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Multiple Solutions in a Search Space

• So far: how to find a solution satisfying a spec

• How can we find an optimal solution among multiple ones?

• optimal: determined by a measure (e.g., complexity, size, 
naturality, etc)

• hard to find a “global optimum” due to infinite search space

• Need to efficiently explore multiple solution candidates and 
pick the best one



Three Data Structures

• Version Space Algebra (VSA)

• With Top-down search

• Finite Tree Automata (FTA)

• With Bottom-up search

• E-graph

• With Equality saturation



Two Data Structures

• Version Space Algebra (VSA)

• With Top-down search

• Finite Tree Automata (FTA)

• With Bottom-up search

• E-graph

• With Equality saturation



Version Space

• Set of all hypotheses consistent with observed data

• Hypothesis space H: space of possible functions in→out

• Version space VSH,D ⊆ H

• D: set of I/O examples {(ij,oj)}

• h ∈ VSH,D  ⇔  ∀(i,o) ∈ D. h(i) = o

Mitchell et al., Generalization as search. AI 1982 



Version Space Algebra

• A set of operations to manipulate and compose version spaces

• Compact symbolic representations for the version spaces 
(without explicitly enumerating hypotheses) → efficient!

• Operations:

• Learn (i, o) : create a version space for i → o

• VS1 ∪ VS2,   VS1 ∩ VS2

• Pick VS : pick the best one from VS

Lau et al., Version space algebra and its application to programming by example. ICML 2000 



Syntax

<latexit sha1_base64="ieNpfEBBQVvCMm7i1A280S9dO7o="></latexit>

P̃ ::= {P1, · · · , Pk} | [(P̃1, · · · , P̃k) | F./(P̃1, · · · , P̃k)

Union: “symbolize” 
union of multiple VSs

Join: “symbolize” relational 
join of multiple argument 

VSs
Direct Set

“Symbolize”: just a representation without any actual union/join operation



Semantics

Program   belongs to  VSA    (  ) iff

•   ,   is either one of  

•  ,   belongs to either one of  

•  ,   =  ,   

<latexit sha1_base64="qMfhlb7MSHgnM+U75JxqNjPWq1w=">AAAB6HicbVC7SgNBFL3rM66vqKXNYBCswq6F2ohBG8sEzAOSRWYnd5Mxs7PLzKwQQr7AxkIRW/0Yexvxb5w8Ck08cOFwzrncR5gKro3nfTsLi0vLK6u5NXd9Y3NrO7+zW9NJphhWWSIS1QipRsElVg03AhupQhqHAuth72rk1+9RaZ7IG9NPMYhpR/KIM2qsVCnf5gte0RuDzBN/SgoXH+55+v7l2vxnq52wLEZpmKBaN30vNcGAKsOZwKHbyjSmlPVoB5uWShqjDgbjRYfk0CptEiXKljRkrP7uGNBY634c2mRMTVfPeiPxP6+ZmegsGHCZZgYlmwyKMkFMQkZXkzZXyIzoW0KZ4nZXwrpUUWbsb1z7BH/25HlSOy76J0W/4hVKlzBBDvbhAI7Ah1MowTWUoQoMEB7gCZ6dO+fReXFeJ9EFZ9qzB3/gvP0ACyeQFw==</latexit>

P
<latexit sha1_base64="oOhhOEo5R/vI5Bb1KakMup51nnY=">AAAB8HicbZDLSgMxFIbPeK3jrerSTbAIrsqMC3UjFt24rGAv0g4lk8m0oUlmSDJCGfoUblwoIu58EfduxLcxvSy09YfAx/+fQ845YcqZNp737SwsLi2vrBbW3PWNza3t4s5uXSeZIrRGEp6oZog15UzSmmGG02aqKBYhp42wfzXKG/dUaZbIWzNIaSBwV7KYEWysddc2jEc0rw47xZJX9sZC8+BPoXTx4Z6nb19utVP8bEcJyQSVhnCsdcv3UhPkWBlGOB267UzTFJM+7tKWRYkF1UE+HniIDq0ToThR9kmDxu7vjhwLrQcitJUCm56ezUbmf1krM/FZkDOZZoZKMvkozjgyCRptjyKmKDF8YAETxeysiPSwwsTYG7n2CP7syvNQPy77J2X/xitVLmGiAuzDARyBD6dQgWuoQg0ICHiAJ3h2lPPovDivk9IFZ9qzB3/kvP8AaBSTzQ==</latexit>

P̃
<latexit sha1_base64="xEH05uhWJEYhQat1jdC3w9DHq9A=">AAAB+HicbVBNS8NAEN34WetHox69LBbBU0k8qDeLXjxGsB/QhLLZbNqlm03YnQg19Jd48aCIV3+KN3+KN7dpD9r6YODx3gwz88JMcA2O82WtrK6tb2xWtqrbO7t7NXv/oK3TXFHWoqlIVTckmgkuWQs4CNbNFCNJKFgnHN1M/c4DU5qn8h7GGQsSMpA85pSAkfp2zcM+l9gHLiJWeJO+XXcaTgm8TNw5qV99xyW8vv3pRynNEyaBCqJ1z3UyCAqigFPBJlU/1ywjdEQGrGeoJAnTQVEePsEnRolwnCpTEnCp/p4oSKL1OAlNZ0JgqBe9qfif18shvgwKLrMcmKSzRXEuMKR4mgKOuGIUxNgQQhU3t2I6JIpQMFlVTQju4svLpH3WcM8b7p1Tb16jGSroCB2jU+SiC9REt8hDLURRjp7QC3q1Hq1n6816n7WuWPOZQ/QH1scP+XCWWA==</latexit>

P 2 P̃

<latexit sha1_base64="aE8UXt+m6tATxNoT9+gX8wDxi3Y=">AAACCnicbVC7SgNBFJ31GeMramkzJgiCIexaqI0QtLFcwTwguyyzs5NkyOyDmbvCsqS2sfQ3bCwUsfUL7PI3Th6FJh64cDjnXu69x08EV2CaI2NpeWV1bb2wUdzc2t7ZLe3tN1WcSsoaNBaxbPtEMcEj1gAOgrUTyUjoC9byBzdjv/XApOJxdA9ZwtyQ9CLe5ZSAlrzSkQNcBCy3h/gKO7ntWVXs0CAGVcW2N3CG2CtVzJo5AV4k1oxU6mXn9HlUz2yv9O0EMU1DFgEVRKmOZSbg5kQCp4INi06qWELogPRYR9OIhEy5+eSVIT7WSoC7sdQVAZ6ovydyEiqVhb7uDAn01bw3Fv/zOil0L92cR0kKLKLTRd1UYIjxOBcccMkoiEwTQiXXt2LaJ5JQ0OkVdQjW/MuLpHlWs85r1p1O4xpNUUCHqIxOkIUuUB3dIhs1EEWP6AW9oXfjyXg1PozPaeuSMZs5QH9gfP0A4OicFA==</latexit>

P̃ = {P1, · · · , Pk} <latexit sha1_base64="qMfhlb7MSHgnM+U75JxqNjPWq1w=">AAAB6HicbVC7SgNBFL3rM66vqKXNYBCswq6F2ohBG8sEzAOSRWYnd5Mxs7PLzKwQQr7AxkIRW/0Yexvxb5w8Ck08cOFwzrncR5gKro3nfTsLi0vLK6u5NXd9Y3NrO7+zW9NJphhWWSIS1QipRsElVg03AhupQhqHAuth72rk1+9RaZ7IG9NPMYhpR/KIM2qsVCnf5gte0RuDzBN/SgoXH+55+v7l2vxnq52wLEZpmKBaN30vNcGAKsOZwKHbyjSmlPVoB5uWShqjDgbjRYfk0CptEiXKljRkrP7uGNBY634c2mRMTVfPeiPxP6+ZmegsGHCZZgYlmwyKMkFMQkZXkzZXyIzoW0KZ4nZXwrpUUWbsb1z7BH/25HlSOy76J0W/4hVKlzBBDvbhAI7Ah1MowTWUoQoMEB7gCZ6dO+fReXFeJ9EFZ9qzB3/gvP0ACyeQFw==</latexit>

P
<latexit sha1_base64="bjfl9Wbke7g+CrGsI7giqVISDX8=">AAAB+XicbVDLSsNAFJ34rPUVdanIYBFclJK4UJdFNy5TsA9oQ5hMJu3QyUyYmRRK6NK/cONCEbdu+h3u/AZ/wuljoa0HLhzOuZd77wlTRpV2nC9rZXVtfWOzsFXc3tnd27cPDhtKZBKTOhZMyFaIFGGUk7qmmpFWKglKQkaaYf9u4jcHRCoq+IMepsRPUJfTmGKkjRTYthe4ZdjBkdCqDL2gH9glp+JMAZeJOyel6sm49v14OvYC+7MTCZwlhGvMkFJt10m1nyOpKWZkVOxkiqQI91GXtA3lKCHKz6eXj+C5USIYC2mKazhVf0/kKFFqmISmM0G6pxa9ifif1850fOPnlKeZJhzPFsUZg1rASQwwopJgzYaGICypuRXiHpIIaxNW0YTgLr68TBqXFfeq4tZMGrdghgI4BmfgArjgGlTBPfBAHWAwAE/gBbxaufVsvVnvs9YVaz5zBP7A+vgBiqWWAw==</latexit>

P1, · · · , Pk

<latexit sha1_base64="4tDRMg2FU8CoP46T0tce2vglmz4="></latexit>

P̃ = [(P̃1, · · · , P̃k) <latexit sha1_base64="qMfhlb7MSHgnM+U75JxqNjPWq1w=">AAAB6HicbVC7SgNBFL3rM66vqKXNYBCswq6F2ohBG8sEzAOSRWYnd5Mxs7PLzKwQQr7AxkIRW/0Yexvxb5w8Ck08cOFwzrncR5gKro3nfTsLi0vLK6u5NXd9Y3NrO7+zW9NJphhWWSIS1QipRsElVg03AhupQhqHAuth72rk1+9RaZ7IG9NPMYhpR/KIM2qsVCnf5gte0RuDzBN/SgoXH+55+v7l2vxnq52wLEZpmKBaN30vNcGAKsOZwKHbyjSmlPVoB5uWShqjDgbjRYfk0CptEiXKljRkrP7uGNBY634c2mRMTVfPeiPxP6+ZmegsGHCZZgYlmwyKMkFMQkZXkzZXyIzoW0KZ4nZXwrpUUWbsb1z7BH/25HlSOy76J0W/4hVKlzBBDvbhAI7Ah1MowTWUoQoMEB7gCZ6dO+fReXFeJ9EFZ9qzB3/gvP0ACyeQFw==</latexit>

P
<latexit sha1_base64="mylo0x0iXlyEN5+glDGVCDrYwjI=">AAACCnicbVC7SgNBFJ31GeNr1VKR0SBYSNi1UMugjWUC5gHZEGZnZ5Mhsw9m7gph2VJs/BUbC43Y+gV2foM/4eQhaOKByz2ccy8z97ix4Aos69OYm19YXFrOreRX19Y3Ns2t7ZqKEklZlUYikg2XKCZ4yKrAQbBGLBkJXMHqbu9q6NdvmVQ8Cm+gH7NWQDoh9zkloKW2eeAAFx5Ly207O8EO9SJQuv+IvQy3zYJVtEbAs8SekEJpb1D5utsflNvmh+NFNAlYCFQQpZq2FUMrJRI4FSzLO4liMaE90mFNTUMSMNVKR6dk+EgrHvYjqSsEPFJ/b6QkUKofuHoyINBV095Q/M9rJuBftFIexgmwkI4f8hOBIcLDXLDHJaMg+poQKrn+K6ZdIgkFnV5eh2BPnzxLaqdF+6xoV3Qal2iMHNpFh+gY2egcldA1KqMqougePaJn9GI8GE/Gq/E2Hp0zJjs76A+M928eaZ2Z</latexit>

P̃1, · · · , P̃k

<latexit sha1_base64="MuwfiKO0vGr1DSRPBYhM6lruxI4="></latexit>

P̃ = F./(P̃1, · · · , P̃k) <latexit sha1_base64="qMfhlb7MSHgnM+U75JxqNjPWq1w=">AAAB6HicbVC7SgNBFL3rM66vqKXNYBCswq6F2ohBG8sEzAOSRWYnd5Mxs7PLzKwQQr7AxkIRW/0Yexvxb5w8Ck08cOFwzrncR5gKro3nfTsLi0vLK6u5NXd9Y3NrO7+zW9NJphhWWSIS1QipRsElVg03AhupQhqHAuth72rk1+9RaZ7IG9NPMYhpR/KIM2qsVCnf5gte0RuDzBN/SgoXH+55+v7l2vxnq52wLEZpmKBaN30vNcGAKsOZwKHbyjSmlPVoB5uWShqjDgbjRYfk0CptEiXKljRkrP7uGNBY634c2mRMTVfPeiPxP6+ZmegsGHCZZgYlmwyKMkFMQkZXkzZXyIzoW0KZ4nZXwrpUUWbsb1z7BH/25HlSOy76J0W/4hVKlzBBDvbhAI7Ah1MowTWUoQoMEB7gCZ6dO+fReXFeJ9EFZ9qzB3/gvP0ACyeQFw==</latexit>

P
<latexit sha1_base64="C5Ih5YPFIcL3osIs+gLx0eM4NLY=">AAAB/HicbVDLSsNAFJ3UV62vaJduhhahYimJC3VZFMRlBPuAJoTJZNoOnUzCzEQIoX6FezcuFHHrh7jr3zh9LLT1wIXDOfdy7z1BwqhUljUxCmvrG5tbxe3Szu7e/oF5eNSWcSowaeGYxaIbIEkY5aSlqGKkmwiCooCRTjC6mfqdRyIkjfmDyhLiRWjAaZ9ipLTkm+XbmuPbdejiMFayDh1/dOqbVathzQBXib0g1WbFPXueNDPHN7/dMMZpRLjCDEnZs61EeTkSimJGxiU3lSRBeIQGpKcpRxGRXj47fgxPtBLCfix0cQVn6u+JHEVSZlGgOyOkhnLZm4r/eb1U9a+8nPIkVYTj+aJ+yqCK4TQJGFJBsGKZJggLqm+FeIgEwkrnVdIh2Msvr5L2ecO+aNj3Oo1rMEcRHIMKqAEbXIImuAMOaAEMMvAC3sC78WS8Gh/G57y1YCxmyuAPjK8fGVGWHA==</latexit>

F (P1, · · · , Pk)
<latexit sha1_base64="AALzfFzS0InSkGpzFJjX6FYqBrE=">AAAB/HicbVDLSsNAFJ3UV62vaMGNm8EiuCqJC3VZ6sZlC7YVmhAm09t26GQSZiZCCPVX3LhQpFu/wC9w58ZvcfpYaOuBC2fOuZe594QJZ0o7zpdVWFvf2Nwqbpd2dvf2D+zDo7aKU0mhRWMey/uQKOBMQEszzeE+kUCikEMnHN1M/c4DSMVicaezBPyIDATrM0q0kQK73AgY9pjAnma8B7l5jgO74lSdGfAqcRekUjtufrNJ/aMR2J9eL6ZpBEJTTpTquk6i/ZxIzSiHcclLFSSEjsgAuoYKEoHy89nyY3xmlB7ux9KU0Him/p7ISaRUFoWmMyJ6qJa9qfif1011/9rPmUhSDYLOP+qnHOsYT5PAPSaBap4ZQqhkZldMh0QSqk1eJROCu3zyKmlfVN3Lqts0adTRHEV0gk7ROXLRFaqhW9RALURRhp7QC3q1Hq1n682azFsL1mKmjP7Aev8BCFqYFQ==</latexit>

Pi 2 P̃i



VSA as a Graph

Join node

Union node

Direct set

<latexit sha1_base64="pSLtGMjVLEsLGSdjVt6Fl7f8KvU=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48RzAOSJcxOZpMhs7PDTK8QQj7CiwdFvPo93vwbJ8keNLGgoajqprsr0lJY9P1vr7C2vrG5Vdwu7ezu7R+UD4+aNs0M4w2WytS0I2q5FIo3UKDkbW04TSLJW9Hobua3nrixIlWPONY8TOhAiVgwik5qdSMxYJnulSt+1Z+DrJIgJxXIUe+Vv7r9lGUJV8gktbYT+BrDCTUomOTTUjezXFM2ogPecVTRhNtwMj93Ss6c0idxalwpJHP198SEJtaOk8h1JhSHdtmbif95nQzjm3AilM6QK7ZYFGeSYEpmv5O+MJyhHDtCmRHuVsKG1FCGLqGSCyFYfnmVNC+qwVU1eLis1G7zOIpwAqdwDgFcQw3uoQ4NYDCCZ3iFN097L96797FoLXj5zDH8gff5A2SQj5w=</latexit>[

<latexit sha1_base64="870kxcUUaTbiGO/PIzCNhX7M/QE=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0lE1GNREI8V7Ae0oWy2k3bpJht2J0oJ/RlePCji1V/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLK6tr6RnGztLW9s7tX3j9oGpVqDg2upNLtgBmQIoYGCpTQTjSwKJDQCkY3U7/1CNoIFT/gOAE/YoNYhIIztFLntpd1A/WEAia9csWtujPQZeLlpEJy1Hvlr25f8TSCGLlkxnQ8N0E/YxoFlzApdVMDCeMjNoCOpTGLwPjZ7OQJPbFKn4ZK24qRztTfExmLjBlHge2MGA7NojcV//M6KYZXfibiJEWI+XxRmEqKik7/p32hgaMcW8K4FvZWyodMM442pZINwVt8eZk0z6reRdW7P6/UrvM4iuSIHJNT4pFLUiN3pE4ahBNFnskreXPQeXHenY95a8HJZw7JHzifP4/skXE=</latexit>

F./
<latexit sha1_base64="870kxcUUaTbiGO/PIzCNhX7M/QE=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0lE1GNREI8V7Ae0oWy2k3bpJht2J0oJ/RlePCji1V/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLK6tr6RnGztLW9s7tX3j9oGpVqDg2upNLtgBmQIoYGCpTQTjSwKJDQCkY3U7/1CNoIFT/gOAE/YoNYhIIztFLntpd1A/WEAia9csWtujPQZeLlpEJy1Hvlr25f8TSCGLlkxnQ8N0E/YxoFlzApdVMDCeMjNoCOpTGLwPjZ7OQJPbFKn4ZK24qRztTfExmLjBlHge2MGA7NojcV//M6KYZXfibiJEWI+XxRmEqKik7/p32hgaMcW8K4FvZWyodMM442pZINwVt8eZk0z6reRdW7P6/UrvM4iuSIHJNT4pFLUiN3pE4ahBNFnskreXPQeXHenY95a8HJZw7JHzifP4/skXE=</latexit>

F./

<latexit sha1_base64="YBSpe4wcvgstFGKlq5ZHXQN81io=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEF6UkRdRl0Y3LCPYBTQiTyaQdOpmEmYlQQnHjr7hxoYhbv8Kdf+OkzUJbD1w4c869zL0nSBmVyrK+jcrK6tr6RnWztrW9s7tn7h90ZZIJTDo4YYnoB0gSRjnpKKoY6aeCoDhgpBeMbwq/90CEpAm/V5OUeDEachpRjJSWfPPIzR3fbkDHbzWgi8NEyeLB3alv1q2mNQNcJnZJ6qCE45tfbpjgLCZcYYakHNhWqrwcCUUxI9Oam0mSIjxGQzLQlKOYSC+fnTCFp1oJYZQIXVzBmfp7IkexlJM40J0xUiO56BXif94gU9GVl1OeZopwPP8oyhhUCSzygCEVBCs20QRhQfWuEI+QQFjp1Go6BHvx5GXSbTXti6Z9d15vX5dxVMExOAFnwAaXoA1ugQM6AINH8AxewZvxZLwY78bHvLVilDOH4A+Mzx9+KJWW</latexit>

{P1, P2, · · · , Pn}
<latexit sha1_base64="uyrCLMNPnLjl/cy58afUeTCtxLU=">AAACBXicbVC7TsMwFHXKq5RXgBEGiwqVAVVJhYCxgoUxSPQhNVHkOE5r1U4i20Gqoi4s/AoLAwix8g9s/A1OmwEKR7J1fM69ur4nSBmVyrK+jMrS8srqWnW9trG5tb1j7u51ZZIJTDo4YYnoB0gSRmPSUVQx0k8FQTxgpBeMrwu/d0+EpEl8pyYp8TgaxjSiGCkt+eahmzu+3TiFjt/St4vDRMnixRvu1DfrVtOaAf4ldknqoITjm59umOCMk1hhhqQc2FaqvBwJRTEj05qbSZIiPEZDMtA0RpxIL59tMYXHWglhlAh9YgVn6s+OHHEpJzzQlRypkVz0CvE/b5Cp6NLLaZxmisR4PijKGFQJLCKBIRUEKzbRBGFB9V8hHiGBsNLB1XQI9uLKf0m31bTPm/btWb19VcZRBQfgCJwAG1yANrgBDugADB7AE3gBr8aj8Wy8Ge/z0opR9uyDXzA+vgGvaJYo</latexit>

{P 0
1, P

0
2, · · · , P 0

m}



• Set of programs outputting string “425” when string 
concatenation operator (Concat) is allowed 
 
{ “425”, Concat(“4”, “25”),  
  Concat(“42”, “5”),  
  Concat(“4”, Concat(“2, 5”)),    
  Concat(Concat(“4”, “2”), “5”),  
  …  }  
 
as a VSA 

VSA Example



VSA Example

∪

Concat⋈ Concat⋈{“425”}

∪

{“25”}

∪{“4”}

Concat⋈

{“2”} {“5”}

Concat⋈

{“4”} {“2”}

{“42”}

{“5”}

Concat⋈(VS1, VS2) = {Concat(P1, P2) | P1 ∈VS1 , P2∈VS2} 



VSA Example

Duplicated�nodes

∪

Concat⋈ Concat⋈{“425”}

∪

{“25”}

∪{“4”}

Concat⋈

{“2”} {“5”}

Concat⋈

{“4”} {“2”}

{“42”}

{“5”}



VSA Example

Deduplication

∪

Concat⋈ Concat⋈{“425”}

∪

{“25”}

∪

{“4”}

Concat⋈

{“2”} {“5”}

Concat⋈ {“42”}



Complexity

• V(VSA): # of nodes in VSA

• |VSA|: # of programs in VSA

• V(VSA) = O( log |VSA| )



How to Construct VSAs?

• Top-down propagation (a.k.a top-down deduction)

• Excel FlashFill

• Gulwani: Automating string processing in spreadsheets 
using input-output examples. POPL 2011. 



• Goal:  synthesize   that concatenates “U” and string  

•       Spec

   Syntax: 

   Semantics:

f x

Example

<latexit sha1_base64="oVIk1V1ZLXVLyry0ucU2WQyfJ6w=">AAACFnicbZDLSgMxFIYz9VbrrerSTVCEilpmXKjLYjcuK2Ot0Cklk6ZtMMkMyRmxDH0KXfgqblwo4lbc9W1MLwtt/SHw851zODl/GAtuwHUHTmZufmFxKbucW1ldW9/Ib27dmCjRlFVpJCJ9GxLDBFesChwEu401IzIUrBbelYf12j3ThkfqGnoxa0jSUbzNKQGLmvljHwcQ4QccSN7CaaAlLkeqTKBf8I+wfzDmFhnwQTfze27RHQnPGm9i9kq7weHToNSrNPPfQSuiiWQKqCDG1D03hkZKNHAqWD8XJIbFhN6RDqtbq4hkppGOzurjfUtauB1p+xTgEf09kRJpTE+GtlMS6Jrp2hD+V6sn0D5vpFzFCTBFx4vaicA2iGFGuMU1oyB61hCquf0rpl2iCQWbZM6G4E2fPGtuToreadG7smlcoLGyaAftogLy0BkqoUtUQVVE0SN6QW/o3Xl2Xp0P53PcmnEmM9voj5yvHy3PoII=</latexit>

S ! x | ConCat(S, S) | ConstStr

<latexit sha1_base64="b1kmXfuVFgjHY03ChNkTTWyl7XY=">AAACFHicbZDLSgMxFIYz9VbrrerSTWgRKoUy40LdCK0iuKzotIV26GTSTBuayQxJRihDH0IQX8WNC0XcunDXtzG9CNp6IPDx/+dwcn4vYlQq0xwZqaXlldW19HpmY3Nreye7u1eTYSwwsXHIQtHwkCSMcmIrqhhpRIKgwGOk7vUvx379nghJQ36nBhFxAtTl1KcYKS21s0W/4Lq3ldwRPIeua2uCLYZ4B8KxUbn6MTTBdjZvlsxJwUWwZpAv51rFx1F5UG1nv1qdEMcB4QozJGXTMiPlJEgoihkZZlqxJBHCfdQlTY0cBUQ6yeSoITzUSgf6odCPKzhRf08kKJByEHi6M0CqJ+e9sfif14yVf+YklEexIhxPF/kxgyqE44RghwqCFRtoQFhQ/VeIe0ggrHSOGR2CNX/yItSOS9ZJybrRaVyAaaXBAciBArDAKSiDa1AFNsDgATyDV/BmPBkvxrvxMW1NGbOZffCnjM9v7Oqcsw==</latexit>

f(“SA”) = “USA” ^ f(“AE”) = “UAE”

<latexit sha1_base64="pzWiLjl7OXrVXETpYP749QsErUI=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM7QIFaUkLtRlsRuXFUxbaEI7mU7aoZNJmJmIIRT8CH/AjQtF3Pod7vo3Th8LbT1w4XDOvdx7jx8zKpVljY3cyura+kZ+s7C1vbO7Z+4fNGSUCEwcHLFItHwkCaOcOIoqRlqxICj0GWn6w9rEbz4QIWnE71UaEy9EfU4DipHSUsc8ylwRwlrEa0iNyt2uUzyHj6cds2RVrCngMrHnpFQtumfP42pa75jfbi/CSUi4wgxJ2batWHkZEopiRkYFN5EkRniI+qStKUchkV42PX8ET7TSg0EkdHEFp+rviQyFUqahrztDpAZy0ZuI/3ntRAXXXkZ5nCjC8WxRkDCoIjjJAvaoIFixVBOEBdW3QjxAAmGlEyvoEOzFl5dJ46JiX1bsO53GDZghD45BEZSBDa5AFdyCOnAABhl4AW/g3XgyXo0P43PWmjPmM4fgD4yvH1Jyl2U=</latexit>

ConCat(“U”, x)Solution:



Top-Down Propagation

• If a program of form   outputs  , what should 
the argument expressions   output respectively?

• Inverse semantics operator  
(a.k.a witness function)

• Possible inputs (inverse-set or pre-image):  
 
e.g., 

<latexit sha1_base64="4GE1Wg0G1pS/pC0VrYF+2GhNS+g=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBEqlJKIosuiIC4r2Ae0IUwmN+3QyYOZiRBC/RU3LhRx64e482+ctllo64ELh3Pu5d57vIQzqSzr21hZXVvf2Cxtlbd3dvf2zYPDjoxTQaFNYx6LnkckcBZBWzHFoZcIIKHHoeuNb6Z+9xGEZHH0oLIEnJAMIxYwSpSWXLNyWwPXruMB9WMl6xjc8alrVq2GNQNeJnZBqqhAyzW/Bn5M0xAiRTmRsm9biXJyIhSjHCblQSohIXRMhtDXNCIhSCefHT/BJ1rxcRALXZHCM/X3RE5CKbPQ050hUSO56E3F/7x+qoIrJ2dRkiqI6HxRkHKsYjxNAvtMAFU804RQwfStmI6IIFTpvMo6BHvx5WXSOWvYFw3r/rzavC7iKKEjdIxqyEaXqInuUAu1EUUZekav6M14Ml6Md+Nj3rpiFDMV9AfG5w8/OZM5</latexit>

F (e1, · · · , ek) <latexit sha1_base64="ygV0CAWxW+1jjGfaa3O+Yrpx2g8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69BIvgqSSi6LHoxWML9gPaUDbbSbt2sxt2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZemHCmjed9O4W19Y3NreJ2aWd3b/+gfHjU0jJVFJtUcqk6IdHImcCmYYZjJ1FI4pBjOxzfzfz2EyrNpHgwkwSDmAwFixglxkoN2S9XvKo3h7tK/JxUIEe9X/7qDSRNYxSGcqJ11/cSE2REGUY5Tku9VGNC6JgMsWupIDHqIJsfOnXPrDJwI6lsCePO1d8TGYm1nsSh7YyJGellbyb+53VTE90EGRNJalDQxaIo5a6R7uxrd8AUUsMnlhCqmL3VpSOiCDU2m5INwV9+eZW0Lqr+VdVrXFZqt3kcRTiBUzgHH66hBvdQhyZQQHiGV3hzHp0X5935WLQWnHzmGP7A+fwB2eeM9w==</latexit>o
<latexit sha1_base64="nyXJy7U3OFLyrygR/MLhN+S+Jws=">AAAB+XicbVBNS8NAEN34WetX1KOXxSJ4KCURRY9FLx4r2A9oQ9hsJ+3SzW7Y3RRK6D/x4kERr/4Tb/4bt20O2vpg4PHeDDPzopQzbTzv21lb39jc2i7tlHf39g8O3aPjlpaZotCkkkvViYgGzgQ0DTMcOqkCkkQc2tHofua3x6A0k+LJTFIIEjIQLGaUGCuFrguhX8U92pdGVzGEo9CteDVvDrxK/IJUUIFG6H71+pJmCQhDOdG663upCXKiDKMcpuVepiEldEQG0LVUkAR0kM8vn+Jzq/RxLJUtYfBc/T2Rk0TrSRLZzoSYoV72ZuJ/Xjcz8W2QM5FmBgRdLIozjo3Esxhwnymghk8sIVQxeyumQ6IINTassg3BX355lbQua/51zXu8qtTvijhK6BSdoQvkoxtURw+ogZqIojF6Rq/ozcmdF+fd+Vi0rjnFzAn6A+fzB94NkoQ=</latexit>e1, · · · , ek

ConCat�1(“USA”) = {(“U”, “SA”), (“US”, “A”)}

<latexit sha1_base64="ZhRPTdcP0nXFEAUPXceL0eSLH4Y=">AAACKnicbVBNS8NAEN34WetX1aOXwSK0UEsiil4KVaF4rGC10MSw2Wzt0k027G6EEvJ7vPhXvHhQxKs/xG3tQa0PBh7vzTAzL0g4U9q23625+YXFpeXCSnF1bX1js7S1faNEKgntEMGF7AZYUc5i2tFMc9pNJMVRwOltMLwY+7cPVCom4ms9SqgX4fuY9RnB2kh+6ax1lx04eUVUoQFuBhXsOzVwSSi0qgH2h1VwIxZC6x+jAQLc3C+V7bo9AcwSZ0rKaIq2X3pxQ0HSiMaacKxUz7ET7WVYakY4zYtuqmiCyRDf056hMY6o8rLJqznsGyWEvpCmYg0T9edEhiOlRlFgOiOsB+qvNxb/83qp7p96GYuTVNOYfC/qpxy0gHFuEDJJieYjQzCRzNwKZIAlJtqkWzQhOH9fniU3h3XnuG5fHZWb59M4CmgX7aEKctAJaqJL1EYdRNAjekav6M16sl6sd+vju3XOms7soF+wPr8AZ3iiZA==</latexit>

F�1(o) = {(a1, · · · , ak) | F (a1, · · · , ak) = o}



Top-Down Propagation

Nonterminal Symbol
Constraint on a nonterminal symbol
One step derivation
Solution directly derived 

S

7!“SA” “USA”

ConCat(S1, S2)

<latexit sha1_base64="Z4UH9rcnx+t5tjbOBOuZFEwp/LU=">AAAB+3icbVBNS8NAEJ34WetXrEcvi0XwVBJR9Fj04rGC/YA2ls120y7d7IbdjVhC/ooXD4p49Y9489+4bXPQ1gcDj/dmmJkXJpxp43nfzsrq2vrGZmmrvL2zu7fvHlRaWqaK0CaRXKpOiDXlTNCmYYbTTqIojkNO2+H4Zuq3H6nSTIp7M0loEOOhYBEj2Fip71Z60tqhwoRmyCJ/YH236tW8GdAy8QtShQKNvvvVG0iSxlQYwrHWXd9LTJBhZRjhNC/3Uk0TTMZ4SLuWChxTHWSz23N0YpUBiqSyJQyaqb8nMhxrPYlD2xljM9KL3lT8z+umJroKMiaS1FBB5ouilCMj0TQINGCKEsMnlmCimL0VkRG2QRgbV9mG4C++vExaZzX/oubdnVfr10UcJTiCYzgFHy6hDrfQgCYQeIJneIU3J3denHfnY9664hQzh/AHzucP8BuTtw==</latexit>

iz}|{



Top-Down Propagation

Nonterminal Symbol
Constraint on a nonterminal symbol
One step derivation
Solution directly derived 

ConCat�1(“USA”) = {(“U”, “SA”), (“US”, “A”)}

S

7!“SA” “USA”

ConCat(S1, S2)

<latexit sha1_base64="Z4UH9rcnx+t5tjbOBOuZFEwp/LU=">AAAB+3icbVBNS8NAEJ34WetXrEcvi0XwVBJR9Fj04rGC/YA2ls120y7d7IbdjVhC/ooXD4p49Y9489+4bXPQ1gcDj/dmmJkXJpxp43nfzsrq2vrGZmmrvL2zu7fvHlRaWqaK0CaRXKpOiDXlTNCmYYbTTqIojkNO2+H4Zuq3H6nSTIp7M0loEOOhYBEj2Fip71Z60tqhwoRmyCJ/YH236tW8GdAy8QtShQKNvvvVG0iSxlQYwrHWXd9LTJBhZRjhNC/3Uk0TTMZ4SLuWChxTHWSz23N0YpUBiqSyJQyaqb8nMhxrPYlD2xljM9KL3lT8z+umJroKMiaS1FBB5ouilCMj0TQINGCKEsMnlmCimL0VkRG2QRgbV9mG4C++vExaZzX/oubdnVfr10UcJTiCYzgFHy6hDrfQgCYQeIJneIU3J3denHfnY9664hQzh/AHzucP8BuTtw==</latexit>

iz}|{



Nonterminal Symbol
Constraint on a nonterminal symbol
One step derivation
Solution directly derived 

Top-Down Propagation

S1 S2 S1 S2

S

7!“SA” “USA”

ConCat(S1, S2)

i 7! “U” i 7! “SA” i 7! “US” i 7! “A”

∨

<latexit sha1_base64="Z4UH9rcnx+t5tjbOBOuZFEwp/LU=">AAAB+3icbVBNS8NAEJ34WetXrEcvi0XwVBJR9Fj04rGC/YA2ls120y7d7IbdjVhC/ooXD4p49Y9489+4bXPQ1gcDj/dmmJkXJpxp43nfzsrq2vrGZmmrvL2zu7fvHlRaWqaK0CaRXKpOiDXlTNCmYYbTTqIojkNO2+H4Zuq3H6nSTIp7M0loEOOhYBEj2Fip71Z60tqhwoRmyCJ/YH236tW8GdAy8QtShQKNvvvVG0iSxlQYwrHWXd9LTJBhZRjhNC/3Uk0TTMZ4SLuWChxTHWSz23N0YpUBiqSyJQyaqb8nMhxrPYlD2xljM9KL3lT8z+umJroKMiaS1FBB5ouilCMj0TQINGCKEsMnlmCimL0VkRG2QRgbV9mG4C++vExaZzX/oubdnVfr10UcJTiCYzgFHy6hDrfQgCYQeIJneIU3J3denHfnY9664hQzh/AHzucP8BuTtw==</latexit>

iz}|{



Top-Down Propagation

Nonterminal Symbol
Constraint on a nonterminal symbol
One step derivation
Solution directly derived 

S1 S2 S1 S2

S

7!“SA” “USA”

ConCat(S1, S2)

i 7! “U” i 7! “SA” i 7! “US” i 7! “A”

ConCat(S1, S2)

S1 S2i 7! “U” i 7! “S”

“U” x

“U” “S”

“A”

∨

<latexit sha1_base64="Z4UH9rcnx+t5tjbOBOuZFEwp/LU=">AAAB+3icbVBNS8NAEJ34WetXrEcvi0XwVBJR9Fj04rGC/YA2ls120y7d7IbdjVhC/ooXD4p49Y9489+4bXPQ1gcDj/dmmJkXJpxp43nfzsrq2vrGZmmrvL2zu7fvHlRaWqaK0CaRXKpOiDXlTNCmYYbTTqIojkNO2+H4Zuq3H6nSTIp7M0loEOOhYBEj2Fip71Z60tqhwoRmyCJ/YH236tW8GdAy8QtShQKNvvvVG0iSxlQYwrHWXd9LTJBhZRjhNC/3Uk0TTMZ4SLuWChxTHWSz23N0YpUBiqSyJQyaqb8nMhxrPYlD2xljM9KL3lT8z+umJroKMiaS1FBB5ouilCMj0TQINGCKEsMnlmCimL0VkRG2QRgbV9mG4C++vExaZzX/oubdnVfr10UcJTiCYzgFHy6hDrfQgCYQeIJneIU3J3denHfnY9664hQzh/AHzucP8BuTtw==</latexit>

iz}|{



VSA Construction

S1 S2 S1 S2

S

7!“SA” “USA”

ConCat(S1, S2)

i 7! “U” i 7! “SA” i 7! “US” i 7! “A”

ConCat(S1, S2)

S1 S2i 7! “U” i 7! “S”

“U” x

“U” “S”

“A”

∨

<latexit sha1_base64="Z4UH9rcnx+t5tjbOBOuZFEwp/LU=">AAAB+3icbVBNS8NAEJ34WetXrEcvi0XwVBJR9Fj04rGC/YA2ls120y7d7IbdjVhC/ooXD4p49Y9489+4bXPQ1gcDj/dmmJkXJpxp43nfzsrq2vrGZmmrvL2zu7fvHlRaWqaK0CaRXKpOiDXlTNCmYYbTTqIojkNO2+H4Zuq3H6nSTIp7M0loEOOhYBEj2Fip71Z60tqhwoRmyCJ/YH236tW8GdAy8QtShQKNvvvVG0iSxlQYwrHWXd9LTJBhZRjhNC/3Uk0TTMZ4SLuWChxTHWSz23N0YpUBiqSyJQyaqb8nMhxrPYlD2xljM9KL3lT8z+umJroKMiaS1FBB5ouilCMj0TQINGCKEsMnlmCimL0VkRG2QRgbV9mG4C++vExaZzX/oubdnVfr10UcJTiCYzgFHy6hDrfQgCYQeIJneIU3J3denHfnY9664hQzh/AHzucP8BuTtw==</latexit>

iz}|{ U

ConCat./ ConCat./

x

“U”

ConCat./

“A”

“S”



Similarly for the Other Example

S1 S2 S1 S2

S

7!“SA” “USA”

ConCat(S1, S2)

i 7! “U” i 7! “SA” i 7! “US” i 7! “A”

ConCat(S1, S2)

S1 S2i 7! “U” i 7! “S”

“U” x

“U”

∨

<latexit sha1_base64="Z4UH9rcnx+t5tjbOBOuZFEwp/LU=">AAAB+3icbVBNS8NAEJ34WetXrEcvi0XwVBJR9Fj04rGC/YA2ls120y7d7IbdjVhC/ooXD4p49Y9489+4bXPQ1gcDj/dmmJkXJpxp43nfzsrq2vrGZmmrvL2zu7fvHlRaWqaK0CaRXKpOiDXlTNCmYYbTTqIojkNO2+H4Zuq3H6nSTIp7M0loEOOhYBEj2Fip71Z60tqhwoRmyCJ/YH236tW8GdAy8QtShQKNvvvVG0iSxlQYwrHWXd9LTJBhZRjhNC/3Uk0TTMZ4SLuWChxTHWSz23N0YpUBiqSyJQyaqb8nMhxrPYlD2xljM9KL3lT8z+umJroKMiaS1FBB5ouilCMj0TQINGCKEsMnlmCimL0VkRG2QRgbV9mG4C++vExaZzX/oubdnVfr10UcJTiCYzgFHy6hDrfQgCYQeIJneIU3J3denHfnY9664hQzh/AHzucP8BuTtw==</latexit>

iz}|{

<latexit sha1_base64="cD2xATldDvsvaApUQs6JWL9wmRI=">AAAB63icbVBNSwMxEJ2tX7V+VT16CS2Cp7Iroh6LInisYD+gXdpsmm1Dk+ySZIWy9C948aCIV/+QN/+N2XYP2vpg4PHeDDPzgpgzbVz32ymsrW9sbhW3Szu7e/sH5cOjlo4SRWiTRDxSnQBrypmkTcMMp51YUSwCTtvB5Dbz209UaRbJRzONqS/wSLKQEWwyaTC4q/TLVbfmzoFWiZeTKuRo9MtfvWFEEkGlIRxr3fXc2PgpVoYRTmelXqJpjMkEj2jXUokF1X46v3WGTq0yRGGkbEmD5urviRQLracisJ0Cm7Fe9jLxP6+bmPDaT5mME0MlWSwKE45MhLLH0ZApSgyfWoKJYvZWRMZYYWJsPCUbgrf88ippnde8y5r3cFGt3+RxFOEEKnAGHlxBHe6hAU0gMIZneIU3RzgvzrvzsWgtOPnMMfyB8/kDYmKNzw==</latexit>

“E”

<latexit sha1_base64="KVdZ0h+z05NmpLjdjKUZBtbsN8U=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CS2Cp7Iroh6rInis4LaFdmmzabYNTbJLkhXK0t/gxYMiXv1B3vw3pu0etPpg4PHeDDPzwoQzbVz3yymsrK6tbxQ3S1vbO7t75f2Dpo5TRahPYh6rdog15UxS3zDDaTtRFIuQ01Y4vpn5rUeqNIvlg5kkNBB4KFnECDZW8vv9q9tKr1x1a+4c6C/xclKFHI1e+bM7iEkqqDSEY607npuYIMPKMMLptNRNNU0wGeMh7VgqsaA6yObHTtGxVQYoipUtadBc/TmRYaH1RIS2U2Az0sveTPzP66QmugwyJpPUUEkWi6KUIxOj2edowBQlhk8swUQxeysiI6wwMTafkg3BW375L2me1rzzmnd/Vq1f53EU4QgqcAIeXEAd7qABPhBg8AQv8OpI59l5c94XrQUnnzmEX3A+vgHrEo4a</latexit>

“AE”
<latexit sha1_base64="4gr3IPiOqR2zYjTa99eRQwHRPMI=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXBmLiiewaox5RLx4xcYEENtAtXWjotpu2a0I2/AYvHjTGqz/Im//GAntQ8CWTvLw3k5l5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRU8tUEeoTyaVqh1hTzgT1DTOcthNFcRxy2grHdzO/9USVZlI8mklCgxgPBYsYwcZKfr/v31R65apbc+dAq8TLSRVyNHrlr+5AkjSmwhCOte54bmKCDCvDCKfTUjfVNMFkjIe0Y6nAMdVBNj92ik6tMkCRVLaEQXP190SGY60ncWg7Y2xGetmbif95ndRE10HGRJIaKshiUZRyZCSafY4GTFFi+MQSTBSztyIywgoTY/Mp2RC85ZdXSfO85l3WvIeLav02j6MIJ1CBM/DgCupwDw3wgQCDZ3iFN0c4L86787FoLTj5zDH8gfP5AwOFjio=</latexit>

“UA”

<latexit sha1_base64="VsqQ82bFhLEcgYyf9y7m9NCmnz0=">AAAB63icbVBNSwMxEJ2tX7V+VT16CS2Cp7Iroh6rXjxWsB/QLm02zbahSXZJskJZ+he8eFDEq3/Im//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRS0eJIrRJIh6pToA15UzSpmGG006sKBYBp+1gcpf57SeqNIvko5nG1Bd4JFnICDaZNBjcVPrlqltz50CrxMtJFXI0+uWv3jAiiaDSEI617npubPwUK8MIp7NSL9E0xmSCR7RrqcSCaj+d3zpDp1YZojBStqRBc/X3RIqF1lMR2E6BzVgve5n4n9dNTHjtp0zGiaGSLBaFCUcmQtnjaMgUJYZPLcFEMXsrImOsMDE2npINwVt+eZW0zmveZc17uKjWb/M4inACFTgDD66gDvfQgCYQGMMzvMKbI5wX5935WLQWnHzmGP7A+fwBXE6Nyw==</latexit>

“A”

<latexit sha1_base64="VsqQ82bFhLEcgYyf9y7m9NCmnz0=">AAAB63icbVBNSwMxEJ2tX7V+VT16CS2Cp7Iroh6rXjxWsB/QLm02zbahSXZJskJZ+he8eFDEq3/Im//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRS0eJIrRJIh6pToA15UzSpmGG006sKBYBp+1gcpf57SeqNIvko5nG1Bd4JFnICDaZNBjcVPrlqltz50CrxMtJFXI0+uWv3jAiiaDSEI617npubPwUK8MIp7NSL9E0xmSCR7RrqcSCaj+d3zpDp1YZojBStqRBc/X3RIqF1lMR2E6BzVgve5n4n9dNTHjtp0zGiaGSLBaFCUcmQtnjaMgUJYZPLcFEMXsrImOsMDE2npINwVt+eZW0zmveZc17uKjWb/M4inACFTgDD66gDvfQgCYQGMMzvMKbI5wX5935WLQWnHzmGP7A+fwBXE6Nyw==</latexit>

“A”

<latexit sha1_base64="cD2xATldDvsvaApUQs6JWL9wmRI=">AAAB63icbVBNSwMxEJ2tX7V+VT16CS2Cp7Iroh6LInisYD+gXdpsmm1Dk+ySZIWy9C948aCIV/+QN/+N2XYP2vpg4PHeDDPzgpgzbVz32ymsrW9sbhW3Szu7e/sH5cOjlo4SRWiTRDxSnQBrypmkTcMMp51YUSwCTtvB5Dbz209UaRbJRzONqS/wSLKQEWwyaTC4q/TLVbfmzoFWiZeTKuRo9MtfvWFEEkGlIRxr3fXc2PgpVoYRTmelXqJpjMkEj2jXUokF1X46v3WGTq0yRGGkbEmD5urviRQLracisJ0Cm7Fe9jLxP6+bmPDaT5mME0MlWSwKE45MhLLH0ZApSgyfWoKJYvZWRMZYYWJsPCUbgrf88ippnde8y5r3cFGt3+RxFOEEKnAGHlxBHe6hAU0gMIZneIU3RzgvzrvzsWgtOPnMMfyB8/kDYmKNzw==</latexit>

“E”

<latexit sha1_base64="a/eHIwWp1LcmqTZxUDdYnGEinlM=">AAAB/XicbVDLSgMxFM3UV62v8bFzE1oEV2VGRF1WRXBZwWkL7dDJpJk2NMkMSUaoQ/FX3LhQxK3/4c6/MW1noa0HAifn3Mu994QJo0o7zrdVWFpeWV0rrpc2Nre2d+zdvYaKU4mJh2MWy1aIFGFUEE9TzUgrkQTxkJFmOLye+M0HIhWNxb0eJcTnqC9oRDHSRuraB0FweVOGHY4SpWMYBJ75du2KU3WmgIvEzUkF5Kh37a9OL8YpJ0JjhpRqu06i/QxJTTEj41InVSRBeIj6pG2oQJwoP5tuP4ZHRunBKJbmCQ2n6u+ODHGlRjw0lRzpgZr3JuJ/XjvV0YWfUZGkmgg8GxSlDJo7J1HAHpUEazYyBGFJza4QD5BEWJvASiYEd/7kRdI4qbpnVffutFK7yuMogkNQBsfABeegBm5BHXgAg0fwDF7Bm/VkvVjv1sestGDlPfvgD6zPHz+mk84=</latexit>

“AE” 7! “UAE”



VSA Construction

S1 S2 S1 S2

S

7!“SA” “USA”

ConCat(S1, S2)

i 7! “U” i 7! “SA” i 7! “US” i 7! “A”

ConCat(S1, S2)

S1 S2i 7! “U” i 7! “S”

“U” x

“U”

∨

<latexit sha1_base64="Z4UH9rcnx+t5tjbOBOuZFEwp/LU=">AAAB+3icbVBNS8NAEJ34WetXrEcvi0XwVBJR9Fj04rGC/YA2ls120y7d7IbdjVhC/ooXD4p49Y9489+4bXPQ1gcDj/dmmJkXJpxp43nfzsrq2vrGZmmrvL2zu7fvHlRaWqaK0CaRXKpOiDXlTNCmYYbTTqIojkNO2+H4Zuq3H6nSTIp7M0loEOOhYBEj2Fip71Z60tqhwoRmyCJ/YH236tW8GdAy8QtShQKNvvvVG0iSxlQYwrHWXd9LTJBhZRjhNC/3Uk0TTMZ4SLuWChxTHWSz23N0YpUBiqSyJQyaqb8nMhxrPYlD2xljM9KL3lT8z+umJroKMiaS1FBB5ouilCMj0TQINGCKEsMnlmCimL0VkRG2QRgbV9mG4C++vExaZzX/oubdnVfr10UcJTiCYzgFHy6hDrfQgCYQeIJneIU3J3denHfnY9664hQzh/AHzucP8BuTtw==</latexit>

iz}|{

<latexit sha1_base64="cD2xATldDvsvaApUQs6JWL9wmRI=">AAAB63icbVBNSwMxEJ2tX7V+VT16CS2Cp7Iroh6LInisYD+gXdpsmm1Dk+ySZIWy9C948aCIV/+QN/+N2XYP2vpg4PHeDDPzgpgzbVz32ymsrW9sbhW3Szu7e/sH5cOjlo4SRWiTRDxSnQBrypmkTcMMp51YUSwCTtvB5Dbz209UaRbJRzONqS/wSLKQEWwyaTC4q/TLVbfmzoFWiZeTKuRo9MtfvWFEEkGlIRxr3fXc2PgpVoYRTmelXqJpjMkEj2jXUokF1X46v3WGTq0yRGGkbEmD5urviRQLracisJ0Cm7Fe9jLxP6+bmPDaT5mME0MlWSwKE45MhLLH0ZApSgyfWoKJYvZWRMZYYWJsPCUbgrf88ippnde8y5r3cFGt3+RxFOEEKnAGHlxBHe6hAU0gMIZneIU3RzgvzrvzsWgtOPnMMfyB8/kDYmKNzw==</latexit>

“E”

<latexit sha1_base64="KVdZ0h+z05NmpLjdjKUZBtbsN8U=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CS2Cp7Iroh6rInis4LaFdmmzabYNTbJLkhXK0t/gxYMiXv1B3vw3pu0etPpg4PHeDDPzwoQzbVz3yymsrK6tbxQ3S1vbO7t75f2Dpo5TRahPYh6rdog15UxS3zDDaTtRFIuQ01Y4vpn5rUeqNIvlg5kkNBB4KFnECDZW8vv9q9tKr1x1a+4c6C/xclKFHI1e+bM7iEkqqDSEY607npuYIMPKMMLptNRNNU0wGeMh7VgqsaA6yObHTtGxVQYoipUtadBc/TmRYaH1RIS2U2Az0sveTPzP66QmugwyJpPUUEkWi6KUIxOj2edowBQlhk8swUQxeysiI6wwMTafkg3BW375L2me1rzzmnd/Vq1f53EU4QgqcAIeXEAd7qABPhBg8AQv8OpI59l5c94XrQUnnzmEX3A+vgHrEo4a</latexit>

“AE”
<latexit sha1_base64="4gr3IPiOqR2zYjTa99eRQwHRPMI=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXBmLiiewaox5RLx4xcYEENtAtXWjotpu2a0I2/AYvHjTGqz/Im//GAntQ8CWTvLw3k5l5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRU8tUEeoTyaVqh1hTzgT1DTOcthNFcRxy2grHdzO/9USVZlI8mklCgxgPBYsYwcZKfr/v31R65apbc+dAq8TLSRVyNHrlr+5AkjSmwhCOte54bmKCDCvDCKfTUjfVNMFkjIe0Y6nAMdVBNj92ik6tMkCRVLaEQXP190SGY60ncWg7Y2xGetmbif95ndRE10HGRJIaKshiUZRyZCSafY4GTFFi+MQSTBSztyIywgoTY/Mp2RC85ZdXSfO85l3WvIeLav02j6MIJ1CBM/DgCupwDw3wgQCDZ3iFN0c4L86787FoLTj5zDH8gfP5AwOFjio=</latexit>

“UA”

<latexit sha1_base64="VsqQ82bFhLEcgYyf9y7m9NCmnz0=">AAAB63icbVBNSwMxEJ2tX7V+VT16CS2Cp7Iroh6rXjxWsB/QLm02zbahSXZJskJZ+he8eFDEq3/Im//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRS0eJIrRJIh6pToA15UzSpmGG006sKBYBp+1gcpf57SeqNIvko5nG1Bd4JFnICDaZNBjcVPrlqltz50CrxMtJFXI0+uWv3jAiiaDSEI617npubPwUK8MIp7NSL9E0xmSCR7RrqcSCaj+d3zpDp1YZojBStqRBc/X3RIqF1lMR2E6BzVgve5n4n9dNTHjtp0zGiaGSLBaFCUcmQtnjaMgUJYZPLcFEMXsrImOsMDE2npINwVt+eZW0zmveZc17uKjWb/M4inACFTgDD66gDvfQgCYQGMMzvMKbI5wX5935WLQWnHzmGP7A+fwBXE6Nyw==</latexit>

“A”

<latexit sha1_base64="VsqQ82bFhLEcgYyf9y7m9NCmnz0=">AAAB63icbVBNSwMxEJ2tX7V+VT16CS2Cp7Iroh6rXjxWsB/QLm02zbahSXZJskJZ+he8eFDEq3/Im//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRS0eJIrRJIh6pToA15UzSpmGG006sKBYBp+1gcpf57SeqNIvko5nG1Bd4JFnICDaZNBjcVPrlqltz50CrxMtJFXI0+uWv3jAiiaDSEI617npubPwUK8MIp7NSL9E0xmSCR7RrqcSCaj+d3zpDp1YZojBStqRBc/X3RIqF1lMR2E6BzVgve5n4n9dNTHjtp0zGiaGSLBaFCUcmQtnjaMgUJYZPLcFEMXsrImOsMDE2npINwVt+eZW0zmveZc17uKjWb/M4inACFTgDD66gDvfQgCYQGMMzvMKbI5wX5935WLQWnHzmGP7A+fwBXE6Nyw==</latexit>

“A”

<latexit sha1_base64="cD2xATldDvsvaApUQs6JWL9wmRI=">AAAB63icbVBNSwMxEJ2tX7V+VT16CS2Cp7Iroh6LInisYD+gXdpsmm1Dk+ySZIWy9C948aCIV/+QN/+N2XYP2vpg4PHeDDPzgpgzbVz32ymsrW9sbhW3Szu7e/sH5cOjlo4SRWiTRDxSnQBrypmkTcMMp51YUSwCTtvB5Dbz209UaRbJRzONqS/wSLKQEWwyaTC4q/TLVbfmzoFWiZeTKuRo9MtfvWFEEkGlIRxr3fXc2PgpVoYRTmelXqJpjMkEj2jXUokF1X46v3WGTq0yRGGkbEmD5urviRQLracisJ0Cm7Fe9jLxP6+bmPDaT5mME0MlWSwKE45MhLLH0ZApSgyfWoKJYvZWRMZYYWJsPCUbgrf88ippnde8y5r3cFGt3+RxFOEEKnAGHlxBHe6hAU0gMIZneIU3RzgvzrvzsWgtOPnMMfyB8/kDYmKNzw==</latexit>

“E”

U

ConCat./ ConCat./

x

“U”

ConCat./

“A”

“E”

<latexit sha1_base64="a/eHIwWp1LcmqTZxUDdYnGEinlM=">AAAB/XicbVDLSgMxFM3UV62v8bFzE1oEV2VGRF1WRXBZwWkL7dDJpJk2NMkMSUaoQ/FX3LhQxK3/4c6/MW1noa0HAifn3Mu994QJo0o7zrdVWFpeWV0rrpc2Nre2d+zdvYaKU4mJh2MWy1aIFGFUEE9TzUgrkQTxkJFmOLye+M0HIhWNxb0eJcTnqC9oRDHSRuraB0FweVOGHY4SpWMYBJ75du2KU3WmgIvEzUkF5Kh37a9OL8YpJ0JjhpRqu06i/QxJTTEj41InVSRBeIj6pG2oQJwoP5tuP4ZHRunBKJbmCQ2n6u+ODHGlRjw0lRzpgZr3JuJ/XjvV0YWfUZGkmgg8GxSlDJo7J1HAHpUEazYyBGFJza4QD5BEWJvASiYEd/7kRdI4qbpnVffutFK7yuMogkNQBsfABeegBm5BHXgAg0fwDF7Bm/VkvVjv1sestGDlPfvgD6zPHz+mk84=</latexit>

“AE” 7! “UAE”



VSA Intersection

U

ConCat./ ConCat./

x

“U”

ConCat./

“A”

“S”

U

ConCat./ ConCat./

x

“U”

ConCat./

“A”

“E”∩

Final Solution
<latexit sha1_base64="pzWiLjl7OXrVXETpYP749QsErUI=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM7QIFaUkLtRlsRuXFUxbaEI7mU7aoZNJmJmIIRT8CH/AjQtF3Pod7vo3Th8LbT1w4XDOvdx7jx8zKpVljY3cyura+kZ+s7C1vbO7Z+4fNGSUCEwcHLFItHwkCaOcOIoqRlqxICj0GWn6w9rEbz4QIWnE71UaEy9EfU4DipHSUsc8ylwRwlrEa0iNyt2uUzyHj6cds2RVrCngMrHnpFQtumfP42pa75jfbi/CSUi4wgxJ2batWHkZEopiRkYFN5EkRniI+qStKUchkV42PX8ET7TSg0EkdHEFp+rviQyFUqahrztDpAZy0ZuI/3ntRAXXXkZ5nCjC8WxRkDCoIjjJAvaoIFixVBOEBdW3QjxAAmGlEyvoEOzFl5dJ46JiX1bsO53GDZghD45BEZSBDa5AFdyCOnAABhl4AW/g3XgyXo0P43PWmjPmM4fgD4yvH1Jyl2U=</latexit>

ConCat(“U”, x)

Complexity of VSA intersection: O(V(VSA)2)



Finding Top-k Solutions in VSA

• Given a VSA  , and a scoring function 
  monotonic over the program structure

• Function    returns a set of programs 
corresponding to k highest values of h in   is defined as 
follows:

<latexit sha1_base64="bjgoBRSO0Ddt59LMkasioyAzcjc=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lE1GPRi8cKtlbaUDabSbt0Nwm7E6GE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmlldW19o7xZ2dre2d2r7h+0TZJpDi2eyER3AmZAihhaKFBCJ9XAVCDhIRjdTP2HJ9BGJPE9jlPwFRvEIhKcoZUeeyhkCHlz0q/W3Lo7A10mXkFqpECzX/3qhQnPFMTIJTOm67kp+jnTKLiESaWXGUgZH7EBdC2NmQLj57ODJ/TEKiGNEm0rRjpTf0/kTBkzVoHtVAyHZtGbiv953QyjKz8XcZohxHy+KMokxYROv6eh0MBRji1hXAt7K+VDphlHm1HFhuAtvrxM2md176Lu3Z3XGtdFHGVyRI7JKfHIJWmQW9IkLcKJIs/klbw52nlx3p2PeWvJKWYOyR84nz8IjZCQ</latexit>

P̃
<latexit sha1_base64="8RoFpCvp85eCbroFrXIkQlY/8TY=">AAACA3icbVDLSgMxFM34rPU16k43wSK4KjMiKq6KblxWsQ/oDCWTZtrQPIYkI5Sh4MZfceNCEbf+hDv/xkw7C209EDiccy+550QJo9p43rezsLi0vLJaWiuvb2xubbs7u00tU4VJA0smVTtCmjAqSMNQw0g7UQTxiJFWNLzO/dYDUZpKcW9GCQk56gsaU4yMlbru/gBewrqSfYU4DIyEAUdmEEXZ3bjrVryqNwGcJ35BKqBAvet+BT2JU06EwQxp3fG9xIQZUoZiRsblINUkQXiI+qRjqUCc6DCbZBjDI6v0YCyVfcLAifp7I0Nc6xGP7GR+oZ71cvE/r5Oa+CLMqEhSQwSefhSnDNqseSGwRxXBho0sQVhReyvEA6QQNra2si3Bn408T5onVf+s6t+eVmpXRR0lcAAOwTHwwTmogRtQBw2AwSN4Bq/gzXlyXpx352M6uuAUO3vgD5zPH82xlwI=</latexit>

h : Program ! R

<latexit sha1_base64="pwGMOdVTgRhoXGhUlvQgN7oECE4=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEClISEXVZdOOyQl/QhDCZTNuhM5kwMxFKCG78FTcuFHHrV7jzb5y2WWj1wIXDOfdy7z1hwqjSjvNllZaWV1bXyuuVjc2t7R17d6+jRCoxaWPBhOyFSBFGY9LWVDPSSyRBPGSkG45vpn73nkhFRdzSk4T4HA1jOqAYaSMF9kHmSQ5bIsmDUc3TlEUka+ancHwS2FWn7swA/xK3IFVQoBnYn14kcMpJrDFDSvVdJ9F+hqSmmJG84qWKJAiP0ZD0DY0RJ8rPZi/k8NgoERwIaSrWcKb+nMgQV2rCQ9PJkR6pRW8q/uf1Uz248jMaJ6kmMZ4vGqQMagGnecCISoI1mxiCsKTmVohHSCKsTWoVE4K7+PJf0jmruxd19+682rgu4iiDQ3AEasAFl6ABbkETtAEGD+AJvIBX69F6tt6s93lrySpm9sEvWB/fSsSWtg==</latexit>

Toph(P̃ , k)
<latexit sha1_base64="bjgoBRSO0Ddt59LMkasioyAzcjc=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lE1GPRi8cKtlbaUDabSbt0Nwm7E6GE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmlldW19o7xZ2dre2d2r7h+0TZJpDi2eyER3AmZAihhaKFBCJ9XAVCDhIRjdTP2HJ9BGJPE9jlPwFRvEIhKcoZUeeyhkCHlz0q/W3Lo7A10mXkFqpECzX/3qhQnPFMTIJTOm67kp+jnTKLiESaWXGUgZH7EBdC2NmQLj57ODJ/TEKiGNEm0rRjpTf0/kTBkzVoHtVAyHZtGbiv953QyjKz8XcZohxHy+KMokxYROv6eh0MBRji1hXAt7K+VDphlHm1HFhuAtvrxM2md176Lu3Z3XGtdFHGVyRI7JKfHIJWmQW9IkLcKJIs/klbw52nlx3p2PeWvJKWYOyR84nz8IjZCQ</latexit>

P̃

<latexit sha1_base64="J9q1HF0ldUnmo0peucpQvp85HWY="></latexit>

8i. h(Pi) > h(P 0
i ) =) h(F (P1, · · · , Pm)) > h(F (P 0

1, · · · , P 0
m))



Finding Top-k Solutions in VSA

<latexit sha1_base64="ariLfBDJmx8CVBz9PeuZlzhgUYY="></latexit>

Toph({P1, · · · , Pm}, k) , Select(h, k, {P1, · · · , Pm})
<latexit sha1_base64="3kZ/Dw+p7ezbZGUAvwoHjhphHmY="></latexit>

Toph(
[

(P̃1, · · · , P̃m), k) , Select(h, k,
n[

i=1

Toph(P̃i, k))

<latexit sha1_base64="N19u/UryvjuPRRIZLY+h4D3QWgA="></latexit>

Toph(F./(P̃1, · · · , P̃m), k) , Select(h, k, {F (P1, · · · , Pm) | Pi 2 Toph(P̃i, k)})

Pick top k elements among 
programs according to function h



PROSE Framework

Polozov et al. FlashMeta: A Framework for Inductive Program Synthesis, OOPSLA 2015



Instances of PROSE Framework
• Data wrangling

• Shipped with Microsoft Excel and Powershell

• Data extraction

• FlashExtract: A Framework for Data Extraction by Examples, PLDI’14

• Web Data Extraction using Hybrid Program Synthesis: A Combination 
of Top-down and Bottom-up Inference, SIGMOD’20

• Automated code refactoring

• On the Fly Synthesis of Edit Suggestions, OOPSLA’19

• Learning Syntactic Program Transformations from Examples, ICSE’17 
…



Pros and Cons of VSA-based Synthesis

• Pros: very efficient! 

• Shipped with commercial SW tools

• Cons: limited applicability

• Inverse semantics operators should be able to efficiently 
compute a finite pre-image

• Inverse semantics operators should generate strictly smaller  
subproblems.

• Need to limit depth of grammar otherwise



Three Data Structures

• Version Space Algebra (VSA)

• With Top-down search

• Finite Tree Automata (FTA)

• With Bottom-up search

• E-graph

• With Equality saturation



Example Problem
Example

N ::= id(V) | N + T | N * T
T ::= 2 | 3
V ::= x

Grammar Spec

1 Æ 9

From https://github.com/nadia-polikarpova/cse291-program-synthesis/



Finite Tree Automata

From https://github.com/nadia-polikarpova/cse291-program-synthesis/

Finite Tree Automata

ࣛ ൌ ܳ, ,ܨ ܳ௙, Δ

states

alphabet

final states

transitions

݂ሺݍଵ, … , ௡ሻݍ → ,+ ,idݍ *

𝐴, ℤ
𝐴 ∈ N, T, �

N, 9

+(<N,1>,<T,2>) Æ <N,3>
...



Finite Tree Automata Example

From https://github.com/nadia-polikarpova/cse291-program-synthesis/

Finite Tree Automata
[Wang, Dillig͕ SŝŶgh OOPSLA͚ ϭϳ΁

N ::= id(V) | N + T | N * T
T ::= 2 | 3
V ::= x

1 Æ 9
1

2

4

3

5

6

7

8

9

12

1
id

* 2

+ 3

+ 2

* 3

+ 3

* 3

* 3

* 2

+ 2 * 2 + 3

* 3

+ 2
+ 3

Synthesis of Data Completion Scripts using Finite Tree Automata . OOPSLA'17.

1:6 Xinyu Wang, Isil Dillig, and Rishabh Singh

Transitions
(1)

(2)

CFTA

Representation 
we use in 
examples

Fig. 4. The CFTA constructed for Example 2.3. We visualize the CFTA as a graph where nodes are labeled
with concrete values for symbols. Edges correspond to transitions and are labeled with the operator (i.e., + or
⇥) followed by the constant operand (i.e., 2 or 3). For example, for the upper two transitions shown in (1) on
the le�, the graphical representation is shown in (2). Moreover, to make our representation easier to view, we
do not include transitions that involve nullary functions in the graph. For instance, the transition q22 ! q2t in
(1) is not included in (2). A transition of the form f (qc1n ,q

c2
t ) ! qc3n is represented by an edge from a node

labeled c1 to another node labeled c3, and the edge is labeled by f followed by c2. For instance, the transition
+(q1n ,q

2
t ) ! q3n in (1) is represented by an edge from 1 to 3 with label +2 in (2).

Remark. In general, the tree automata constructed using the rules from Fig. 3 may have in�nitely
many states. As standard in synthesis literature [Polozov and Gulwani 2015; Solar-Lezama 2008],
we therefore assume that the size of programs under consideration should be less than a given
bound. In terms of the CFTA construction, this means we only add a state qÆc

s if the size of the
smallest tree accepted by the automaton (Q, F , {qÆc

s },�) is lower than the threshold.

Example 2.3. To see how to construct CFTAs, let us consider the following very simple toy DSL,
which only contains two constants and allows addition and multiplication by constants:

n := id(x) | n + t | n ⇥ t ;
t := 2 | 3;

Here, id is just the identity function. The CFTA representing the set of all DSL programs with at
most two + or ⇥ operators for the input-output example 1 ! 9 is shown in Fig. 4. For readability,
we use circles to represent states of the form qcn , diamonds to represent qcx and squares to represent
qct , and the number labeling the node shows the value of c . There is a state q1x since the value of x
is 1 in the provided example (Var rule). We construct transitions using the concrete semantics of
the DSL constructs (Prod rule). For instance, there is a transition id(q1x ) ! q1n because id(1) yields
value 1 for symbol n. Similarly, there is a transition +(q1n ,q2t ) ! q3n since the result of adding 1 and
2 is 3. The only accepting state is q9n since the start symbol in the grammar is n and the output
has value 9 for the given example. This CFTA accepts two programs, namely (id(x) + 2) ⇥ 3 and
(id(x) ⇥ 3) ⇥ 3. Observe that these are the only two programs with at most two + or ⇥ operators in
the DSL that are consistent with the example 1 ! 9.

3 ABSTRACT FINITE TREE AUTOMATA
In this section, we introduce abstract �nite tree automata (AFTA), which form the basis of the
synthesis algorithm that we will present in Section 4. However, since our approach performs
predicate abstraction over the concrete values of grammar symbols, we �rst start by reviewing some
requirements on the underlying abstract domain.

Proceedings of the ACM on Programming Languages, Vol. 1, No. POPL, Article 1. Publication date: January 2017.

https://www.cs.utexas.edu/~isil/dace.pdf


Finding a Best Solution from FTA

Gallo et al., Directed Hypergraphs and Applications. Discrete Appl. Math. 42, 2-3 (1993)

1. Prepare a compositional scoring function h     

             

2. Represent an FTA as a hyper graph, a generalization of graphs

• Nodes: FTA states,   edges: FTA transitions (nodes → node)

<latexit sha1_base64="U4T6z3mTkbt8o554S3X6tFeJlQs="></latexit>

h(F (P1, · · · , Pn)) = h(F ) +
nX

i=1

h(Pi)

<latexit sha1_base64="a2yyXsNBYhvS3QEnD5/tAMzgnpU=">AAAB/nicbVBNSwMxEJ31s9avVfHkJVgED1J2RdRj0YvHCvYDuqVk02kbms0uSVYoS8G/4sWDIl79Hd78N6btHrT1wcDLezNk5oWJ4Np43reztLyyurZe2Chubm3v7Lp7+3Udp4phjcUiVs2QahRcYs1wI7CZKKRRKLARDm8nfuMRleaxfDCjBNsR7Uve44waK3Xcw0BQ2RdI6mfEJ4GaPTpuySt7U5BF4uekBDmqHfcr6MYsjVAaJqjWLd9LTDujynAmcFwMUo0JZUPax5alkkao29l0/TE5sUqX9GJlSxoyVX9PZDTSehSFtjOiZqDnvYn4n9dKTe+6nXGZpAYlm33USwUxMZlkQbpcITNiZAllittdCRtQRZmxiRVtCP78yYukfl72L8v+/UWpcpPHUYAjOIZT8OEKKnAHVagBgwye4RXenCfnxXl3PmatS04+cwB/4Hz+ADMclFo=</latexit>

hV, 1i

<latexit sha1_base64="L55rPLH0Hoe/kmJlRp0fX1LrQ2g=">AAAB/nicbVBNSwMxEJ2tX7V+VcWTl2ARPEjZLaIei148VmhtobuUbDptQ7PZJckKZSn4V7x4UMSrv8Ob/8b046CtDwZe3pshMy9MBNfGdb+d3Mrq2vpGfrOwtb2zu1fcP3jQcaoYNlgsYtUKqUbBJTYMNwJbiUIahQKb4fB24jcfUWkey7oZJRhEtC95jzNqrNQpHvmCyr5AUj8nFeKr2aNTLLlldwqyTLw5KcEctU7xy+/GLI1QGiao1m3PTUyQUWU4Ezgu+KnGhLIh7WPbUkkj1EE2XX9MTq3SJb1Y2ZKGTNXfExmNtB5Foe2MqBnoRW8i/ue1U9O7DjIuk9SgZLOPeqkgJiaTLEiXK2RGjCyhTHG7K2EDqigzNrGCDcFbPHmZPFTK3mXZu78oVW/mceThGE7gDDy4gircQQ0awCCDZ3iFN+fJeXHenY9Za86ZzxzCHzifPzGJlFk=</latexit>

hT, 2i

<latexit sha1_base64="vbByfogcBUtPbR0dWt/yz08Km6Q=">AAAB/nicbVBNSwMxEJ31s9avqnjyEiyCBym7Kuqx6MVjhX5Bt5RsOm1Ds9klyQplKfhXvHhQxKu/w5v/xrTdg7Y+GHh5b4bMvCAWXBvX/XaWlldW19ZzG/nNre2d3cLefl1HiWJYY5GIVDOgGgWXWDPcCGzGCmkYCGwEw7uJ33hEpXkkq2YUYzukfcl7nFFjpU7h0BdU9gWS6hm5IL6aPTqFoltypyCLxMtIETJUOoUvvxuxJERpmKBatzw3Nu2UKsOZwHHeTzTGlA1pH1uWShqibqfT9cfkxCpd0ouULWnIVP09kdJQ61EY2M6QmoGe9ybif14rMb2bdsplnBiUbPZRLxHERGSSBelyhcyIkSWUKW53JWxAFWXGJpa3IXjzJy+S+nnJuyp5D5fF8m0WRw6O4BhOwYNrKMM9VKAGDFJ4hld4c56cF+fd+Zi1LjnZzAH8gfP5AzMWlFo=</latexit>

hT, 3i

<latexit sha1_base64="QC7DANpgAzlC734bTOAguGmZh6k=">AAAB/nicbVBNSwMxEJ2tX7V+VcWTl2ARPEjZFVGPRS+epIL9gHYp2XTahmazS5IVylLwr3jxoIhXf4c3/41puwdtfTDw8t4MmXlBLLg2rvvt5JaWV1bX8uuFjc2t7Z3i7l5dR4liWGORiFQzoBoFl1gz3AhsxgppGAhsBMObid94RKV5JB/MKEY/pH3Je5xRY6VO8aAtqOwLJHenxCNtNXt0iiW37E5BFomXkRJkqHaKX+1uxJIQpWGCat3y3Nj4KVWGM4HjQjvRGFM2pH1sWSppiNpPp+uPybFVuqQXKVvSkKn6eyKlodajMLCdITUDPe9NxP+8VmJ6V37KZZwYlGz2US8RxERkkgXpcoXMiJEllCludyVsQBVlxiZWsCF48ycvkvpZ2bsoe/fnpcp1FkceDuEITsCDS6jALVShBgxSeIZXeHOenBfn3fmYteacbGYf/sD5/AEmnJRS</latexit>

hN, 1iid
<latexit sha1_base64="SlkTvUFGBsVc9KROFFDgDv089Kw=">AAAB/nicbVDLSgNBEOz1GeMrKp68DAbBg4RdFfUY9OJJIpgHZJcwO+kkQ2Znl5lZISwBf8WLB0W8+h3e/Bsnj4MmFjTUVHUz3RUmgmvjut/OwuLS8spqbi2/vrG5tV3Y2a3pOFUMqywWsWqEVKPgEquGG4GNRCGNQoH1sH8z8uuPqDSP5YMZJBhEtCt5hzNqrNQq7PuCyq5AcndCzoivJo9WoeiW3DHIPPGmpAhTVFqFL78dszRCaZigWjc9NzFBRpXhTOAw76caE8r6tItNSyWNUAfZeP0hObJKm3RiZUsaMlZ/T2Q00noQhbYzoqanZ72R+J/XTE3nKsi4TFKDkk0+6qSCmJiMsiBtrpAZMbCEMsXtroT1qKLM2MTyNgRv9uR5UjsteRcl7/68WL6expGDAziEY/DgEspwCxWoAoMMnuEV3pwn58V5dz4mrQvOdGYP/sD5/AEptpRU</latexit>

hN, 3i

+

*
*

<latexit sha1_base64="ofBqk4779AegxkvTq9us+6AGrF8=">AAAB/nicbVDJSgNBEK1xjXGLiicvjUHwIGFGxOUW9OJJIpgFMkPo6VSSJj09Q3ePEIaAv+LFgyJe/Q5v/o2d5aCJDwpev1dFV70wEVwb1/12FhaXlldWc2v59Y3Nre3Czm5Nx6liWGWxiFUjpBoFl1g13AhsJAppFAqsh/2bkV9/RKV5LB/MIMEgol3JO5xRY6VWYd8XVHYFkrsTckV8NXm0CkW35I5B5ok3JUWYotIqfPntmKURSsME1brpuYkJMqoMZwKHeT/VmFDWp11sWipphDrIxusPyZFV2qQTK1vSkLH6eyKjkdaDKLSdETU9PeuNxP+8Zmo6l0HGZZIalGzyUScVxMRklAVpc4XMiIEllCludyWsRxVlxiaWtyF4syfPk9ppyTsvefdnxfL1NI4cHMAhHIMHF1CGW6hAFRhk8Ayv8OY8OS/Ou/MxaV1wpjN78AfO5w8zBJRa</latexit>

hN, 9i

<latexit sha1_base64="kwxFsgiWBWvjsPg1rVhffUV/1EE=">AAACMnicbVBLSwMxGMz6rPW16tFLsAgVS9mtoh6LXvQiFfqC7lKyadqGZrNLkhXK0t/kxV8ieNCDIl79EabbLdTWgcBk5vtIZryQUaks681YWl5ZXVvPbGQ3t7Z3ds29/boMIoFJDQcsEE0PScIoJzVFFSPNUBDke4w0vMHN2G88EiFpwKtqGBLXRz1OuxQjpaW2eXeadxjiPUZgtQBL0BHJpQCn6n0B2lP1BDoqmHXOpg6EsG3mrKKVAC4SOyU5kKLSNl+cToAjn3CFGZKyZVuhcmMkFMWMjLJOJEmI8AD1SEtTjnwi3TiJPILHWunAbiD04Qom6uxGjHwph76nJ32k+nLeG4v/ea1Ida/cmPIwUoTjyUPdiEEdfNwf7FBBsGJDTRAWVP8V4j4SCCvdclaXYM9HXiT1UtG+KNoP57nydVpHBhyCI5AHNrgEZXALKqAGMHgCr+ADfBrPxrvxZXxPRpeMdOcA/IHx8wvY+6ZI</latexit>

+(hT, 2i, hN, 1i) ! hN, 3i



Finding a Best Solution from FTA

Gallo et al., Directed Hypergraphs and Applications. Discrete Appl. Math. 42, 2-3 (1993)

3. Finding a minimum weight path

<latexit sha1_base64="a2yyXsNBYhvS3QEnD5/tAMzgnpU=">AAAB/nicbVBNSwMxEJ31s9avVfHkJVgED1J2RdRj0YvHCvYDuqVk02kbms0uSVYoS8G/4sWDIl79Hd78N6btHrT1wcDLezNk5oWJ4Np43reztLyyurZe2Chubm3v7Lp7+3Udp4phjcUiVs2QahRcYs1wI7CZKKRRKLARDm8nfuMRleaxfDCjBNsR7Uve44waK3Xcw0BQ2RdI6mfEJ4GaPTpuySt7U5BF4uekBDmqHfcr6MYsjVAaJqjWLd9LTDujynAmcFwMUo0JZUPax5alkkao29l0/TE5sUqX9GJlSxoyVX9PZDTSehSFtjOiZqDnvYn4n9dKTe+6nXGZpAYlm33USwUxMZlkQbpcITNiZAllittdCRtQRZmxiRVtCP78yYukfl72L8v+/UWpcpPHUYAjOIZT8OEKKnAHVagBgwye4RXenCfnxXl3PmatS04+cwB/4Hz+ADMclFo=</latexit>

hV, 1i

<latexit sha1_base64="L55rPLH0Hoe/kmJlRp0fX1LrQ2g=">AAAB/nicbVBNSwMxEJ2tX7V+VcWTl2ARPEjZLaIei148VmhtobuUbDptQ7PZJckKZSn4V7x4UMSrv8Ob/8b046CtDwZe3pshMy9MBNfGdb+d3Mrq2vpGfrOwtb2zu1fcP3jQcaoYNlgsYtUKqUbBJTYMNwJbiUIahQKb4fB24jcfUWkey7oZJRhEtC95jzNqrNQpHvmCyr5AUj8nFeKr2aNTLLlldwqyTLw5KcEctU7xy+/GLI1QGiao1m3PTUyQUWU4Ezgu+KnGhLIh7WPbUkkj1EE2XX9MTq3SJb1Y2ZKGTNXfExmNtB5Foe2MqBnoRW8i/ue1U9O7DjIuk9SgZLOPeqkgJiaTLEiXK2RGjCyhTHG7K2EDqigzNrGCDcFbPHmZPFTK3mXZu78oVW/mceThGE7gDDy4gircQQ0awCCDZ3iFN+fJeXHenY9Za86ZzxzCHzifPzGJlFk=</latexit>

hT, 2i

<latexit sha1_base64="vbByfogcBUtPbR0dWt/yz08Km6Q=">AAAB/nicbVBNSwMxEJ31s9avqnjyEiyCBym7Kuqx6MVjhX5Bt5RsOm1Ds9klyQplKfhXvHhQxKu/w5v/xrTdg7Y+GHh5b4bMvCAWXBvX/XaWlldW19ZzG/nNre2d3cLefl1HiWJYY5GIVDOgGgWXWDPcCGzGCmkYCGwEw7uJ33hEpXkkq2YUYzukfcl7nFFjpU7h0BdU9gWS6hm5IL6aPTqFoltypyCLxMtIETJUOoUvvxuxJERpmKBatzw3Nu2UKsOZwHHeTzTGlA1pH1uWShqibqfT9cfkxCpd0ouULWnIVP09kdJQ61EY2M6QmoGe9ybif14rMb2bdsplnBiUbPZRLxHERGSSBelyhcyIkSWUKW53JWxAFWXGJpa3IXjzJy+S+nnJuyp5D5fF8m0WRw6O4BhOwYNrKMM9VKAGDFJ4hld4c56cF+fd+Zi1LjnZzAH8gfP5AzMWlFo=</latexit>

hT, 3i

<latexit sha1_base64="QC7DANpgAzlC734bTOAguGmZh6k=">AAAB/nicbVBNSwMxEJ2tX7V+VcWTl2ARPEjZFVGPRS+epIL9gHYp2XTahmazS5IVylLwr3jxoIhXf4c3/41puwdtfTDw8t4MmXlBLLg2rvvt5JaWV1bX8uuFjc2t7Z3i7l5dR4liWGORiFQzoBoFl1gz3AhsxgppGAhsBMObid94RKV5JB/MKEY/pH3Je5xRY6VO8aAtqOwLJHenxCNtNXt0iiW37E5BFomXkRJkqHaKX+1uxJIQpWGCat3y3Nj4KVWGM4HjQjvRGFM2pH1sWSppiNpPp+uPybFVuqQXKVvSkKn6eyKlodajMLCdITUDPe9NxP+8VmJ6V37KZZwYlGz2US8RxERkkgXpcoXMiJEllCludyVsQBVlxiZWsCF48ycvkvpZ2bsoe/fnpcp1FkceDuEITsCDS6jALVShBgxSeIZXeHOenBfn3fmYteacbGYf/sD5/AEmnJRS</latexit>

hN, 1iid
<latexit sha1_base64="SlkTvUFGBsVc9KROFFDgDv089Kw=">AAAB/nicbVDLSgNBEOz1GeMrKp68DAbBg4RdFfUY9OJJIpgHZJcwO+kkQ2Znl5lZISwBf8WLB0W8+h3e/Bsnj4MmFjTUVHUz3RUmgmvjut/OwuLS8spqbi2/vrG5tV3Y2a3pOFUMqywWsWqEVKPgEquGG4GNRCGNQoH1sH8z8uuPqDSP5YMZJBhEtCt5hzNqrNQq7PuCyq5AcndCzoivJo9WoeiW3DHIPPGmpAhTVFqFL78dszRCaZigWjc9NzFBRpXhTOAw76caE8r6tItNSyWNUAfZeP0hObJKm3RiZUsaMlZ/T2Q00noQhbYzoqanZ72R+J/XTE3nKsi4TFKDkk0+6qSCmJiMsiBtrpAZMbCEMsXtroT1qKLM2MTyNgRv9uR5UjsteRcl7/68WL6expGDAziEY/DgEspwCxWoAoMMnuEV3pwn58V5dz4mrQvOdGYP/sD5/AEptpRU</latexit>

hN, 3i

+

*
*

<latexit sha1_base64="ofBqk4779AegxkvTq9us+6AGrF8=">AAAB/nicbVDJSgNBEK1xjXGLiicvjUHwIGFGxOUW9OJJIpgFMkPo6VSSJj09Q3ePEIaAv+LFgyJe/Q5v/o2d5aCJDwpev1dFV70wEVwb1/12FhaXlldWc2v59Y3Nre3Czm5Nx6liWGWxiFUjpBoFl1g13AhsJAppFAqsh/2bkV9/RKV5LB/MIMEgol3JO5xRY6VWYd8XVHYFkrsTckV8NXm0CkW35I5B5ok3JUWYotIqfPntmKURSsME1brpuYkJMqoMZwKHeT/VmFDWp11sWipphDrIxusPyZFV2qQTK1vSkLH6eyKjkdaDKLSdETU9PeuNxP+8Zmo6l0HGZZIalGzyUScVxMRklAVpc4XMiIEllCludyWsRxVlxiaWtyF4syfPk9ppyTsvefdnxfL1NI4cHMAhHIMHF1CGW6hAFRhk8Ayv8OY8OS/Ou/MxaV1wpjN78AfO5w8zBJRa</latexit>

hN, 9i



Comparison to Bottom-Up Search

Milter et al., Bottom-Up Synthesis of Recursive Functional Programs, POPL 2022

• More size-efficient: sub-terms in the bank are replicated, 
while in the FTA they are shared

• Can store all terms, not just one representative per class 

• Can construct one FTA per example and intersect or 
construct one FTA from multiple examples 
simultaneously

Wang et al., Program Synthesis using Abstraction Refinement, POPL 2018



State Explosion in FTA

• Too many states generated while constructing an FTA!

• Idea: one state = one value ⇨ one state = multiple values 

via abstraction

• e.g., {2, 4, 6, 8. .. } → even number

• Computations with abstract values — abstract 
interpretation



FTA + Abstraction
Abstract FTA

[Wang, Dillig͕ SiŶgh POPL͚ ϭϴ΁

N ::= id(V) | N + T | N * T
T ::= 2 | 3
V ::= x

1 Æ 9
odd1

id

+ 2

+ 3

even

* 3

+ 2

* 3
* 2

+ 3* 2

In the paper:
• different abstractions
• refining the abstractions to eliminate spurious paths

Program Synthesis using Abstraction Refinement. POPL'18.

From https://github.com/nadia-polikarpova/cse291-program-synthesis/

https://www.cs.utexas.edu/~isil/blaze.pdf


Three Data Structures

• Version Space Algebra (VSA)

• With Top-down search

• Finite Tree Automata (FTA)

• With Bottom-up search

• E-graph

• With Equality saturation



Equality Saturation

User Intent: How to describe correctness specifications

Search Strategy Search Space

Input-output examples

Logical formulas 

Reference Implementation 
Natural language description, etc.

Enumeration + pruning 
Top-down propagation  
Stochastic search

Constraint solving

Grammar

Components

Rewrite rules



Background: Program Optimization

• Modifying a program to make it work more efficiently

• Less memory, less power consumption, better speed, etc. 

• By applying rewrite (i.e., transformation) rules

Constant folding Deadcode elimination



Background: Phase Ordering Problem

When multiple rewrite rules are applicable, different 
orderings of rules may lead to different results

Constant folding Deadcode elimination

Constant foldingDeadcode elimination

VS



Equality Saturation

• A solution to the phase ordering problem

• Obtain results of all possible orderings and extract the 
best one among them

• Enabled by E-graph, a very efficient data structure 

• E-graph = e-nodes + e-classes

• E-classes = set of e-nodes 

• E-node = a node whose children are e-classes



E-graph

 ≪

 n  1

 /

 2

 ×

 ×  /

ecn

ec2n ec1

ec2

1 2

3 4 5

6 7 8
 a

• E-node (bold): expressions with sub-expressions 
represented by children e-classes

• E-class (doted): semantically equivalent e-nodes

(a x 2) / 2 

(a << 1) / 2 

((a x (2/2)) << 1) / 2 

1 x a

(2/2) x a
1 x 1 x a

1 x 1 x 1 x a
…



E-graph

 ≪

 a  1

 /

 2

 ×

 ×  /

ecn

ec2n ec1

ec2

1 2

3 4 5

6 7 8

S1

S2

S3

S4

E-graph ≅ Grammar representing semantically equivalent 

exprs (E-class ≅ non-terminal, E-node ≅ production rule) 



How to Obtain E-graph?

• Goal : given an expression and rewrite rules, find all 
semantically equivalent rule

• Repeat the following step until saturation 

• Match: fi nd e-node to which a rule can be applied

• Add: add a new e-node into the e-graph

• Merge: merge the existing and the new e-nodes into 
an e-class

• Get the best expression according to a score metric



Match



Add



Merge



Repeat



Extract
• Extract an expression of the best score

• e.g., greedy method using scores assigned for each kind of e-node

10

3 3 3
1 0



Egg

• A high-performance library for equality saturation

• https://egraphs-good.github.io/ 

• Various optimizers based on equality saturation

• Tensat: deep learning computation graph optimizer

• SPORES: linear algebra expression optimizer

• Herbie: floating point expression optimizer

• …

https://egraphs-good.github.io/


Summary

• Multiple solutions stored in a size-efficient data structure

• Version space algebra (VSA), finite tree automata (FTA), e-
graph

• Enable to find an optimal solution with an advanced search 
algorithm (as explicit enumeration for finding an optimal 
solution is often infeasible)

• Top-down propagation 

• Abstract interpretation 

• Equality saturation


