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Definition 1. For my,mo € Mem, my C mo if and only if
Vi € Dom(my). mi(l) = ma(l).
Lemma 1. If p,oo b E = v,01 and oo C o, then
p,oo b E=v,0]
where o1 C o}
Proof. By induction on F. O
Theorem 1. If p,og F E = v, 01, then
p,GC(p,00) F E = v, 0]
for some o} € Mem such that GC(p,01) C o7
Proof. By induction on F.
e Case E = n: we should prove
p,00 Fn=mn,00 = p,GC(p,00) Fn = n,o|
where GC(p, 09) C oy,.
By the inference rule,
0, GC(p,00) F n = n,GC(p,00).
Therefore, o, = GC(p, a¢) 2 GC(p, 09).

e Case E = x: we should prove

!

p,00Fx=0(px)),00 = p,GC(p,00) Fz = o(p(x)),0]
where GC(p, 09) C oy,.
By the inference rule,
p,GC(p,00) bz = o(p(x)), GC(p, 00).
Therefore, o, = GC(p, a¢) 2 GC(p, 09).



e Case E = E; + E5: we should prove
p,00 - F1+ Ey = v1 +v9,00 = p,GC([LO'Q) FE{+ Ey = vy —l—’Ug,O’é’

where
P, 00 [ E1 = V1,01

p,o1 = Ey = va,09
and GC(p,02) C o).
By the inductive hypothesis,
p,GC(p,00) = E1 = vy, 01 (1)

P GC(,O, 01) F Ey :>’02a0-/2 (2)
where GC(p, 01) C o} and GC(p,02) C d.
By applying Lemma 1 into (2),

p,o1 By = vy, 04 (3)

where o} C d¥.
By (1) and (3),
P, GC(p, 00) FE1+ Ey= v + V2, 0'/21.
"

Because GC(p,02) C o4 and o C o4, GC(p,02) C of, which proves the
case.

e Case E = if E; then E5 else E3 (when Fj evaluates to true): we should
prove

p,00 - if By then By else B3 = v,00 = p,GC(p,00) F if E; then Es else B3 = v, 04

where
p,00 - 1 = true, o

p,01F FEy = v, 09
and GC(p,09) C o).
By the inductive hypothesis,
p,GC(p,00) b E1 = true, o} (4)

p,GC(p,01) F By = v,0) (5)
where GC(p,01) C o] and GC(p,02) C 5.
By applying Lemma 1 into (5),

p,01 F Ey = vg, 09 (6)



where o) C d¥.
By (4) and ()

p,GC(p,00) F if F; then 5 else E3 = v,0%.

Because GC(p,02) C o4 and o C o4, GC(p,02) C of, which proves the
case.

Case E = if E; then E5 else E3 (when E; evaluates to false): Similar
to the above case.

Case E = proc x E’: Similar to the above case where E = z.
Case E = x := E’: we should prove
p,o0 b x:=FE =v,0 = p,GC(p,00) -z :=FE =v,0)
where
P,00 FE = V,01
oo = [p(x) — v]oy
and GC(p,02) C 4.
By the inductive hypothesis,
P Gc(anO) FE :>UaOJ1 (7)

where GC(p,01) C o1.

By (7),
p,GC(p,00) Fx:= E' = v, [p(x) = v]o}.

Let off = [p(x) — v]o}.

GC(p,01) E 01
[p(z) = v]GC(p, 1) E [p(x) = v]oy

GC(p, [p(x) = v]o1) T [p(z) = v]oy (p(z) € reach(p,01))
GC(p,02) C ol (By the definitions of o9, 0%)

Other cases: Exercise.



