]

i )

<latexit sha1_base64="NYSIyb2/ZMXRW6IijI1Sv3WW/kY=">AAACO3icbVA9SwNBFNyL3/ErammzGITYhDuJaCkKYqlijJLEsLd5SZbs7V123ynhyP+y8U/Y2dhYKGJr7+YDMdGBhWFmHm/f+JEUBl332UlNTc/Mzs0vpBeXlldWM2vrVyaMNYciD2Wor31mQAoFRRQo4TrSwAJfQslvH/f90h1oI0J1id0IqgFrKtEQnKGVapmLm9ukYlpMR71aInq0Yjom9g0gdOikhVow1ZRQD+8VPfkxc+O5nVom6+bdAehf4o1IloxwVss8VeohjwNQyCUzpuy5EVYTplFwCb10JTYQMd5mTShbqlgAppoMbu/RbavUaSPU9imkA/X3RMICY7qBb5MBw5aZ9Prif145xsZBNREqihEUHy5qxJJiSPtF0rrQwFF2LWFcC/tXym0JjKOtO21L8CZP/kuudvNeIb93XsgeHo3qmCebZIvkiEf2ySE5JWekSDh5IC/kjbw7j86r8+F8DqMpZzSzQcbgfH0DR+Ownw==</latexit>
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We prove                                   by induction. The base case is true by definition of         from the increasing 
chain by widening. The inductive case is as follows: 

Proof

50

Proof. First we prove chain          is finite. According to the second condition on narrowing operator, it is 
enough to show that chain                 is decreasing. The chain is decreasing if                                    , because


{Z]
i }i

<latexit sha1_base64="54LbqhGnS8F9ogysYHxkqxz0S9g=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm2ARXJVEKrosunFZwT6wiWEynbRDJ5MwMxFKzMJfceNCEbf+hjv/xmnahbYeuJfDOfcyd06QMCqVbX8bpaXlldW18nplY3Nre8fc3WvLOBWYtHDMYtENkCSMctJSVDHSTQRBUcBIJxhdTfzOAxGSxvxWjRPiRWjAaUgxUlryzQM3u7vPXDlEIsn9jOZu0X2zatfsAtYicWakCjM0ffPL7cc4jQhXmCEpe46dKC9DQlHMSF5xU0kShEdoQHqachQR6WXF/bl1rJW+FcZCF1dWof7eyFAk5TgK9GSE1FDOexPxP6+XqvDCyyhPUkU4nj4UpsxSsTUJw+pTQbBiY00QFlTfamGdBMJKR1bRITjzX14k7dOaU6+d3dSrjctZHGU4hCM4AQfOoQHX0IQWYHiEZ3iFN+PJeDHejY/paMmY7ezDHxifP0FGluk=</latexit>

{F ](Z]
i )}i

<latexit sha1_base64="oifXbxNrJt/pccUWM3VbBxsSFlo=">AAACC3icbZBNS8MwGMfT+TbnW9Wjl7AhzMtoZaLHoSAeJ7gXXGtJs3QLS9OSpMIou3vxq3jxoIhXv4A3v41ZV0Q3Hwj58f8/D8nz92NGpbKsL6OwtLyyulZcL21sbm3vmLt7bRklApMWjlgkuj6ShFFOWooqRrqxICj0Gen4o4up37knQtKI36hxTNwQDTgNKEZKS55ZdtLLu9SRQyTiSfX2B72UTo6c7PLMilWzsoKLYOdQAXk1PfPT6Uc4CQlXmCEpe7YVKzdFQlHMyKTkJJLECI/QgPQ0chQS6abZLhN4qJU+DCKhD1cwU39PpCiUchz6ujNEaijnvan4n9dLVHDmppTHiSIczx4KEgZVBKfBwD4VBCs21oCwoPqvEOsoEFY6vpIOwZ5feRHaxzW7Xju5rlca53kcRXAAyqAKbHAKGuAKNEELYPAAnsALeDUejWfjzXiftRaMfGYf/Cnj4xsr6pvI</latexit>

8i 2 N. Z]
i w F ](Z]

i )

<latexit sha1_base64="FwMDBVoTmzn80A8Z+T4PXkSF6bY="></latexit>

Z]
i w F ](Z]

i )

=) Z]
i w (Z]

i 4 F ](Z]
i )) w F ](Z]

i ) (by the first condition on narrowing)

=) F ](Z]
i ) w F ](Z]

i4F ](Z]
i )) (by monotonicity of F ])

=) F ](Z]
i ) w F ](Z]

i+1) (by definition of Z]
i+1)

<latexit sha1_base64="MUJ+1hJVHzgr5FUeJL2owsu6U7Y="></latexit>

8i 2 N. Z]
i w F ](Z]

i )

<latexit sha1_base64="FwMDBVoTmzn80A8Z+T4PXkSF6bY="></latexit>

Y ]
lim

<latexit sha1_base64="H2qfyLsfaqQag8d7ml9Gv5NiMz4=">AAAB+nicbVDLTsMwEHTKq5RXCkcuFhUSpypBRXCs4MKxSPSBmhA5rtNatZ3IdkBVyKdw4QBCXPkSbvwNbpsDtIy00mhmV7s7YcKo0o7zbZVWVtfWN8qbla3tnd09u7rfUXEqMWnjmMWyFyJFGBWkralmpJdIgnjISDccX0397gORisbiVk8S4nM0FDSiGGkjBXb1Lsg8Rnl+n3lqhGSSB3bNqTszwGXiFqQGCrQC+8sbxDjlRGjMkFJ910m0nyGpKWYkr3ipIgnCYzQkfUMF4kT52ez0HB4bZQCjWJoSGs7U3xMZ4kpNeGg6OdIjtehNxf+8fqqjCz+jIkk1EXi+KEoZ1DGc5gAHVBKs2cQQhCU1t0Js/kdYm7QqJgR38eVl0jmtu4362U2j1rws4iiDQ3AEToALzkETXIMWaAMMHsEzeAVv1pP1Yr1bH/PWklXMHIA/sD5/APvblHs=</latexit>

Z]
i w F ](Z]

i ) (by induction hypothesis)

=) Z]
i w Z]

i 4 F ](Z]
i ) w F ](Z]

i ) (by the first condition on narrowing)

=) Z]
i w Z]

i+1 w F ](Z]
i ) (by definition)

=) Z]
i w F ](Z]

i ) w F ](Z]
i+1) (by monotonicity of F ])

=) Z]
i w F ](Z]

i+1)

<latexit sha1_base64="eBmdwg3cjZa+4muz6ZJjSaVVCNg="></latexit>

Theorem (Narrowing’s Safety). Let D]
be a CPO, F ] : D] ! D]

be a monotone

function, and 4 : D] ⇥ D] ! D]
be a narrowing operator. Then, chain {Z]

i }i
eventually stabilizes and G

i�0

F ]i(?]) v Z]
lim

where Z]
lim is the least element of the chain.

<latexit sha1_base64="C5iQA6iKfEqmU5sSePCS8PYdNao="></latexit>
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We prove                                   by induction. The base case is true by definition of         from the increasing 
chain by widening. The inductive case is as follows: 

Proof

50

Proof. First we prove chain          is finite. According to the second condition on narrowing operator, it is 
enough to show that chain                 is decreasing. The chain is decreasing if                                    , because


{Z]
i }i

<latexit sha1_base64="54LbqhGnS8F9ogysYHxkqxz0S9g=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm2ARXJVEKrosunFZwT6wiWEynbRDJ5MwMxFKzMJfceNCEbf+hjv/xmnahbYeuJfDOfcyd06QMCqVbX8bpaXlldW18nplY3Nre8fc3WvLOBWYtHDMYtENkCSMctJSVDHSTQRBUcBIJxhdTfzOAxGSxvxWjRPiRWjAaUgxUlryzQM3u7vPXDlEIsn9jOZu0X2zatfsAtYicWakCjM0ffPL7cc4jQhXmCEpe46dKC9DQlHMSF5xU0kShEdoQHqachQR6WXF/bl1rJW+FcZCF1dWof7eyFAk5TgK9GSE1FDOexPxP6+XqvDCyyhPUkU4nj4UpsxSsTUJw+pTQbBiY00QFlTfamGdBMJKR1bRITjzX14k7dOaU6+d3dSrjctZHGU4hCM4AQfOoQHX0IQWYHiEZ3iFN+PJeDHejY/paMmY7ezDHxifP0FGluk=</latexit>

{F ](Z]
i )}i

<latexit sha1_base64="oifXbxNrJt/pccUWM3VbBxsSFlo=">AAACC3icbZBNS8MwGMfT+TbnW9Wjl7AhzMtoZaLHoSAeJ7gXXGtJs3QLS9OSpMIou3vxq3jxoIhXv4A3v41ZV0Q3Hwj58f8/D8nz92NGpbKsL6OwtLyyulZcL21sbm3vmLt7bRklApMWjlgkuj6ShFFOWooqRrqxICj0Gen4o4up37knQtKI36hxTNwQDTgNKEZKS55ZdtLLu9SRQyTiSfX2B72UTo6c7PLMilWzsoKLYOdQAXk1PfPT6Uc4CQlXmCEpe7YVKzdFQlHMyKTkJJLECI/QgPQ0chQS6abZLhN4qJU+DCKhD1cwU39PpCiUchz6ujNEaijnvan4n9dLVHDmppTHiSIczx4KEgZVBKfBwD4VBCs21oCwoPqvEOsoEFY6vpIOwZ5feRHaxzW7Xju5rlca53kcRXAAyqAKbHAKGuAKNEELYPAAnsALeDUejWfjzXiftRaMfGYf/Cnj4xsr6pvI</latexit>

8i 2 N. Z]
i w F ](Z]

i )

<latexit sha1_base64="FwMDBVoTmzn80A8Z+T4PXkSF6bY="></latexit>

Z]
i w F ](Z]

i )

=) Z]
i w (Z]

i 4 F ](Z]
i )) w F ](Z]

i ) (by the first condition on narrowing)

=) F ](Z]
i ) w F ](Z]

i4F ](Z]
i )) (by monotonicity of F ])

=) F ](Z]
i ) w F ](Z]

i+1) (by definition of Z]
i+1)

<latexit sha1_base64="MUJ+1hJVHzgr5FUeJL2owsu6U7Y="></latexit>

8i 2 N. Z]
i w F ](Z]

i )

<latexit sha1_base64="FwMDBVoTmzn80A8Z+T4PXkSF6bY="></latexit>

Y ]
lim

<latexit sha1_base64="H2qfyLsfaqQag8d7ml9Gv5NiMz4=">AAAB+nicbVDLTsMwEHTKq5RXCkcuFhUSpypBRXCs4MKxSPSBmhA5rtNatZ3IdkBVyKdw4QBCXPkSbvwNbpsDtIy00mhmV7s7YcKo0o7zbZVWVtfWN8qbla3tnd09u7rfUXEqMWnjmMWyFyJFGBWkralmpJdIgnjISDccX0397gORisbiVk8S4nM0FDSiGGkjBXb1Lsg8Rnl+n3lqhGSSB3bNqTszwGXiFqQGCrQC+8sbxDjlRGjMkFJ910m0nyGpKWYkr3ipIgnCYzQkfUMF4kT52ez0HB4bZQCjWJoSGs7U3xMZ4kpNeGg6OdIjtehNxf+8fqqjCz+jIkk1EXi+KEoZ1DGc5gAHVBKs2cQQhCU1t0Js/kdYm7QqJgR38eVl0jmtu4362U2j1rws4iiDQ3AEToALzkETXIMWaAMMHsEzeAVv1pP1Yr1bH/PWklXMHIA/sD5/APvblHs=</latexit>

Z]
i w F ](Z]

i ) (by induction hypothesis)

=) Z]
i w Z]

i 4 F ](Z]
i ) w F ](Z]

i ) (by the first condition on narrowing)

=) Z]
i w Z]

i+1 w F ](Z]
i ) (by definition)

=) Z]
i w F ](Z]

i ) w F ](Z]
i+1) (by monotonicity of F ])

=) Z]
i w F ](Z]

i+1)

<latexit sha1_base64="eBmdwg3cjZa+4muz6ZJjSaVVCNg="></latexit>

Theorem (Narrowing’s Safety). Let D]
be a CPO, F ] : D] ! D]

be a monotone

function, and 4 : D] ⇥ D] ! D]
be a narrowing operator. Then, chain {Z]

i }i
eventually stabilizes and G

i�0

F ]i(?]) v Z]
lim

where Z]
lim is the least element of the chain.

<latexit sha1_base64="C5iQA6iKfEqmU5sSePCS8PYdNao="></latexit>
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We prove                                   by induction. The base case is true by definition of         from the increasing 
chain by widening. The inductive case is as follows: 

Proof

50

Proof. First we prove chain          is finite. According to the second condition on narrowing operator, it is 
enough to show that chain                 is decreasing. The chain is decreasing if                                    , because


{Z]
i }i
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Z]
i w F ](Z]

i )

=) Z]
i w (Z]

i 4 F ](Z]
i )) w F ](Z]

i ) (by the first condition on narrowing)

=) F ](Z]
i ) w F ](Z]

i4F ](Z]
i )) (by monotonicity of F ])

=) F ](Z]
i ) w F ](Z]

i+1) (by definition of Z]
i+1)

<latexit sha1_base64="MUJ+1hJVHzgr5FUeJL2owsu6U7Y="></latexit>

8i 2 N. Z]
i w F ](Z]

i )
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Z]
i w F ](Z]

i ) (by induction hypothesis)

=) Z]
i w Z]

i 4 F ](Z]
i ) w F ](Z]

i ) (by the first condition on narrowing)

=) Z]
i w Z]

i+1 w F ](Z]
i ) (by definition)

=) Z]
i w F ](Z]

i ) w F ](Z]
i+1) (by monotonicity of F ])

=) Z]
i w F ](Z]

i+1)
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Theorem (Narrowing’s Safety). Let D]
be a CPO, F ] : D] ! D]

be a monotone

function, and 4 : D] ⇥ D] ! D]
be a narrowing operator. Then, chain {Z]

i }i
eventually stabilizes and G

i�0

F ]i(?]) v Z]
lim

where Z]
lim is the least element of the chain.
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We prove 8i 2 N. Z#
i w F#i

(?) by induction. The base case is trivial be-

cause F#0
(?) = ?. The inductive step is as follows: By IH, we have Z#

i w
F#i

(?). We need to show that Z#
i+1 w F#i+1

(?). Because F#
is monotone, we

have F#
(Z#

i ) v F#i+1
(?). Because F#

(Z#
i ) v Z#

i , Z#
i 4F#

(Z#
i ) w F#

(Z#
i )

by the first condition of the narrowing operator. Therefore, F#i+1
(?) v F#

(Z#
i ) v

Z#
i 4F#

(Z#
i ) v Z#

i+1.
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