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Two Styles of Definitions of Semantics

• Denotational semantics: The meaning is modeled by 
mathematical objects that represent the effect of executing the 
program.  About the result (not about how the result is obtained)

• So-called compositional style

• Operational semantics: The meaning is specifed by the 
computation steps executed on a machine.  About how the result 
is obtained

• So-called transitional style



Operational Semantics

• concerning how to execute programs and not merely 
what the execution results are.

• Big-step operational semantics describes how 
overall results of executions are obtained.

• Small-step operational semantics describes how 
individual steps of computations take place. 

• Inductively defined, thus may not be compositional



Semantic Domains in Operational Semantics

• Ordinary sets; no need to be CPOs

•  

• Not to confuse       with 
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The WHILE Language[[while E C]] = fix FE,C

C ! skip
| x := E
| if E C C
| C;C
| while E C

FE,C(X) =

⇢
X([[C]](m)) ([[E]](m) 6= 0)
m (otherwise)

1

C ! skip

| x := E

| if E C C

| C ; C

E ! n (n 2 Z)
| x

| E + E

| - E

I Ö9¥ CX X¯ = h⇠: T®¨–⌧ T®¨\

I T®¨ = h⇠: ¸å–⌧ ✓<\



Semantics as Proofs

• Semantic domain

• Program semantics: proofs using a set of inference rules

• : Execution of C with memory M will result in 

another memory M’ 

• : Execution of E given memory M will result in v

�
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p ÙÌ<\(big-step operational semantics)

M 2 Memory = Var
fin! Val

v 2 Val = Z

M ` skip ) M

M ` E ) v
M ` x := E ) M{x 7! v}

M ` C1 ) M1 M1 ` C2 ) M2

M ` C1 ; C2 ) M2



Big-step Operational Semantics

p ÙÌ<\(big-step operational semantics)

M 2 Memory = Var
fin! Val

v 2 Val = Z

M ` skip ) M

M ` E ) v
M ` x := E ) M{x 7! v}

M ` C1 ) M1 M1 ` C2 ) M2

M ` C1 ; C2 ) M2



Big-step Operational Semantics

M ` E ) 0 M ` C2 ) M 0

M ` if E C1 C2 ) M 0

M ` E ) v M ` C1 ) M 0

M ` if E C1 C2 ) M 0 v 6= 0

M ` E ) 0
M ` while E C ) M

M ` E ) v M ` C ) M1 M1 ` while E C ) M2

M ` while E C ) M2
v 6= 0



Big-step Operational Semantics

M ` n ) n

M ` x ) M(x)

M ` E1 ) v1 M ` E2 ) v2
M ` E1 + E2 ) v1 + v2

M ` E ) v
M ` - E ) �v



Semantics as Proofs

More precise interpretation of the evaluation rules:

•  The inference rules define a set S of triples (M, e, v). For readability, 
the triple was written by M ⊢ e ⇒ v in the rules.

•  We say an expression e has semantics w.r.t. M iff there is a triple 
(M,e,v) ∈ S for some value v.

•  That is, we say an expression e has semantics w.r.t. M iff we can 
derive M ⊢ e ⇒ v for some value v by applying the inference rules. 

• We say an initial expression e has semantics if {} ⊢ e ⇒ v for some v. 



Example

C
let
= x := 1 ; y := x + 1

; ` 1 ) 1
; ` x := 1 ) {x 7! 1}

{x 7! 1} ` x ) 1 {x 7! 1} ` 1 ) 1

{x 7! 1} ` x + 1 ) 2

{x 7! 1} ` y := x + 1 ) {x 7! 1, y 7! 2}
; ` C ) {x 7! 1, y 7! 2}



Example

C
let
= x := 1 ; y := x + 1

; ` 1 ) 1
; ` x := 1 ) {x 7! 1}

{x 7! 1} ` x ) 1 {x 7! 1} ` 1 ) 1

{x 7! 1} ` x + 1 ) 2

{x 7! 1} ` y := x + 1 ) {x 7! 1, y 7! 2}
; ` C ) {x 7! 1, y 7! 2}



Exercise

<latexit sha1_base64="KVez5dBQysVibLH7OpIl7FIt/O8="></latexit>

{} ` x := 1; if (x) y := 1 y := �1 )?



Exercise

<latexit sha1_base64="ad59Kzh+IwJ5+vbmD7r4RJtZQJI="></latexit>

{} ` x := 2; while (x) x := x+ (�1) )?



Execution Types

• We say the execution of a command C on a memory M

• Terminates iff there is a memory M’ such that 

• Loops otherwise

<latexit sha1_base64="dCbxk49WsU0X8i2L7b3xthsu2P0=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1hEVyURUZfFbtwUqtgHNKFMJpNm6CQTZiaVEoobf8WNC0Xc+hXu/BunbRbaeuDC4Zx7ufceL2FUKsv6NgpLyyura8X10sbm1vaOubvXkjwVmDQxZ1x0PCQJozFpKqoY6SSCoMhjpO0NahO/PSRCUh7fq1FC3Aj1YxpQjJSWeuZBHTpDH8kQ1qBzR/uhQkLwB1g/6Zllq2JNAReJnZMyyNHomV+Oz3EakVhhhqTs2lai3AwJRTEj45KTSpIgPEB90tU0RhGRbjZ9YQyPteLDgAtdsYJT9fdEhiIpR5GnOyOkQjnvTcT/vG6qgis3o3GSKhLj2aIgZVBxOMkD+lQQrNhIE4QF1bdCHCKBsNKplXQI9vzLi6R1VrEvKvbtebl6ncdRBIfgCJwCG1yCKrgBDdAEGDyCZ/AK3own48V4Nz5mrQUjn9kHf2B8/gBjG5Ym</latexit>

M ` C ) M 0



Examples

<latexit sha1_base64="MLD8sxHtBf/rIdRLB2U11yKcqDA="></latexit>

{} ` x := 1; while (x) x := x+ 1 )?



Semantic Equivalence

• We say  and  are semantically equivalent  

(denoted )  if the following is true for all 
memories , 

• Example:

•

<latexit sha1_base64="U58rPzO8v13cBZj/PWlpJe9NBoU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WOxF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7G9ZnffuLaiFg94iThfkSHSoSCUbTSQ73v9csVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8MbPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa2LqndVde8vK7XbPI4inMApnIMH11CDO2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gC8NY1v</latexit>

C1
<latexit sha1_base64="wQMrj/s50imHOcEXoYjy8IoOO2E=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KklR9FjsxWNF+wFtKJvtpF262YTdjVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WBcn/ntJ1Sax/LRTBL0IzqUPOSMGis91PvVfqnsVtw5yCrxclKGHI1+6as3iFkaoTRMUK27npsYP6PKcCZwWuylGhPKxnSIXUsljVD72fzUKTm3yoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPEzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2naEPwll9eJa1qxbuquPeX5dptHkcBTuEMLsCDa6jBHTSgCQyG8Ayv8OYI58V5dz4WrWtOPnMCf+B8/gC9uY1w</latexit>

C2
<latexit sha1_base64="IlGZqsKhhKt3tsbzvOQl3RoJ4Xg=">AAAB9XicbVDLTgJBEOzFF+IL9ehlIjHxRHaJRo9ELh4xkUcC62Z26IUJsw9nZjGE8B9ePGiMV//Fm3/jAHtQsJJOKlXd6e7yE8GVtu1vK7e2vrG5ld8u7Ozu7R8UD4+aKk4lwwaLRSzbPlUoeIQNzbXAdiKRhr7Alj+szfzWCKXicXSvxwm6Ie1HPOCMaiM91DyHdPEx5SNS8ypesWSX7TnIKnEyUoIMda/41e3FLA0x0kxQpTqOnWh3QqXmTOC00E0VJpQNaR87hkY0ROVO5ldPyZlReiSIpalIk7n6e2JCQ6XGoW86Q6oHatmbif95nVQH1+6ER0mqMWKLRUEqiI7JLALS4xKZFmNDKJPc3ErYgErKtAmqYEJwll9eJc1K2bks23cXpepNFkceTuAUzsGBK6jCLdShAQwkPMMrvFlP1ov1bn0sWnNWNnMMf2B9/gDkIJF3</latexit>

C1 ⌘ C2
<latexit sha1_base64="5e0TT6/LAtD7uG6VkqB67SoC6mI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeix68SK0YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK9fteqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa89jMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzfOKd1lx6xfl6k0eRwGO4QTOwIMrqMId1KABDBCe4RXenEfnxXl3PuatK04+cwR/4Hz+AKZfjNU=</latexit>

M
<latexit sha1_base64="ByEXIgPJeiaSoG7P7xvLJbAYLCI=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ6Kokoeix68SJUsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777Swtr6yurRc2iptb2zu7pb39ho5TxbDOYhGrVkA1Ci6xbrgR2EoU0igQ2AyGNxO/+YRK81g+mlGCfkT7koecUWOlh7uTbqnsVtwpyCLxclKGHLVu6avTi1kaoTRMUK3bnpsYP6PKcCZwXOykGhPKhrSPbUsljVD72fTSMTm2So+EsbIlDZmqvycyGmk9igLbGVEz0PPeRPzPa6cmvPIzLpPUoGSzRWEqiInJ5G3S4wqZESNLKFPc3krYgCrKjA2naEPw5l9eJI2zindRce/Py9XrPI4CHMIRnIIHl1CFW6hBHRiE8Ayv8OYMnRfn3fmYtS45+cwB/IHz+QMGu40G</latexit>

M 0

<latexit sha1_base64="pmDpdwLt33x8K5Xni/YKclS/KmU=">AAACJnicbVDLSsNAFJ3UV62vqEs3g0V0VZKi6EYoduOmUMU+oAlhMpk0QycPZiaVEvo1bvwVNy4qIu78FKdtFrX1wMDhnHO5c4+bMCqkYXxrhbX1jc2t4nZpZ3dv/0A/PGqLOOWYtHDMYt51kSCMRqQlqWSkm3CCQpeRjjuoT/3OkHBB4+hJjhJih6gfUZ9iJJXk6LcNaA09JAJYd0xoPdJ+IBHn8TNsnEOL+j5cCFSXA45eNirGDHCVmDkpgxxNR59YXozTkEQSMyREzzQSaWeIS4oZGZesVJAE4QHqk56iEQqJsLPZmWN4phQP+jFXL5Jwpi5OZCgUYhS6KhkiGYhlbyr+5/VS6d/YGY2SVJIIzxf5KYMyhtPOoEc5wZKNFEGYU/VXiAPEEZaq2ZIqwVw+eZW0qxXzqmI8XJZrd3kdRXACTsEFMME1qIF70AQtgMELeAMT8KG9au/ap/Y1jxa0fOYY/IH28wsdNKMZ</latexit>

M ` C1 ) M 0 () M ` C2 ) M 0

<latexit sha1_base64="SwH1DZ/xS+CoHbQCln32Cj3nJYs="></latexit>

while x C ⌘ if (x) (C; while x C) skip



Implementing Big-step Interpreter in OCaml
type var = string

type exp =
  | Int of int  (* n *)
  | Var of var  (* x *)
  | Plus of exp * exp  (* e1 + e2 *)
  | Minus of exp  (* -e *)

type cmd =
  | Assign of var * exp    (* x := e *)
  | Skip    (* skip *)
  | Seq of cmd * cmd      (* c1; c2 *)
  | If of exp * cmd * cmd       (* if e c1 c2 *)
  | While of exp * cmd      (* while e c *)

(* x := 10; y := 1; while (x) (y := y + y; x := x - 1*)
let pgm =
  Seq (Assign ("x", Int 10),

 Seq (Assign ("y", Int 1),
    While (Var "x",
      Seq (Assign("y", Plus (Var "y", Var "y")),
           Assign("x", Plus (Var "x", Minus (Int 1))))
       )))



Implementing Big-step Interpreter in OCaml

module Mem = struct
  type t = (var * int) list
  let empty = []
  let rec lookup m x =

match m with
| [] -> raise (Failure (x ^ "is not bound in state")) 
| (y,v) :: m' -> if x = y then v else lookup m' x

  let update m x v = (x,v)::m
end

let rec eval_e : exp -> Mem.t -> int 
= fun e m ->

match e with
| Int n -> n
| Var x -> Mem.lookup m x
| Plus (e1, e2) -> (eval_e e1 m) + (eval_e e2 m) 
| Minus e' -> -1 * (eval_e e' m)

 



Implementing Big-step Interpreter in OCaml

let rec eval_c : cmd -> Mem.t -> Mem.t 
= fun c m ->

match c with
| Assign (x, e) -> Mem.update m x (eval_e e m)
| Skip -> m
| Seq (c1, c2) -> eval_c c2 (eval_c c1 m)
| If (e, c1, c2) ->  

     eval_c (if (eval_e e m) <> 0 then c1 else c2) m
| While (e, c) ->

if (eval_e e m) <> 0 then  
       eval_c (While (e,c)) (eval_c c m) 

else m

let _ =
print_int (Mem.lookup (eval_c pgm Mem.empty) "y"); 
print_newline ()



Small-step Operational Semantics

• Another alternative is to define semantics as a transition 
system

•   : the set of states

•  : transition relation

• In our case, a state is a pair of a command and a 

memory  

<latexit sha1_base64="cgziEgfdtrWHaEOm3chkmVzvJpo=">AAAB8nicbVBNS8NAFHypX7V+VT16WSyCp5KIoseiF48VrS2koWy223bpJht2X4QS+jO8eFDEq7/Gm//GTZuDtg4sDDPvsfMmTKQw6LrfTmlldW19o7xZ2dre2d2r7h88GpVqxltMSaU7ITVcipi3UKDknURzGoWSt8PxTe63n7g2QsUPOEl4ENFhLAaCUbSS340ojhiV2f20V625dXcGsky8gtSgQLNX/er2FUsjHiOT1BjfcxMMMqpRMMmnlW5qeELZmA65b2lMI26CbBZ5Sk6s0icDpe2LkczU3xsZjYyZRKGdzCOaRS8X//P8FAdXQSbiJEUes/lHg1QSVCS/n/SF5gzlxBLKtLBZCRtRTRnaliq2BG/x5GXyeFb3Luru3XmtcV3UUYYjOIZT8OASGnALTWgBAwXP8ApvDjovzrvzMR8tOcXOIfyB8/kDjPqRbQ==</latexit>

S
<latexit sha1_base64="m7FAhMPZ17gT+H/now0qXoXx8Ak=">AAACGHicbVDJSgNBEO2JW4zbqEcvjUGIlzgjih6DXjxGNAtkQujpVJImPYvdNUIY8hle/BUvHhTxmpt/Y2c5xMQHBY/3qqiq58dSaHScHyuzsrq2vpHdzG1t7+zu2fsHVR0likOFRzJSdZ9pkCKECgqUUI8VsMCXUPP7t2O/9gxKiyh8xEEMzYB1Q9ERnKGRWvZZwcPolHo68TUgPFEvYNjjTKYPQ+qhCEDTea1l552iMwFdJu6M5MkM5ZY98toRTwIIkUumdcN1YmymTKHgEoY5L9EQM95nXWgYGjKzsZlOHhvSE6O0aSdSpkKkE3V+ImWB1oPAN53jE/WiNxb/8xoJdq6bqQjjBCHk00WdRFKM6Dgl2hYKOMqBIYwrYW6lvMcU42iyzJkQ3MWXl0n1vOheFp37i3zpZhZHlhyRY1IgLrkiJXJHyqRCOHkhb+SDfFqv1rv1ZX1PWzPWbOaQ/IE1+gVZzZ/9</latexit>

(!) ✓ S ⇥ S

<latexit sha1_base64="XuU+zGC7wzsQqP7U5ib63HLXz9E=">AAAB/nicbVDLSgNBEOz1GeNrVTx5GQyCBwm7ougxmIsXIYJ5QDaE2UknGTI7u8zMCmEJ+CtePCji1e/w5t84eRw0saChpqqb6a4wEVwbz/t2lpZXVtfWcxv5za3tnV13b7+m41QxrLJYxKoRUo2CS6wabgQ2EoU0CgXWw0F57NcfUWkeywczTLAV0Z7kXc6osVLbPQwElT2BpHxG7kigpo+2W/CK3gRkkfgzUoAZKm33K+jELI1QGiao1k3fS0wro8pwJnCUD1KNCWUD2sOmpZJGqFvZZP0RObFKh3RjZUsaMlF/T2Q00noYhbYzoqav572x+J/XTE33upVxmaQGJZt+1E0FMTEZZ0E6XCEzYmgJZYrbXQnrU0WZsYnlbQj+/MmLpHZe9C+L3v1FoXQziyMHR3AMp+DDFZTgFipQBQYZPMMrvDlPzovz7nxMW5ec2cwB/IHz+QNAMpRh</latexit>

hC,Mi

2. Operational Semantics IS593 / KAIST Kihong Heo / 32

States, Transitions, and Semantic Functions

• A state is a pair of command and memory

20

hC,mi ! hC 0,m0i

<latexit sha1_base64="rDj9qA+SSDXX37RNqahBSl/+DuI=">AAACGHicbVBLSwMxGMzWV62vVY9egkXqQequVPRY7MVjBfuA7lKyabYNTbJLkhXK0p/hxb/ixYMiXnvz35i2q2jrQGAy830kM0HMqNKO82nlVlbX1jfym4Wt7Z3dPXv/oKmiRGLSwBGLZDtAijAqSENTzUg7lgTxgJFWMKxN/dYDkYpG4l6PYuJz1Bc0pBhpI3Xtc48h0WcE1s4gh56cXzwdwR+jZJzSt9W1i07ZmQEuEzcjRZCh3rUnXi/CCSdCY4aU6rhOrP0USU0xI+OClygSIzxEfdIxVCBOlJ/Ogo3hiVF6MIykOULDmfp7I0VcqREPzCRHeqAWvan4n9dJdHjtp1TEiSYCzx8KEwZN7mlLsEclwZqNDEFYUvNXiAdIIqxNlwVTgrsYeZk0L8pupXx5VylWb7I68uAIHINT4IIrUAW3oA4aAINH8AxewZv1ZL1Y79bHfDRnZTuH4A+syRdUOp4W</latexit>

“Execution of C from m 
will result in C' and m'.”

hC,mi

<latexit sha1_base64="Y04EMrCEJhOiTJk64UK2ykSxqp0=">AAAB/nicbVBNSwMxEM3Wr1q/VsWTl2ARPEjZlYoei714rGBtobuUbDptQ5PskmSFshT8K148KOLV3+HNf2Pa7kFbHwy8vDdDZl6UcKaN5307hZXVtfWN4mZpa3tnd8/dP3jQcaooNGnMY9WOiAbOJDQNMxzaiQIiIg6taFSf+q1HUJrF8t6MEwgFGUjWZ5QYK3Xdo4ATOeCA6+dY4EDNH1237FW8GfAy8XNSRjkaXfcr6MU0FSAN5UTrju8lJsyIMoxymJSCVENC6IgMoGOpJAJ0mM3Wn+BTq/RwP1a2pMEz9fdERoTWYxHZTkHMUC96U/E/r5Oa/nWYMZmkBiSdf9RPOTYxnmaBe0wBNXxsCaGK2V0xHRJFqLGJlWwI/uLJy+ThouJXK5d31XLtJo+jiI7RCTpDPrpCNXSLGqiJKMrQM3pFb86T8+K8Ox/z1oKTzxyiP3A+fwBzGJSF</latexit>

• A transition transfers a given state to the next one

• Semantics of expressions is defined as function

[[E]] : M ! Z

<latexit sha1_base64="V/XcPtQVQtl12EZrdfExM0+hV7I="></latexit>

Arithmetic expression E 
as a function

[[B]] : M ! B

<latexit sha1_base64="V5kWZcyIYT9eUaDBSJqYQr7VZWg="></latexit>

Boolean expression B 
as a function



Small-step Operational Semantics

• Semantics of expressions is defined as a function:

<latexit sha1_base64="dbM67cGLLpoc1k14PL7kllvxI2s=">AAACBXicbVDLSgMxFM3UV62vUZe6SC2CqzIjiuKqKIIboYJ9wMxQMmnahmaSIckIw9CNG3/FjQtF3PoP7vwb03YW2nogcDjnXm7OCWNGlXacb6uwsLi0vFJcLa2tb2xu2ds7TSUSiUkDCyZkO0SKMMpJQ1PNSDuWBEUhI61weDX2Ww9EKir4vU5jEkSoz2mPYqSN1LH3Pb/swWsY+OUAXsBbEgmZQl8L2ESsY1ecqjMBnCduTiogR71jf/ldgZOIcI0ZUspznVgHGZKaYkZGJT9RJEZ4iPrEM5SjiKggm6QYwUOjdGFPSPO4hhP190aGIqXSKDSTEdIDNeuNxf88L9G98yCjPE404Xh6qJcwaEKOK4FdKgnWLDUEYUnNXyEeIImwNsWVTAnubOR50jyuuqdV5+6kUrvM6yiCPXAAjoALzkAN3IA6aAAMHsEzeAVv1pP1Yr1bH9PRgpXv7II/sD5/AOSSlks=</latexit>

[[E]] : Memory ! V al

[[n]](M) = n
[[x]](M) = M(x)

[[E1+E2]](M) = [[E1]](M) + [[E2]](M)
[[�E]](M) = �[[E]](M)

1
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[[B]] : M ! B
[[true]](m) = true

[[false]](m) = false

[[E1 �< E2]](m) = [[E1]](m) �< [[E2]](m)
<latexit sha1_base64="Z/Aq7hyTYMOEwtS41ICY/nzz0xo="></latexit>

[[E]] : M ! Z
[[n]](m) = n

[[x]](m) = m(x)

[[E1 � E2]](m) = [[E1]](m)� [[E2]](m)

<latexit sha1_base64="6NPDBFajH4sdkNjoaPoKM1txKMs="></latexit>

hC1,mi ! hC 0
1,m

0i
hC1; C2,mi ! hC 0

1; C2,m0i

hskip; C2,mi ! hC2,mi

[[E]](m) = n

hx :=E,mi ! hskip,m{x 7! n}i

hinput(x),mi ! hskip,m{x 7! n}i

[[B]](m) = true

hif B then C1 else C2,mi ! hC1,mi

[[B]](m) = false

hif B then C1 else C2,mi ! hC2,mi

hwhile B C,mi ! hif B then (C; while B C) else skip,mi

<latexit sha1_base64="0gaf893WAZhfXYl7HvtGG9UxSn4="></latexit>
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Semantics of Expressions
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[[B]] : M ! B
[[true]](m) = true

[[false]](m) = false

[[E1 �< E2]](m) = [[E1]](m) �< [[E2]](m)
<latexit sha1_base64="Z/Aq7hyTYMOEwtS41ICY/nzz0xo="></latexit>

[[E]] : M ! Z
[[n]](m) = n

[[x]](m) = m(x)

[[E1 � E2]](m) = [[E1]](m)� [[E2]](m)

<latexit sha1_base64="6NPDBFajH4sdkNjoaPoKM1txKMs="></latexit>

hC1,mi ! hC 0
1,m

0i
hC1; C2,mi ! hC 0

1; C2,m0i

hskip; C2,mi ! hC2,mi

[[E]](m) = n

hx :=E,mi ! hskip,m{x 7! n}i

hinput(x),mi ! hskip,m{x 7! n}i

[[B]](m) = true

hif B then C1 else C2,mi ! hC1,mi

[[B]](m) = false

hif B then C1 else C2,mi ! hC2,mi

hwhile B C,mi ! hif B then (C; while B C) else skip,mi

<latexit sha1_base64="0gaf893WAZhfXYl7HvtGG9UxSn4="></latexit>

[[n]](M) = n
[[x]](M) = M(x)

[[E1+E2]](M) = [[E1]](M) + [[E2]](M)
[[�E]](M) = �[[E]](M)

[[E]](M) 6= 0

hif E C1 C2,Mi ! hC1,Mi
[[E]](M) = 0

hif E C1 C2,Mi ! hC2,Mi

1
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Implementing Small-Step Interpreter in 
OCaml

type conf =
| NonTerminated of cmd * Mem.t 
| Terminated of Mem.t

let rec eval_e : exp -> Mem.t -> int 
= fun e m ->

match e with
| Int n -> n
| Var x -> Mem.lookup m x
| Plus (e1, e2) -> (eval_e e1 m) + (eval_e e2 m) 
| Minus e' -> -1 * (eval_e e' m)

let rec next : conf -> conf 
= fun conf ->
  match conf with

| Terminated _ -> raise (Failure "impossible")
| NonTerminated (c, s) ->

(match c with
| Assign (x, e) -> Terminated (Mem.update s x (eval_e e s))
| Skip -> Terminated s
| Seq (c1, c2) -> (

match (next (NonTerminated (c1,s))) with



Implementing Small-Step Interpreter in 
OCaml

| NonTerminated (c', s') -> NonTerminated (Seq (c', c2), s') 
| Terminated s' -> NonTerminated (c2, s')

)
| If (e, c1, c2) ->

if (eval_e e s) <> 0 then NonTerminated (c1, s) 
          else NonTerminated (c2, s)

| While (e, c) -> 
          NonTerminated (If (e, Seq (c, While (e, c)), Skip), s)

)

let rec next_trans : conf -> Mem.t 
= fun conf ->

match conf with
| Terminated s -> s
| _ -> next_trans (next conf)

let _ =
print_int (Mem.lookup (next_trans (NonTerminated (pgm,Mem.empty))) "y"); 
print_newline ()


