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The Synthesis Problem

f.Vx.P(f, x)

There exists a function £ such that for all x, property P holds

Enumerative approach
Enumerate all possible f until a desired one is found.
« Deductive approach

Reaptedly apply pre-defined transformation rules into
the given spec until a solution is found.
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Comparison to Compilers

o Compiler optimization: apply transformations in a predefined
order

® Deductive synthesis: search is needed to apply transformations
in order to arrive at a desired implementation
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Logical Specification = Program

® Waldinger and Manna 1979

e Example: synthesizing a function lesall(x, [) that
determines whether Xx is less than all elements in a list |
with the following given spec:

lesall(x,[) := compute x < all(])
where X : number, | ; list of numbers

Z. Manna, R. Waldinger, Synthesis: Dreams => Programs


https://ieeexplore.ieee.org/abstract/document/1702636/

Transformation Rules

® Empty lists: for any predicate P

transformed to }

P(all(l)) = true iflis an empty list

e Conditional formation:

S where Q = if (P) S where (P A Q)
else S where (=P A Q)



Transformation Rules

* Non-empty lists:

P(all(l)) = P(head(l)) A P(all(tail(l))

if | is a non-empty list.

e Recursive calls:

given f(x) := compute P(x) where Q,

P(t) = f(r) if Qs satisfied and f(7) terminates



Example

lesall(x,[) := compute x < all(l)
where X : number, | ; list of numbers

— (conditional formation)

lesall(x, ) := if (empty(l)) compute x < all(l) where (empty(l) A Q)
else compute x < all(l) where (—empty(l) A Q)

(Q :x is a number and | is a list of numbers)
— (non-empty lists)

lesall(x, ) := if (empty(l)) compute x < all(l) where (empty(l) A Q)
else x < head(l) A x < all(tail(l)) where (nempty(l) A Q)



Example

lesall(x, ) := if (empty(l)) compute x < all(l) where (empty(l) A Q)
else x < head(l) A x < all(tail(l)) where (—~empty(l) A Q)

— (recursive call)

lesall(x, ) := if (empty(l)) compute x < all(l) where (empty(l) A Q)
else x < head(l) A lesall(x, tail(l)) where (nempty(l) A Q)

— (empty list)

lesall(x,l) := if (empty(l)) true where (empty(l) A Q)
else x < head(l) A lesall(x, tail(l)) where (nempty(l) A Q)




Properties of Deductive Synthesis

e Correct by construction

® [ransformations are semantics-preserving

¢ No need to verify a solution candidate

e But some checks may be needed along the way
e Usually domain specific

® due to pre-defined transformation rules



Modern Deductive Synthesis for SyGusSs

® Jwo deductive synthesizers for CLIA (conditional linear
integer arithmetic)

e DryadSynth: Huang et al., Reconciling Enumerative
and Deductive Program Synthesis, PLDI 2020

e CVC4:Reynolds et al., Counterexample-Guided
Quantifi er Instantiation for Synthesis in SMT, CAV
2015
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Deductive Synthesis for CLIA

e Example (max3): synthesize the function f(x,y,z) : int

e Syntactic:S = 0| 1| x| y|z]|max2(s,S)
where max2(x, y) = ite(x > y, x, y)

® Semantic:;
JO,y,2) 2 xAf(x,y,20) 2 YAy, D) A= 2

A(fx,y,2) =xVfx,y,2) =yVixyz) =2)

e Solution: f(x,y,z) = max2(max2(x,y), 2)



Transformation Rules

GEMAX

f(e) > e1 N f(e) > €9

LEMIN

f(e) < e A f(e) < e

GEMIN

f(e) =e V f(e) = e

LEMAX
f(e)<e V f(e) <e

EQ
f(e) > e1 N f(e) < ey

NoTEQ

f(e) >e1V f(e) < e

CNF
(dVYE)A(DVY,)

I

—

f(e) = ite(e; = ey, €1, €2)
f(e) < ite(e; = ey, €9, 61)
f(e) > ite(e; > ey, €2, €1)
f(e) < ite(e; > ey, €1, €2)

fle) =¢

it 7 |: €1 = €

—

f(e) *e —1

ifT|:€1:€2+2

—

OV (¥ AY,)

if f does not occur in ¥; or ¥,



Transformation Rules

INTEQ

fy)=ernY = fy)=en¥[y.e/f]
INTNEQ

fy#ev¥ = f(y)#eV ¥ Ay.e/f]

BootrPos
f)VvoAY = Y[Ay.((-D)V f(y))/f]

if f does not occur in @
BOOLNEG
CfYVONY = Y[y.(PA f(y))/f]

if f does not occur in ®
REMOVEVAR

¥ = Y[0/y)] 7 =@ < Dly;/yil
REMOVEARG
(f.®.G) = (g9.Plgle.e’)/f(e,C.e’)].G)

if the i-th arg of f is always constant C

MATcH
J¥)=e = fy)=¢

e and ¢’ are semantically equivalent



Synthesis Process

fop2)2x A fOg2) 2y A fy2)22 )
(Fry2) =xV fle5.2) =y v f(x.y.2) = 2) =

fx,y,2) 2x A f(x,y,2) 2y A f(xy,2) 2z
Af(xy,2) 2 xV f(x,y,2) 2y V f(x,y,2) > 2)

Afey.2) <xV floy.2) SyV fxy,2) < z)
A GEMAX,LEMAX,..

flx,y,z) > ite(ite(x > y,x,y) > z,ite(x > y,x,y), 2)

A f(x,y,z) < ite(ite(x > y,x,y) > z,ite(x > y, x, 1), 2)
EQJNTEQ

A

flx,y,2) = ite(ite(x > y,x,y) > z, ite(x > y,x,y), 2)

MATCH

> f(x,y,2) = max2(max2(x, y), z)




Other Ideas in the Paper

¢ Divide-and-Conquer: synthesize a partial solution
satisfying only a sub-part of the given spec and use it to

get the entire solution

® e.g., synthesize max2 function first and use it to

synthesize max3

® Synthesizing ite expressions by finding coefficients



Synthesizing ite expressions by
finding coefficients

e Example (max2): finding the function f(x, y) s.t.
Jey) 2 x Af(,y) 2 y A(fx,y) = xV flx,y) = y)

® Express a solution as
ite(cix + ¢y +d; > 0,c3x + ¢,y + dy, c3x + ¢4y + d3)

e |nvoke an SMT solver with

j- Let's call ' |
Vx,y.g>xAg>yA(g=xVg=y)andobtains
{Cl — 1962 = — l’dl = O,C3 = 1,C4 = O,d2 = O,C3 — O,C4 — 1,d3 — O}

e |f a solution cannot be found, increase the size of a potential
solution and try again



Modern Deductive Synthesis for SyGusSs

® Two deductive synthesizers for CLIA (conditional linear
integer arithmetic)

e DryadSynth: Huang et al., Reconciling Enumerative
and Deductive Program Synthesis, PLDI 2020

o CVC4: Reynolds et al,, Counterexample-Guided
Quantifi er Instantiation for Synthesis in SMT, CAV
2015



Refutation-based Synthesis

Given

f.Vx.P(f, x)

There exists a function £ such that for all x, property P holds

Negate it

—df. Vx. P(f,x)<=

If an SMT solver determines it unsatisfiable,

We know 3f° V. P(fv QZ‘) is satisfiable, i.e., there exists a solution.



Max2 Example

* Finding the function f(x, y)

e Syntactic:cS - 0|1 |x]|y]|1ite(B,S,S)
B->S<Z<S§S|S>S

¢ Semantic:
Jo,y) Z x Afey) 2y A(flx,y) = xV [fx,y) =y)



Max2 Example

* Finding the function f(x, y)

e Syntactic:cS - 0|1 |x]|y]|1ite(B,S,S)
B->S<Z<S§S|S>S

¢ Semantic:
J(x, y > x Af(,Y) 2y A(f(Ly) =x VYY) =)

..’ Single invocation property: all occurrences of f are
, of a particular form, e.g., f(x, y) |




Refuting the Spec

~3f. VX, y . fOLy) 2 xAf(xy) 2y A(fxy) =x VY =)

\ 4

Push negation inwards

Viodx,y. fix,y) <xVfxy) <yV({fxy #£xAfx,y) #y)

\ 4

Vg.dx,y. g<xVg<yVEFXAZFEY)

Replace f(x, y) with a new variable g

Introduce new vars a, b for the existential quantifier
(a.k.a skolemization)

\ 4

Vg.g<avVg<bVvV(g#aAgFDb)



(Universal) Quantifier Instantiation

e Find a set S such that
VgelS.g<avg<bVv(g#ang#b)
is unsatisfiable.

e S={a,b} is such a set.

(a<aVa<bv(a7éa/\a ;éb))/\
(b<avb<bv(b7éa/\b;éb)) -
— a<bAb<a




Solution Construction

e A solution can be constructed from the set S

ite(a<ava<bV(a#aAa#b)a,b)

\ 4

Simplify

ite(a < b, a, b)

\ 4

flx,y) :=1te(x > y, x,y)

Negate the condition and replace a, b with x, y




Why is That a Solution?

e Given: df.Vx. P(f(X),X) where

o P satisfies the single invocation property
® X:input variables
e Found: S = {1,105, .1}
o ie,, " P(t;,K) A P(1,,K) A .- A P(2,,K) is always false

e k: skolemized variables



Why is That a Solution?

® Theorem. The following is the solution.

f(x) :=1te(P(¢,K), 15,
(ite(P(,, K), 15,

(...(ite(P(t,_,,K),1,_1.
£)..)[x/K]

| Replace all occurrences of |
kK with x



Why is That a Solution?

® Theorem. The following is the solution.

f(X) = it@(P(tl, k), tl’ o Phols o tl,r tl: -

e —— " } For agiven input X, f(X) = #, makes the |
(lte(P (t29 k), tz, : spec satisfied. Thus, f outputs t.

(...(ite(P(t,_,,K),1,_1.
£)..)[x/K]



Why is That a Solution?

® Theorem. The following is the solution.

f(X) .= lte(P(tl,k), tl’
(ite(P(ty, K), 1, < P holds for 1 return 1, |

If P holds for £,, return ¢,

(...(ite(P(t,_,,K),1,_1.
£)..)[x/K]



Why is That a Solution?

® Theorem. The following is the solution.

f(x) :=1te(P(¢,K), 15,
(ite(P(,, K), 15,

P et i S SO M S S M el S5 vy

(.. (te(P(t, | K). by, <7
t)...)[x/K]

If P holds for#,_, returnt, _, ;i



Why is That a Solution?

® Theorem. The following is the solution.

L = P(t,K) A P(t,,K) A - AP(2,K) is false
J(X) = 1te(P, k), 1;, -P(t;,k) A -+ A=P(t,_, k) is true

(ite(P(t),K), 1,, | .. P@t,, k)

(...(ite(P(t,_,,K),1,_1.
£)..)[x/K]




Other Details

® How to find such a set §?
¢ Counterexample-guided quantifier instantiation (CEGQI)
® | imitation: single invocation property

e However, if all occurrences of fin a spec are of a form either

f(x,y) or f(y, x) and f satisfies the commutativity, such a spec can
be handled.

® How to construct a solution complying with a syntactic restriction?

® First, find a solution while ignoring the syntactic restriction and
then transform it into equivalent one that meets the restriction.



Summary

® Deductive synthesis = applying transformations

o Efficient for specific domains (e.g., for a specific theory
like CLIA or particular form of logical spec)

¢ Synergistically combined with inductive enumerative
search nowadays



