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Three Search Strategies

• Enumerative: enumeration + optimization

• Stochastic: probabilistic walk

• Constraint-based: encoding a synthesis problem as a 
SAT/SMT instance



Searched Regions

• Enumerative: smaller candidates fi rst + probabilistic guidance

• Stochastic: variants of an initial random candidate
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Application — Superoptimization (STOKE)
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Montgomery multiplication kernel from the OpenSSL RSA library. Compilations shown for 
gcc −O3 (left) and a stochastic optimizer (right). 

http://stoke.stanford.edu

1.6x speed-up



Goal

• Given a source program s and test inputs Tests,

• Finding another program of better performance and 
semantically equivalent to s



Requirement 1: Cost Function

Cost function

௦ܥ ݌ ൌ eq௦ ݌ ൅ perfሺ݌ሻ

source program penalty for 
wrong results

penalty for being 
slow

eq௦ ݌ =σ௧்א௘௦௧௦ reg௦ ,݌ ݐ ൅ mem௦ ,݌ ݐ ൅ errሺ݌, ሻݐ

# of different bits in 
registers/memory

# of segfaults etc

when eq௦ ݌ ൌ Ͳ, use a symbolic validator

• Compares program output to reference test cases and 
measures candidates’ performance 

• Lower the better (0: best)
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costs(p) = eqs(p) + perf(p)



Requirement 2: Move Function

• Makes a small syntactic change to a current program

• Examples

• Generate a random instruction

• Remove a randomly chosen instruction 

• Replace opcode (e.g., ADD → MUL) of a randomly chosen 
instruction with another 

• …



Initial Stochastic Synthesis Algorithm

p: best candidate found so far

p :=  random() 

while cost(p) > 0:  

  p’ := propose_move(p);  

  if (cost(p’) < cost(p)):  

    p := p’ 



Local Minima
Naïve local search

p2

p1

program

better
program

can generate p2 from p1
(and vice versa) via mutation 

• To find the best program:

• Will never get to       from p1! 

p := random()   
while (true) {

pŨ śʰ mutateſpƀ;
if (costſpŨƀ ʳ cost(p))
p śʰ pŨ;

}

Any program candidates can be  
visited by the move function (ergodicity)

Program Better program
global optimum

local optimum

Hard to reach the global optimum  
starting from p1 

(due to local minima)



Stochastic Synthesis Algorithm (improved)

A(p -> p’) : prob. of changing the current best candidate 

from p to p’

• If cost(p’) < cost(p) then 1

• Otherwise, proportional to cost(p) / cost(p’)

p :=  random() 

while cost(p) > 0:  

  p’ := propose_move(p);  

  if (random(A(p->p’)):  

    p := p’ 



Possible to Reach the Global OptimumMCMC for superoptimization

• .L0: .L0:
• movq rsi, r9 shlq 32, rcx
• movl ecx, ecx movl edx, edx
• shrq 32, rsi xorq rdx, rcx
• andl 0xffffffff, r9d movq rcx, rax
• movq rcx, rax mulq rsi
• movl edx, edx addq r8, rdi
• imulq r9, rax adcq 0, rdx
• imulq rdx, r9 addq rdi, rax
• imulq rsi, rdx adcq 0, rdx
• imulq rsi, rcx movq rdx, r8
• addq rdx, rax movq rax, rdi
• jae .L2
• movabsq 0x100000000, rdx
• addq rdx, rcx
• .L2:
• movq rax, rsi
• movq rax, rdx
• shrq 32, rsi
• salq 32, rdx
• addq rsi, rcx
• addq r9, rdx
• adcq 0, rcx
• addq r8, rdx
• adcq 0, rcx
• addq rdi, rdx
• adcq 0, rcx
• movq rcx, r8
• movq rdx, rdi

[Schkufza͕ Shaƌŵa͕ AikeŶ ͚ϭϯ΁



Guaranteed Property

• For any two candidates p1, p2, if each is reachable from 
the other by repeatedly applying the move function (p1 
↔ p2, called ergodicity)

• a global optimum can be eventually found!

• Through Metropolis-Hastings algorithm



Successful Results

extent that the benefits of conditionally correct optimizations
are lost (kmeans and raysphere). Nonetheless, for most
benchmarks, the code obtained by instrumenting condition-
ally correct cSTOKE code is significantly better than either
the correct or conditionally correct code generated by gcc.

We wish to stress that our contribution lies in improved
verification technology rather than in the improved ability
to discover optimizations. The original implementation of
STOKE without support for conditional correctness [36, 40]
can find all of the optimizations that we report in this pa-
per. However, the original STOKE verifier can only prove the
correctness of optimizations when the improved program is
equivalent to the original for all possible inputs. As a result,
it cannot verify any of the conditionally correct optimiza-
tions that we report and must instead discard them. Remedy-
ing this shortcoming is precisely what distinguishes STOKE
from cSTOKE.

Although the benchmarks we consider are small (less
than one hundred lines of 64-bit x86 assembly), they are
representative of the complexity limits of STOKE, and ex-
tend well beyond the capabilities of other superoptimizers.
For example, [4] (the only other superoptimizer for x86) is
limited to loop-free x86 programs of six lines or less. And al-
though the running time of our optimizer is longer than that
of a traditional compiler, the benchmarks that we consider
are representative of high-performance compute kernels for
which the additional optimization time is justified. In gen-
eral, we find that the optimization cost (seconds to minutes)
is acceptable given the high quality of the resulting binaries.

To summarize, this paper makes the following contribu-
tions. In Section 2, through an example, we describe our
approach to compiler optimization: an optimizer generates
performant code that is correct only in restricted contexts
and presents a formal description of those preconditions.
In Section 3, we present an algorithm for verifying condi-
tionally correct optimizations. The main technical contribu-
tion of this algorithm is in showing that tests can be used
both to obtain useful conditions under which it is possible
to prove conditional equivalence and to infer invariants over
arbitrary abstract domains that relate the original and opti-
mized programs. In Section 4, we describe the implementa-
tion of the first binary optimizer for x86 that produces con-
ditionally correct binaries that are formally correct under the
conditions also included in the output. In Section 5 we show
that, in our experiments, conditionally correct code is often
multiple times faster than the code generated by production
compilers and maintains desired application behavior, and
discuss instrumentation for checking the inferred conditions
dynamically at runtime. We conclude in Section 6 with a
discussion of related work.

2. Overview and Motivating Example

We begin with an informal overview of our approach to con-
ditionally correct optimization with an example of a ray trac-

V delta(V& v1, V& v2, float r1, float r2) {
// v1 = [(rdi), 4(rdi), 8(rdi) ]
// v2 = [(rsi), 4(rsi), 8(rsi) ]
// ret = [xmm0[63:32], xmm0[31:0], xmm1[31:0]]

assert(0.0 <= r1 <= 1.0 && 0.0 <= r2 <= 1.0);

// gcc -O3:
return V(99*(v1.x*(r1-0.5))+99*(v2.x*(r2-0.5)),

99*(v1.y*(r1-0.5))+99*(v2.y*(r2-0.5)),
99*(v1.z*(r1-.05))+99*(v2.z*(r2-0.5)));

// STOKE:
return V(99*(v1.x*(r1-0.5)),

99*(v1.y*(r1-0.5)),
99*(v2.z*(r2-0.5)));

}

1 # gcc -O3 1 # STOKE
2 2
3 movl 0.5, eax 3 movl 0.5 eax
4 movd eax, xmm2 4 movd eax, xmm2
5 subss xmm2, xmm0 5 subps xmm2, xmm0
6 movss 8(rdi), xmm3 6 movl 99.0, eax
7 subss xmm2, xmm1 7 subps xmm2, xmm1
8 movss 4(rdi), xmm5 8 movd eax, xmm4
9 movss 8(rsi), xmm2 9 mulss 8(rsi), xmm1
10 movss 4(rsi), xmm6 10 movss 4(rdi), xmm5
11 mulss xmm0, xmm3 11 mulss xmm0, xmm5
12 movl 99.0, eax 12 mulss (rdi), xmm0
13 movd eax, xmm4 13 mulss xmm4, xmm0
14 mulss xmm1, xmm2 14 mulps xmm4, xmm5
15 mulss xmm0, xmm5 15 punpckldq xmm5, xmm0
16 mulss xmm1, xmm6 16 mulss xmm4, xmm1
17 mulss (rdi), xmm0
18 mulss (rsi), xmm1
19 mulss xmm4, xmm5
20 mulss xmm4, xmm6
21 mulss xmm4, xmm3
22 mulss xmm4, xmm2
23 mulss xmm4, xmm0
24 mulss xmm4, xmm1
25 addss xmm6, xmm5
26 addss xmm1, xmm0
27 movss xmm5, -20(rsp)
28 movaps xmm3, xmm1
29 addss xmm2, xmm1
30 movss xmm0, -24(rsp)
31 movq -24(rsp), xmm0

Figure 2. A conditionally correct optimization for a routine
that generates random camera perturbations (top). STOKE
produces code that is faster than gcc -O3 (bottom left) by
eliminating and reordering computations. The resulting code
(bottom right) is proved conditionally correct using COVE.

ing program [37]. As is typical of ray tracers, the overall
execution time of the program is dominated by vector arith-
metic. In particular, consider the code shown in Figure 2,
which executes in the inner loop of the application and in-
duces depth-of-field blur by repeatedly perturbing the view-
ing camera angle. By improving the performance of this ker-
nel, it is possible to improve overall program performance.

We first provide STOKE with the binary of a program
and the name of a function to optimize. In this case, we
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can find all of the optimizations that we report in this pa-
per. However, the original STOKE verifier can only prove the
correctness of optimizations when the improved program is
equivalent to the original for all possible inputs. As a result,
it cannot verify any of the conditionally correct optimiza-
tions that we report and must instead discard them. Remedy-
ing this shortcoming is precisely what distinguishes STOKE
from cSTOKE.

Although the benchmarks we consider are small (less
than one hundred lines of 64-bit x86 assembly), they are
representative of the complexity limits of STOKE, and ex-
tend well beyond the capabilities of other superoptimizers.
For example, [4] (the only other superoptimizer for x86) is
limited to loop-free x86 programs of six lines or less. And al-
though the running time of our optimizer is longer than that
of a traditional compiler, the benchmarks that we consider
are representative of high-performance compute kernels for
which the additional optimization time is justified. In gen-
eral, we find that the optimization cost (seconds to minutes)
is acceptable given the high quality of the resulting binaries.

To summarize, this paper makes the following contribu-
tions. In Section 2, through an example, we describe our
approach to compiler optimization: an optimizer generates
performant code that is correct only in restricted contexts
and presents a formal description of those preconditions.
In Section 3, we present an algorithm for verifying condi-
tionally correct optimizations. The main technical contribu-
tion of this algorithm is in showing that tests can be used
both to obtain useful conditions under which it is possible
to prove conditional equivalence and to infer invariants over
arbitrary abstract domains that relate the original and opti-
mized programs. In Section 4, we describe the implementa-
tion of the first binary optimizer for x86 that produces con-
ditionally correct binaries that are formally correct under the
conditions also included in the output. In Section 5 we show
that, in our experiments, conditionally correct code is often
multiple times faster than the code generated by production
compilers and maintains desired application behavior, and
discuss instrumentation for checking the inferred conditions
dynamically at runtime. We conclude in Section 6 with a
discussion of related work.

2. Overview and Motivating Example

We begin with an informal overview of our approach to con-
ditionally correct optimization with an example of a ray trac-

V delta(V& v1, V& v2, float r1, float r2) {
// v1 = [(rdi), 4(rdi), 8(rdi) ]
// v2 = [(rsi), 4(rsi), 8(rsi) ]
// ret = [xmm0[63:32], xmm0[31:0], xmm1[31:0]]

assert(0.0 <= r1 <= 1.0 && 0.0 <= r2 <= 1.0);

// gcc -O3:
return V(99*(v1.x*(r1-0.5))+99*(v2.x*(r2-0.5)),

99*(v1.y*(r1-0.5))+99*(v2.y*(r2-0.5)),
99*(v1.z*(r1-.05))+99*(v2.z*(r2-0.5)));

// STOKE:
return V(99*(v1.x*(r1-0.5)),

99*(v1.y*(r1-0.5)),
99*(v2.z*(r2-0.5)));

}

1 # gcc -O3 1 # STOKE
2 2
3 movl 0.5, eax 3 movl 0.5 eax
4 movd eax, xmm2 4 movd eax, xmm2
5 subss xmm2, xmm0 5 subps xmm2, xmm0
6 movss 8(rdi), xmm3 6 movl 99.0, eax
7 subss xmm2, xmm1 7 subps xmm2, xmm1
8 movss 4(rdi), xmm5 8 movd eax, xmm4
9 movss 8(rsi), xmm2 9 mulss 8(rsi), xmm1
10 movss 4(rsi), xmm6 10 movss 4(rdi), xmm5
11 mulss xmm0, xmm3 11 mulss xmm0, xmm5
12 movl 99.0, eax 12 mulss (rdi), xmm0
13 movd eax, xmm4 13 mulss xmm4, xmm0
14 mulss xmm1, xmm2 14 mulps xmm4, xmm5
15 mulss xmm0, xmm5 15 punpckldq xmm5, xmm0
16 mulss xmm1, xmm6 16 mulss xmm4, xmm1
17 mulss (rdi), xmm0
18 mulss (rsi), xmm1
19 mulss xmm4, xmm5
20 mulss xmm4, xmm6
21 mulss xmm4, xmm3
22 mulss xmm4, xmm2
23 mulss xmm4, xmm0
24 mulss xmm4, xmm1
25 addss xmm6, xmm5
26 addss xmm1, xmm0
27 movss xmm5, -20(rsp)
28 movaps xmm3, xmm1
29 addss xmm2, xmm1
30 movss xmm0, -24(rsp)
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Figure 2. A conditionally correct optimization for a routine
that generates random camera perturbations (top). STOKE
produces code that is faster than gcc -O3 (bottom left) by
eliminating and reordering computations. The resulting code
(bottom right) is proved conditionally correct using COVE.

ing program [37]. As is typical of ray tracers, the overall
execution time of the program is dominated by vector arith-
metic. In particular, consider the code shown in Figure 2,
which executes in the inner loop of the application and in-
duces depth-of-field blur by repeatedly perturbing the view-
ing camera angle. By improving the performance of this ker-
nel, it is possible to improve overall program performance.

We first provide STOKE with the binary of a program
and the name of a function to optimize. In this case, we

> 5x speed-up

Ray tracing library
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independently solvable subproblems, our approach uses cost 
minimization and considers the competing constraints of 
transformation correctness and performance improvement 
simultaneously. Although the method sacrifices completeness, 
it is competitive with production compilers and has been 
demonstrated capable of producing code that can out-per-
form expert handwritten assembly.

This article is based on work that was originally pub-
lished in 2013. Since then, STOKE has undergone substan-
tial improvement; the updated results that appear here were 
produced using the current implementation and improve 
on the original by over an order of magnitude. Interested 
readers are encouraged to consult the original text Stochastic 
Superoptimization13 and those that followed.

Data-Driven Equivalence Checking15 describes exten-
sions to STOKE that enable the optimization of code 
sequences with non-trivial control flow. It defines a sound 
method for guaranteeing that the optimizations pro-
duced by STOKE are correct for all possible inputs even 
in the presence of loops. The method is based on a data-
driven algorithm that observes test case executions and 
automatically infers invariants for producing inductive 
proofs of equivalence. The prototype implementation is 
the first sound equivalence checker for loops written in 
x86_64 assembly.

Stochastic Optimization of Floating-Point Programs with 
Tunable Precision14 describes extensions to STOKE that 
enable the optimization of floating-point code sequences. 
By modifying the definition of the eq(·) term to account 
for relaxed constraints on floating-point equality STOKE 
is able to generate reduced precision implementations 
of Intel’s handwritten C numeric library that are up to 
six times faster than the original, and achieve end-to-end 
speedups of over 30% on high-performance applications 
that can tolerate a loss of precision while still remaining 
correct. Because these optimizations are mostly not ame-
nable to formal verification using the current state of the 
art, the paper describes a search technique for character-
izing maximum error. 

Figure 10. SAXPY benchmark.

void SAXPY(int* x, int* y, int a) {
x[i] = a * x[i] + y[i];
x[i+1] = a * x[i+1] + y[i+1];
x[i+2] = a * x[i+2] + y[i+2];
x[i+3] = a * x[i+3] + y[i+3];

}

1 # gcc -O3 1 # STOKE
22

3 movslq ecx,rcx 3 movd edi,xmm0
4 leaq (rsi,rcx,4),r8 4 shufps 0,xmm0,xmm0
5 leaq 1(rcx),r9 5 movups (rsi,rcx,4),xmm1
6 movl (r8),eax 6 pmullw xmm1,xmm0
7 imull edi,eax 7 movups (rdx,rcx,4),xmm1
8 addl (rdx,rcx,4),eax 8 paddw xmm1,xmm0
9 movl eax,(r8) 9 movups xmm0,(rsi,rcx,4)
10 leaq (rsi,r9,4),r8
11 movl (r8),eax
12 imull edi,eax
13 addl (rdx,r9,4),eax
14 leaq 2(rcx),r9
15 addq 3,rcx
16 movl eax,(r8)
17 leaq (rsi,r9,4),r8
18 movl (r8),eax
19 imull edi,eax
20 addl (rdx,r9,4),eax
21 movl eax,(r8)
22 leaq (rsi,rcx,4),rax
23 imull (rax),edi
24 addl (rdx,rcx,4),edi
25 movl edi,(rax)

Figure 11. Linked List Traversal benchmark.

while (head != 0) {
head->val *= 2;
head = head->next;

}

1 # gcc -O3 1 # STOKE
22

3 movq -8(rsp), rdi 3 .L1:
4 .L1: 4 movq -8(rsp), rdi
5 sall (rdi) 5 sall (rdi)
6 movq 8(rdi), rdi 6 movq 8(rdi), rdi
7 .L2: 7 movq rdi, -8(rsp)
8 testq rdi, rdi 8 .L2:
9 jne .L1 9 movq -8(rsp), rdi

10 testq rdi, rdi
11 jne .L1

reason about loop-free code—recent work has explored 
solutions to this problem15—it fails to eliminate the stack 
movement at the beginning of each iteration. STOKE is 
also unable to synthesize a rewrite for three of the Hacker’s 
Delight benchmarks. Nonetheless, using its optimization 
phase alone it is able to discover rewrites that perform com-
parably to the production compiler code.

9. CONCLUSION
We have shown a new approach to program optimization 
based on stochastic search. Compared to a traditional com-
piler, which factors optimization into a sequence of small 

research highlights 

 

1.4x speed-up

BLAS (Linear algebra)  
library



Markov Chains

Probability of transitioning from state x to state y

States



Markov Chains

• A matrix   such that 

•  

•   

•  :  probability of 

transitioning from x to y and to z

•
  :  probability of 

transition from x to z in two steps (denoted 
)

•  : probability of transitioning from 
x to y in exactly n steps
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8x.
X

y

K(x, y) = 1

<latexit sha1_base64="kOIXsdW4uOwc+8yFIlnWEJwbCd8=">AAAB/HicbVDLSgMxFM34rPU12qWbYBFaKGVGRF0W3QjdVLAPaIeSyWTa0EwyJBlxLPVX3LhQxK0f4s6/MW1noa0HLhzOuZd77/FjRpV2nG9rZXVtfWMzt5Xf3tnd27cPDltKJBKTJhZMyI6PFGGUk6ammpFOLAmKfEba/uh66rfviVRU8DudxsSL0IDTkGKkjdS3C/XSQyUtwx4OhIb1Ulp5LPftolN1ZoDLxM1IEWRo9O2vXiBwEhGuMUNKdV0n1t4YSU0xI5N8L1EkRniEBqRrKEcRUd54dvwEnhglgKGQpriGM/X3xBhFSqWRbzojpIdq0ZuK/3ndRIeX3pjyONGE4/miMGFQCzhNAgZUEqxZagjCkppbIR4iibA2eeVNCO7iy8ukdVp1z6vu7VmxdpXFkQNH4BiUgAsuQA3cgAZoAgxS8AxewZv1ZL1Y79bHvHXFymYK4A+szx8lm5Mp</latexit>

K(x, y) ·K(y, z)

<latexit sha1_base64="zoqxIWuweKyFyspmiNTQkRr0r+s=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK0UEoioi6LbgQ3FewDmhAmk0k7dJIJMxMxloIbf8WNC0Xc+hPu/BunbRbaeuDCmXPuZe49fsKoVJb1bSwsLi2vrBbWiusbm1vb5s5uS/JUYNLEnHHR8ZEkjMakqahipJMIgiKfkbY/uBz77TsiJOXxrcoS4kaoF9OQYqS05Jn7jkwjL4PX5ftqVoEODrjSj6z6UPHMklWzJoDzxM5JCeRoeOaXE3CcRiRWmCEpu7aVKHeIhKKYkVHRSSVJEB6gHulqGqOISHc4uWEEj7QSwJALXbGCE/X3xBBFUmaRrzsjpPpy1huL/3ndVIXn7pDGSapIjKcfhSmDisNxIDCggmDFMk0QFlTvCnEfCYSVjq2oQ7BnT54nreOafVqzb05K9Ys8jgI4AIegDGxwBurgCjRAE2DwCJ7BK3gznowX4934mLYuGPnMHvgD4/MHbYmWGA==</latexit>X

y

K(x, y) ·K(y, z)

<latexit sha1_base64="iFEsuxp/1L1/ina0yNx+xnBBBvk=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJUkLJbRD0WvQheKtgPadeSTdM2NMkuSVasS3+FFw+KePXnePPfmLZ70NYHA4/3ZpiZF0ScaeO6387C4tLyympmLbu+sbm1ndvZrekwVoRWSchD1QiwppxJWjXMcNqIFMUi4LQeDC7Hfv2BKs1CeWuGEfUF7knWZQQbK91d35dQ4fH46aidy7tFdwI0T7yU5CFFpZ37anVCEgsqDeFY66bnRsZPsDKMcDrKtmJNI0wGuEeblkosqPaTycEjdGiVDuqGypY0aKL+nkiw0HooAtspsOnrWW8s/uc1Y9M99xMmo9hQSaaLujFHJkTj71GHKUoMH1qCiWL2VkT6WGFibEZZG4I3+/I8qZWK3mnRuznJly/SODKwDwdQAA/OoAxXUIEqEBDwDK/w5ijnxXl3PqatC046swd/4Hz+AAwsj0Q=</latexit>

K2(x, z)

<latexit sha1_base64="XJrL5U3pg6sVqA8Q0SPeWDyIrdk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBahgpSkiHosehG8VLAf0May2W7apZtN3N2IIfRPePGgiFf/jjf/jds2B219MPB4b4aZeV7EmdK2/W3llpZXVtfy64WNza3tneLuXlOFsSS0QUIeyraHFeVM0IZmmtN2JCkOPE5b3uhq4rceqVQsFHc6iagb4IFgPiNYG6l9cy/KTyfJca9Ysiv2FGiROBkpQYZ6r/jV7YckDqjQhGOlOo4daTfFUjPC6bjQjRWNMBnhAe0YKnBAlZtO7x2jI6P0kR9KU0Kjqfp7IsWBUkngmc4A66Ga9ybif14n1v6FmzIRxZoKMlvkxxzpEE2eR30mKdE8MQQTycytiAyxxESbiAomBGf+5UXSrFacs4pze1qqXWZx5OEADqEMDpxDDa6hDg0gwOEZXuHNerBerHfrY9aas7KZffgD6/MHD9aPVQ==</latexit>

Kn(x, y)

x-th row,  y-th col



Fundamental Theorem of Markov Chains

• If a Markov chain is connected (every state is reachable 
from every other state) and not periodic,  
 

• Then, 

• Intuitively, if a process has been running for a long time, 
where I started is not important.

<latexit sha1_base64="5ck986vsFxA7H2NRkItbhmztlic="></latexit>

8x. lim
n!1

Kn(x, y) = ⇡(y)

Stationary distribution 
 
<latexit sha1_base64="4rOL+HgdEAMCQR6vn5kaK6YOtvY=">AAAB+nicbVDLSgMxFM34rONrqks3wSK4KjMu1E2x6EZwU8E+oDOUTCbThmYyIckoZeynuFFQxK3/4N6N+Demj4W2Hrhwcs695N4TCkaVdt1va2FxaXlltbBmr29sbm07xZ2GSjOJSR2nLJWtECnCKCd1TTUjLSEJSkJGmmH/YuQ3b4lUNOU3eiBIkKAupzHFSBup4xR9QWEFXkEfR6mG5tVxSm7ZHQPOE29KSmcfdkU8fdm1jvPpRynOEsI1ZkiptucKHeRIaooZGdp+pohAuI+6pG0oRwlRQT5efQgPjBLBOJWmuIZj9fdEjhKlBkloOhOke2rWG4n/ee1Mx6dBTrnINOF48lGcMahTOMoBRlQSrNnAEIQlNbtC3EMSYW3Ssk0I3uzJ86RxVPaOy961W6qegwkKYA/sg0PggRNQBZegBuoAgzvwAJ7Bi3VvPVqv1tukdcGazuyCP7DefwDM6JYQ</latexit>

⇡ = K · ⇡

periodic example:  

   
1 always moves to 2,  
2 always moves to 1



In Program Synthesis

• State ≃ program

• We hope to find a   such that

• If a program   is “good” —   is high

• If a program   is “bad” —   is low

• Then,

• Starting from any random program, keep doing a transition 
according to  

• Then we will reach a good program. 

<latexit sha1_base64="XM9US2U+7nlLfzPzqgm0m6khXJA=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8EgWIVdC7URgzaCTQLmAskSZidnkzGzF2ZmhbDkCWwsFLHVh7G3Ed/GSWKhiT8MfPz/Ocw5x08EV9pxvqzcwuLS8kp+1V5b39jcKmzv1FWcSoY1FotYNn2qUPAIa5prgc1EIg19gQ1/cDnOG3coFY+jGz1M0AtpL+IBZ1Qbq3rdKRSdkjMRmQf3B4rn7/ZZ8vZpVzqFj3Y3ZmmIkWaCKtVynUR7GZWaM4Eju50qTCgb0B62DEY0ROVlk0FH5MA4XRLE0rxIk4n7uyOjoVLD0DeVIdV9NZuNzf+yVqqDUy/jUZJqjNj0oyAVRMdkvDXpcolMi6EByiQ3sxLWp5IybW5jmyO4syvPQ/2o5B6X3KpTLF/AVHnYg304BBdOoAxXUIEaMEC4h0d4sm6tB+vZepmW5qyfnl34I+v1GwOTkBI=</latexit>

K

<latexit sha1_base64="nkjpRgd9nRGtDZqnVq3cYU60My4=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8EgWIVdC7URgzaWCZgLJEuYnZxNxsxemJkVw5InsLFQxFYfxt5GfBsniYUm/jDw8f/nMOccPxFcacf5snILi0vLK/lVe219Y3OrsL1TV3EqGdZYLGLZ9KlCwSOsaa4FNhOJNPQFNvzB5Thv3KJUPI6u9TBBL6S9iAecUW2s6l2nUHRKzkRkHtwfKJ6/22fJ26dd6RQ+2t2YpSFGmgmqVMt1Eu1lVGrOBI7sdqowoWxAe9gyGNEQlZdNBh2RA+N0SRBL8yJNJu7vjoyGSg1D31SGVPfVbDY2/8taqQ5OvYxHSaoxYtOPglQQHZPx1qTLJTIthgYok9zMSlifSsq0uY1tjuDOrjwP9aOSe1xyq06xfAFT5WEP9uEQXDiBMlxBBWrAAOEeHuHJurEerGfrZVqas356duGPrNdvR8eQPw==</latexit>x
<latexit sha1_base64="Ka47XHt9ZKAU+efcWa+7yyHe6Sg=">AAAB7XicbVDLSgNBEOz1GeMr6tHLkCBEhLDrQT0GvXiMYB6QXcLsZDYZMzuzzMyKS8g/eNCDIl79H2/5GyePgyYWNBRV3XR3hQln2rju2FlZXVvf2Mxt5bd3dvf2CweHDS1TRWidSC5VK8SaciZo3TDDaStRFMchp81wcDPxm49UaSbFvckSGsS4J1jECDZWavgJKz+ddgolt+JOgZaJNyelatE/exlXs1qn8O13JUljKgzhWOu25yYmGGJlGOF0lPdTTRNMBrhH25YKHFMdDKfXjtCJVbooksqWMGiq/p4Y4ljrLA5tZ4xNXy96E/E/r52a6CoYMpGkhgoyWxSlHBmJJq+jLlOUGJ5Zgoli9lZE+lhhYmxAeRuCt/jyMmmcV7yLindn07iGGXJwDEUogweXUIVbqEEdCDzAM7zBuyOdV+fD+Zy1rjjzmSP4A+frBxBFkcU=</latexit>

⇡(x)

<latexit sha1_base64="nkjpRgd9nRGtDZqnVq3cYU60My4=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8EgWIVdC7URgzaWCZgLJEuYnZxNxsxemJkVw5InsLFQxFYfxt5GfBsniYUm/jDw8f/nMOccPxFcacf5snILi0vLK/lVe219Y3OrsL1TV3EqGdZYLGLZ9KlCwSOsaa4FNhOJNPQFNvzB5Thv3KJUPI6u9TBBL6S9iAecUW2s6l2nUHRKzkRkHtwfKJ6/22fJ26dd6RQ+2t2YpSFGmgmqVMt1Eu1lVGrOBI7sdqowoWxAe9gyGNEQlZdNBh2RA+N0SRBL8yJNJu7vjoyGSg1D31SGVPfVbDY2/8taqQ5OvYxHSaoxYtOPglQQHZPx1qTLJTIthgYok9zMSlifSsq0uY1tjuDOrjwP9aOSe1xyq06xfAFT5WEP9uEQXDiBMlxBBWrAAOEeHuHJurEerGfrZVqas356duGPrNdvR8eQPw==</latexit>x
<latexit sha1_base64="Ka47XHt9ZKAU+efcWa+7yyHe6Sg=">AAAB7XicbVDLSgNBEOz1GeMr6tHLkCBEhLDrQT0GvXiMYB6QXcLsZDYZMzuzzMyKS8g/eNCDIl79H2/5GyePgyYWNBRV3XR3hQln2rju2FlZXVvf2Mxt5bd3dvf2CweHDS1TRWidSC5VK8SaciZo3TDDaStRFMchp81wcDPxm49UaSbFvckSGsS4J1jECDZWavgJKz+ddgolt+JOgZaJNyelatE/exlXs1qn8O13JUljKgzhWOu25yYmGGJlGOF0lPdTTRNMBrhH25YKHFMdDKfXjtCJVbooksqWMGiq/p4Y4ljrLA5tZ4xNXy96E/E/r52a6CoYMpGkhgoyWxSlHBmJJq+jLlOUGJ5Zgoli9lZE+lhhYmxAeRuCt/jyMmmcV7yLindn07iGGXJwDEUogweXUIVbqEEdCDzAM7zBuyOdV+fD+Zy1rjjzmSP4A+frBxBFkcU=</latexit>

⇡(x)

<latexit sha1_base64="XM9US2U+7nlLfzPzqgm0m6khXJA=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8EgWIVdC7URgzaCTQLmAskSZidnkzGzF2ZmhbDkCWwsFLHVh7G3Ed/GSWKhiT8MfPz/Ocw5x08EV9pxvqzcwuLS8kp+1V5b39jcKmzv1FWcSoY1FotYNn2qUPAIa5prgc1EIg19gQ1/cDnOG3coFY+jGz1M0AtpL+IBZ1Qbq3rdKRSdkjMRmQf3B4rn7/ZZ8vZpVzqFj3Y3ZmmIkWaCKtVynUR7GZWaM4Eju50qTCgb0B62DEY0ROVlk0FH5MA4XRLE0rxIk4n7uyOjoVLD0DeVIdV9NZuNzf+yVqqDUy/jUZJqjNj0oyAVRMdkvDXpcolMi6EByiQ3sxLWp5IybW5jmyO4syvPQ/2o5B6X3KpTLF/AVHnYg304BBdOoAxXUIEaMEC4h0d4sm6tB+vZepmW5qyfnl34I+v1GwOTkBI=</latexit>

K

A score of each program candidate  
(0: worst, 1: best)



How to Find such a K?†

Why? — because  .  
 
Proof) . 

          
         Therefore  .

<latexit sha1_base64="wmIu16IL9zzcbYXI57tmzXY3M6g=">AAAB8nicbVC7SgNBFJ2Nr7i+opY2g0GwCrsWahMM2gg2EcwDkiXMTmaTIbOzw8xdISz5DBsLRdL6H/Y24t84eRSaeOByD+fcy32ESnADnvft5FZW19Y38pvu1vbO7l5h/6BuklRTVqOJSHQzJIYJLlkNOAjWVJqROBSsEQ5uJn7jkWnDE/kAQ8WCmPQkjzglYKVWW3FcxnfY5k6h6JW8KfAy8eekePXhltX4y612Cp/tbkLTmEmgghjT8j0FQUY0cCrYyG2nhilCB6THWpZKEjMTZNOVR/jEKl0cJdqGBDxVf3dkJDZmGIe2MibQN4veRPzPa6UQXQYZlyoFJulsUJQKDAme3I+7XDMKYmgJoZrbXTHtE00o2C+59gn+4snLpH5W8s9L/r1XrFyjGfLoCB2jU+SjC1RBt6iKaoiiBD2hF/TqgPPsvDnjWWnOmfccoj9w3n8AHD2TfQ==</latexit>

⇡ = K⇡

<latexit sha1_base64="wmIu16IL9zzcbYXI57tmzXY3M6g=">AAAB8nicbVC7SgNBFJ2Nr7i+opY2g0GwCrsWahMM2gg2EcwDkiXMTmaTIbOzw8xdISz5DBsLRdL6H/Y24t84eRSaeOByD+fcy32ESnADnvft5FZW19Y38pvu1vbO7l5h/6BuklRTVqOJSHQzJIYJLlkNOAjWVJqROBSsEQ5uJn7jkWnDE/kAQ8WCmPQkjzglYKVWW3FcxnfY5k6h6JW8KfAy8eekePXhltX4y612Cp/tbkLTmEmgghjT8j0FQUY0cCrYyG2nhilCB6THWpZKEjMTZNOVR/jEKl0cJdqGBDxVf3dkJDZmGIe2MibQN4veRPzPa6UQXQYZlyoFJulsUJQKDAme3I+7XDMKYmgJoZrbXTHtE00o2C+59gn+4snLpH5W8s9L/r1XrFyjGfLoCB2jU+SjC1RBt6iKaoiiBD2hF/TqgPPsvDnjWWnOmfccoj9w3n8AHD2TfQ==</latexit>

⇡ = K⇡

<latexit sha1_base64="YX/6PoS5SRmHWVlho9Vqsu2wV4s="></latexit>

K(x, y) =

⇢
1 (A(x, y) � 1)
A(x, y) (A(x, y) < 1)

<latexit sha1_base64="KcbKY23EGXS+XbZu+37tFNOH7t4=">AAACB3icbVC7SgNBFJ2Nrxhfq4KNIINRSEDCroXaCFEbywjmAdklzE5mkyGzD2ZmJcuSzsZ/8AtsLBSxsPEX7PwDO3/BySaFJh643MM59zJzjxMyKqRhfGqZmdm5+YXsYm5peWV1TV/fqIkg4phUccAC3nCQIIz6pCqpZKQRcoI8h5G607sY+vUbwgUN/GsZh8T2UMenLsVIKqml75wV+gdxEZ5Cy+UIJ1ZIC3FxkPZ+cdDS80bJSAGniTkm+XL5++tt636v0tI/rHaAI4/4EjMkRNM0QmkniEuKGRnkrEiQEOEe6pCmoj7yiLCT9I4B3FdKG7oBV+VLmKq/NxLkCRF7jpr0kOyKSW8o/uc1I+me2An1w0gSH48eciMGZQCHocA25QRLFiuCMKfqrxB3kcpDquhyKgRz8uRpUjssmUcl80qlcQ5GyIJtsAsKwATHoAwuQQVUAQa34AE8gWftTnvUXrTX0WhGG+9sgj/Q3n8A6u+b0w==</latexit>

A(x, y) =
⇡(y)

⇡(x)
where

†Assuming transition from an arbitrary program to every other program has the same probability



Program Synthesis with 
Metropolis-Hastings

• By the Fundamental Theorem, 

• Starting from a random program, if we repeatedly do the 
following steps for a "long enough” time

• If a next candidate (obtainable by the move function) is better, 
move.

• Otherwise, move with a probability proportional to the ratio 
between the scores of current and new programs

• Eventually we will reach the best program p such that .

<latexit sha1_base64="5ck986vsFxA7H2NRkItbhmztlic="></latexit>

8x. lim
n!1

Kn(x, y) = ⇡(y)

<latexit sha1_base64="HlyUrkG4f9GI8gO2d1YKbCMQ0gg=">AAAB8nicbVDLSgMxFM3UV62vqks3oUWoCGXGhboRim5cVrAPmBlKJs20oZkkJBlhGPoXunGhiFu/xl3/xvSx0NYDFw7n3Mu990SSUW1cd+IU1tY3NreK26Wd3b39g/LhUVuLVGHSwoIJ1Y2QJoxy0jLUMNKViqAkYqQTje6mfueJKE0FfzSZJGGCBpzGFCNjJT+QtCbP4A30YK9cdevuDHCVeAtSbVSC8+dJI2v2yt9BX+A0IdxghrT2PVeaMEfKUMzIuBSkmkiER2hAfEs5SogO89nJY3hqlT6MhbLFDZypvydylGidJZHtTJAZ6mVvKv7n+amJr8OccpkawvF8UZwyaASc/g/7VBFsWGYJworaWyEeIoWwsSmVbAje8surpH1R9y7r3oNN4xbMUQQnoAJqwANXoAHuQRO0AAYCvIA38O4Y59X5cD7nrQVnMXMM/sD5+gEAo5K9</latexit>

⇡(p) = 1



Property of the Algorithm

• No search bias

• enumerative search: small programs first  

• But a finite program space is often used (e.g., by bounding size)

• In practice,  is often used

• Using a proper β is important

• β ↑ : pure random search,  β ↓ : greedy search 

•   should tell us whether a program is getting closer to being 
correct (e.g., if   returns 0 or 1, it won’t work)

<latexit sha1_base64="pHSmZOq0DzbtYlGy3MRnIZCDP94="></latexit>

A(x, y) = exp(�� · ⇡(y)
⇡(x)

)

<latexit sha1_base64="B6Ip2zTQ9A6DQluwhBc8PdIsfIg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Et4v1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vktZF1atVvfvLSv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzifP1G1jdM=</latexit>⇡
<latexit sha1_base64="B6Ip2zTQ9A6DQluwhBc8PdIsfIg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Et4v1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vktZF1atVvfvLSv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzifP1G1jdM=</latexit>⇡



Almost Disjoint Clusters

• Strongly connected components: many candidates have (nearly) 
equal score due to many semantically equivalent programs

• Starting in one cluster, the prob. of transitioning to the other is 
extremely low. 



Getting Stuck in a Long Search

• Because it is hard to escape from a strongly connected 
component, it is often beneficial to abandon a search and 
begin a fresh one. 



What is a Good Restart Strategy?

• Let   be a randomized algorithm that always produces the 
correct solution when it stops.

• Minimizing the expected time required to obtain a solution 
from  

• Run   for a fixed amount of time t1 (e.g., 10000 
iterations)

• If a solution isn’t found, run   for another fixed amount 
of time t2, etc  

<latexit sha1_base64="nzeHdTc6GYXSIa1Z9qZXpeJssHk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeqx68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVb3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWrX5Srt3kcBTiGEzgDD66gCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDlNWMyw==</latexit>

A

<latexit sha1_base64="nzeHdTc6GYXSIa1Z9qZXpeJssHk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeqx68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVb3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWrX5Srt3kcBTiGEzgDD66gCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDlNWMyw==</latexit>

A

<latexit sha1_base64="nzeHdTc6GYXSIa1Z9qZXpeJssHk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeqx68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVb3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWrX5Srt3kcBTiGEzgDD66gCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDlNWMyw==</latexit>

A

<latexit sha1_base64="nzeHdTc6GYXSIa1Z9qZXpeJssHk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeqx68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVb3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWrX5Srt3kcBTiGEzgDD66gCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDlNWMyw==</latexit>

A

Luby et al., Optimal Speedup of Las Vegas Algorithms, 1993



What is a Good Restart Strategy?

• Let   be a restart strategy. 

• Let   where   is the expected 
running time of   under strategy  

• I.e., the expected running time of the optimal strategy

<latexit sha1_base64="4QvLbU9fIerkDVJ4wEN7i4b7GsY=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWARKpSSFFE3QtGNy4r2AW0Ik8mkHTp5MHMjlNCNv+LGhSJu/Qx3/o3TNgttPXDhcM693HuPlwiuwLK+jaXlldW19cJGcXNre2fX3NtvqTiVlDVpLGLZ8YhigkesCRwE6ySSkdATrO0NbyZ++5FJxePoAUYJc0LSj3jAKQEtuebhPb7CZXDtCga3VsE96seg8KlrlqyqNQVeJHZOSihHwzW/en5M05BFQAVRqmtbCTgZkcCpYONiL1UsIXRI+qyraURCppxs+sAYn2jFx0EsdUWAp+rviYyESo1CT3eGBAZq3puI/3ndFIJLJ+NRkgKL6GxRkAoMMZ6kgX0uGQUx0oRQyfWtmA6IJBR0ZkUdgj3/8iJp1ar2edW+OyvVr/M4CugIHaMystEFqqNb1EBNRNEYPaNX9GY8GS/Gu/Exa10y8pkD9AfG5w+8QZPy</latexit>

S = (t1, t2, · · · )

<latexit sha1_base64="x+wMIxgF6JajE3lr2B+88INXeHA=">AAACAHicbVDLSgMxFM3UV62vURcu3ASLUEHKjIi6EVrduKz0CZ1hyKSZNjTJDElGKKUbf8WNC0Xc+hnu/BvTdhZaPXDhcM693HtPmDCqtON8Wbml5ZXVtfx6YWNza3vH3t1rqTiVmDRxzGLZCZEijArS1FQz0kkkQTxkpB0Ob6d++4FIRWPR0KOE+Bz1BY0oRtpIgX3gEcaCKryGHqciqMNGqXoK6yeBXXTKzgzwL3EzUgQZaoH96fVinHIiNGZIqa7rJNofI6kpZmRS8FJFEoSHqE+6hgrEifLHswcm8NgoPRjF0pTQcKb+nBgjrtSIh6aTIz1Qi95U/M/rpjq68sdUJKkmAs8XRSmDOobTNGCPSoI1GxmCsKTmVogHSCKsTWYFE4K7+PJf0joruxdl9/68WLnJ4siDQ3AESsAFl6AC7kANNAEGE/AEXsCr9Wg9W2/W+7w1Z2Uz++AXrI9vSKKURA==</latexit>

`A = min
S

T (A,S) <latexit sha1_base64="pm3rZM4/h21BLUf88qKhSvSo2ew=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahgpRdEfVY9eKxYr+gXUo2zbahSXZJskJZ+iO8eFDEq7/Hm//GtN2Dtj4YeLw3w8y8IOZMG9f9dnIrq2vrG/nNwtb2zu5ecf+gqaNEEdogEY9UO8CaciZpwzDDaTtWFIuA01Ywupv6rSeqNItk3Yxj6gs8kCxkBBsrterlmzP0eNorltyKOwNaJl5GSpCh1it+dfsRSQSVhnCsdcdzY+OnWBlGOJ0UuommMSYjPKAdSyUWVPvp7NwJOrFKH4WRsiUNmqm/J1IstB6LwHYKbIZ60ZuK/3mdxITXfspknBgqyXxRmHBkIjT9HfWZosTwsSWYKGZvRWSIFSbGJlSwIXiLLy+T5nnFu6x4Dxel6m0WRx6O4BjK4MEVVOEeatAAAiN4hld4c2LnxXl3PuatOSebOYQ/cD5/AGJjjks=</latexit>

T (A,S)
<latexit sha1_base64="nzeHdTc6GYXSIa1Z9qZXpeJssHk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeqx68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVb3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWrX5Srt3kcBTiGEzgDD66gCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDlNWMyw==</latexit>

A
<latexit sha1_base64="Vsa9UXvkBqmi0ZD+mN55uQFqwx4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeix68dii/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LBjBP0IzqQPOSMGivV73ulsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWrX5SrN3kcBTiGEzgDD66gCndQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDsB2M3Q==</latexit>

S



What is a Good Restart Strategy?

• Let  

• called Luby sequence   where   and  

•   leads to the best performance that can be achieved

•  

• No strategy can do better under black-box assumption (no 
information other than when the algorithm stops is available)

• A better strategy may exist if we relax black-box assumption

<latexit sha1_base64="Xl6RAFbxExTrny4rfQIud3PKMwM=">AAACG3icbVDLSgMxFM3UV62vUZdugkWoMpRJKdqNUHTjsqJ9QDuWTCZtQzMPkoxQhv6HG3/FjQtFXAku/BvTdha29UDCyTn3cnOPG3EmlW3/GJmV1bX1jexmbmt7Z3fP3D9oyDAWhNZJyEPRcrGknAW0rpjitBUJin2X06Y7vJ74zUcqJAuDezWKqOPjfsB6jGClpa5Zuns4g5ewgCxklazZXbbmX5WUdYgXKnnaNfN20Z4CLhOUkjxIUeuaXx0vJLFPA0U4lrKN7Eg5CRaKEU7HuU4saYTJEPdpW9MA+1Q6yXS3MTzRigd7odAnUHCq/u1IsC/lyHd1pY/VQC56E/E/rx2rXsVJWBDFigZkNqgXc6hCOAkKekxQovhIE0wE03+FZIAFJkrHmdMhoMWVl0mjVETnRXRbzlev0jiy4AgcgwJA4AJUwQ2ogTog4Am8gDfwbjwbr8aH8TkrzRhpzyGYg/H9CwCFmWM=</latexit>

S⇤ = (1, 1, 2, 1, 1, 2, 4, 1, 1, 2, 1, 1, 2, 4, 8, 1, 1, 2, · · · )

<latexit sha1_base64="TTlrtY/yNcxR5+EoC3KqO15BE1M=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1DJoY2ERwXxgEsLeZi9Zsrd37M4Jx5F/YWOhiK3/xs5/4ya5QhMfDDzem2Fmnh9LYdB1v53Cyura+kZxs7S1vbO7V94/aJoo0Yw3WCQj3fap4VIo3kCBkrdjzWnoS97yxzdTv/XEtRGResA05r2QDpUIBKNopce7ftYVKsB00i9X3Ko7A1kmXk4qkKPeL391BxFLQq6QSWpMx3Nj7GVUo2CST0rdxPCYsjEd8o6liobc9LLZxRNyYpUBCSJtSyGZqb8nMhoak4a+7QwpjsyiNxX/8zoJBle9TKg4Qa7YfFGQSIIRmb5PBkJzhjK1hDIt7K2EjaimDG1IJRuCt/jyMmmeVb2Lqnd/Xqld53EU4QiO4RQ8uIQa3EIdGsBAwTO8wptjnBfn3fmYtxacfOYQ/sD5/AHeq5EN</latexit>

L1
<latexit sha1_base64="JSWUBLThkAUFcKidBdnvzwAYQEQ=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1EYI2lhYRDAfkBxhbzOXLNnbO3b3hHDkR9hYKGLr77Hz37hJrtDEBwOP92aYmRckgmvjut9OYWV1bX2juFna2t7Z3SvvHzR1nCqGDRaLWLUDqlFwiQ3DjcB2opBGgcBWMLqd+q0nVJrH8tGME/QjOpA85IwaK7Xuey65Jl6vXHGr7gxkmXg5qUCOeq/81e3HLI1QGiao1h3PTYyfUWU4EzgpdVONCWUjOsCOpZJGqP1sdu6EnFilT8JY2ZKGzNTfExmNtB5Hge2MqBnqRW8q/ud1UhNe+RmXSWpQsvmiMBXExGT6O+lzhcyIsSWUKW5vJWxIFWXGJlSyIXiLLy+T5lnVu6h6D+eV2k0eRxGO4BhOwYNLqMEd1KEBDEbwDK/w5iTOi/PufMxbC04+cwh/4Hz+AGj1jk8=</latexit>

L0 = 1
<latexit sha1_base64="31QcsryB6rSrJ8tX+PmayfQuBkE=">AAACBHicbZC7SgNBFIbPeo3xtmqZZjAIFhp2g6iNELSxSBHBXCBZl9nJbDJk9sLMrBCWFDa+io2FIrY+hJ1v4yRZUBN/GPj4zzmcOb8XcyaVZX0ZC4tLyyurubX8+sbm1ra5s9uQUSIIrZOIR6LlYUk5C2ldMcVpKxYUBx6nTW9wNa4376mQLApv1TCmToB7IfMZwUpbrlmougxdoKqbsmN7dPQD5TvmmkWrZE2E5sHOoAiZaq752elGJAloqAjHUrZtK1ZOioVihNNRvpNIGmMywD3a1hjigEonnRwxQgfa6SI/EvqFCk3c3xMpDqQcBp7uDLDqy9na2Pyv1k6Uf+6kLIwTRUMyXeQnHKkIjRNBXSYoUXyoARPB9F8R6WOBidK55XUI9uzJ89Aol+zTkn1zUqxcZnHkoAD7cAg2nEEFrqEGdSDwAE/wAq/Go/FsvBnv09YFI5vZgz8yPr4B5p+VtQ==</latexit>

Li = Li�1, Li�1, 2
i

<latexit sha1_base64="ax3E2HWHw8KO/EyANHcGQb2/3Yc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMgHsKuiHoMevEYiXlAsobZSScZMju7zMwKYcknePGgiFe/yJt/4yTZgyYWNBRV3XR3BbHg2rjut5NbWV1b38hvFra2d3b3ivsHDR0limGdRSJSrYBqFFxi3XAjsBUrpGEgsBmMbqd+8wmV5pF8MOMY/ZAOJO9zRo2VarXHs26x5JbdGcgy8TJSggzVbvGr04tYEqI0TFCt254bGz+lynAmcFLoJBpjykZ0gG1LJQ1R++ns1Ak5sUqP9CNlSxoyU39PpDTUehwGtjOkZqgXvan4n9dOTP/aT7mME4OSzRf1E0FMRKZ/kx5XyIwYW0KZ4vZWwoZUUWZsOgUbgrf48jJpnJe9y7J3f1Gq3GRx5OEIjuEUPLiCCtxBFerAYADP8ApvjnBenHfnY96ac7KZQ/gD5/MHyRqNeQ==</latexit>

S⇤

<latexit sha1_base64="Yzkb/nBvOGKBKu5n9OwMqMk84JI=">AAACCnicbZDLSsNAFIYnXmu9RV26GS1CK1ISEXUjtLpxZ8XeoIllMp20QyeTMDMRSujaja/ixoUibn0Cd76N0zYLbf1h4OM/53Dm/F7EqFSW9W3MzS8sLi1nVrKra+sbm+bWdl2GscCkhkMWiqaHJGGUk5qiipFmJAgKPEYaXv9qVG88ECFpyKtqEBE3QF1OfYqR0lbb3Kvmy0fw7v6wAC/gTd4hjLXL0GFhF0640DZzVtEaC86CnUIOpKq0zS+nE+I4IFxhhqRs2Vak3AQJRTEjw6wTSxIh3Edd0tLIUUCkm4xPGcID7XSgHwr9uIJj9/dEggIpB4GnOwOkenK6NjL/q7Vi5Z+7CeVRrAjHk0V+zKAK4SgX2KGCYMUGGhAWVP8V4h4SCCudXlaHYE+fPAv146J9WrRvT3KlyzSODNgF+yAPbHAGSuAaVEANYPAInsEreDOejBfj3fiYtM4Z6cwO+CPj8wc0upd1</latexit>

T (A,S
⇤) = O(`A log `A)



Improving Stochastic Synthesis 
with Restart Strategies

• Koenig et al., Adaptive Restarts for Stochastic Synthesis, 
PLDI 2021. 

• Key idea: prioritize low cost searches



Adaptive Restart Algorithm

From Jason Koenig’s presentation slides at PLDI’21



Adaptive Restart Algorithm

From Jason Koenig’s presentation slides at PLDI’21



Adaptive Restart Algorithm

• Most time spent on lowest cost searches

• Best when cost accurately predicts time to finish

• 10x faster than the previous algorithm without restarts 
and 5.5x faster than the Luby restart strategy

From Jason Koenig’s presentation slides at PLDI’21

PLDI ’21, June 20–25, 2021, Virtual, Canada Jason R. Koenig, Oded Padon, and Alex Aiken

(a ) (b ) (c )
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Figure 8. The adaptive search algorithm at the (a) beginning of one doubling, (b) middle of doubling execution, and (c)
beginning of next doubling. Node labels are the number of iterations search has run assuming no swaps have occurred.

1 =  ?
2 while not successful do
3 =  double(=, ?)
4 Function double(=, ?):
5 if = = ? then
6 B  new search
7 run B for C0 iterations
8 return

{search : B, height : 0, left : ?, right : ?}
9 =.left double(=.left, =)

10 =.right double(=.right, =)
11 run =.search for C0 · 2=.height iterations
12 =.height =.height + 1
13 if ? < ? ^ cost (=.search) < cost (? .search) then
14 swap =.search$ ? .search
15 return =

Figure 9. Pseudocode for adaptive search algorithm.

turn this into a restart algorithm, we associate a search state
with each node, and each time we double a node’s label ; we
run the search for an additional ; · C0 iterations. Because the
labels are powers of 2, the cumulative runtime is the same
as if this node had been visited by the sequential algorithm.
Note that unlike the sequential method, we must retain par-
tially executed searches which can increase memory usage.
After = doublings, we have run the same number of searches
with the same distribution of runtimes as the sequential al-
gorithm, so this parallel algorithm has the same guarantees
on expected total runtime.
To construct the adaptive search algorithm, we drop the

black-box assumption on the search state. In the context
of stochastic synthesis, the cost is a reasonable proxy to
determine which searches are likely to complete quickly.
Nodes closer to the root run more iterations, so it makes
sense to ensure that the most promising runs, i.e. the lowest
cost ones, are near the root. The adaptive search algorithm
is the same as the parallel Luby algorithm except whenever
we �nish visiting a non-root node, we swap it with its parent
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Figure 10. Example of Markov chains for which adaptive
search works (a) well and (b) poorly. Nodes are labeled by
cost and the non-self loop probabilities are given on each
transition edge.

if the parent has a higher cost. Pseudocode for the adaptive
search algorithm is given in Figure 9. We traverse the tree in
depth �rst post-order, which means that if a search achieves
a su�ciently low cost it may move up multiple levels of the
tree in a single doubling. Because of the swapping, the label
of a node does not necessarily indicate how many iterations
a search has run so far, only how many future iterations it
will be allocated. Because this algorithm exploits the costs
of individual searches, it can potentially do better than the
theoretically optimal Luby restart sequence. We evaluate
the adaptive algorithm experimentally in Section 7, but here
we give examples of when this algorithm performs well or
poorly compared to classic Luby.

5.2.1 Model Markov Chains. Two Markov chains repre-
senting models of stochastic searches are given in Fig 10.
Here we show the transition probability on each edge, and
label the nodes with their costs, with the leftmost node as
the initial state. For this model, all transitions except self-
loops are depicted, i.e. there is zero probability of the system
transitioning from a middle node to the start or between
middle nodes. The model is symmetric except for the costs
and probability of �nishing from each of the middle nodes.
In example (a) the costs align with the probabilities: the
lower cost state is 10 times more likely to reach the goal
state than the high cost state. In (b), the opposite is the case,
in that low cost does not predict which state is “closer” to
the goal. The situation in (b) is similar to the upper right

Good Bad


