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Multiple Solutions in a Search Space

® So far: how to find a solution satisfying a spec
® How can we find an optimal solution among multiple ones!?

® optimal: determined by a measure (e.g., complexity, size,
naturality, etc)

® hard to find a “global optimum” due to infinite search space

* Need to efficiently explore multiple solution candidates and
pick the best one



Three Data Structures

o Version Space Algebra (VSA)
¢ With Top-down search
® Finite Tree Automata (FTA)
¢ With Bottom-up search
® E-graph

e With Equality saturation



Two Data Structures

® Version Space Algebra (VSA)
¢ With Top-down search
® Finite Tree Automata (FTA)
¢ With Bottom-up search
e E-graph

e With Equality saturation



Version Space

o Set of all hypotheses consistent with observed data
* Hypothesis space H: space of possible functions in—out
e Version spaceVSyp € H

e D:set of I/O examples {(ij,0j)}

® heVSup < V(i,0) e D.h(i) = o

Mitchell et al., Generalization as search. Al 1982



Version Space Algebra

® A set of operations to manipulate and compose version spaces

¢ Compact symbolic representations for the version spaces

(without explicitly enumerating hypotheses) — efficient!
e Operations:
® |earn (i, 0) : create a version space fori = o

e VS, uVS2 VS| nV$§;

® Pick VS : pick the best one from VS

Lau et al., Version space algebra and its application to programming by example. ICML 2000



Syntax

~

p:{Pla7Pk}‘u(p177ﬁk)‘Fl><l(pla7Pk)
AN /\ =D w

Direct Set Union: “symbolize” Join: “symbolize” relational
union of multiple VSs join of multiple argument
‘ ’ VSs

“Symbolize”. just a representation without any actual union/join operation



Semantics

Program P belongs to VSA P (P € P ) iff

o P:{Plv aPk},Piseitheroneofpla“‘aPk

~ ~ ~

o P=U(P1, -+, P) p belongs to either one of P1,-+-

~ ~ ~

° P:FN(Plv'”7P/€),P=F(P17°"7Pk) PZGPZ

’



VSA as a Graph

Direct set

Union node

Join node
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VSA Example

e Set of programs outputting string “425” when string
concatenation operator (Concat) is allowed

{ “425", Concat(“4", "25"),
Concat(”“42", "“5"),
Concat(”4"”, Concat(“2, 5")),
Concat (Concat(“4"”, “2"), *“5"),

}

as a VSA



VSA Example

Concatx {“425”} Concatxx]
{"257} Concatm Concatm {“42”}
{"2’ } { 573 |{"4 } { 2"}

Concatx(VS1, VS2) = {Concat(Pi, P2) | P1EVS1, P2€VS2}




VSA Example

Duplicated nodes

{“4”

Concatx {“425"} Concatx
{257} Concatx Concatx {“42”}
Y\ / \

{“2”} {“57}| 1{“47}| | {"2"}




VSA Example

Deduplication

Concatx {“425”} Concatx

{"257} Concatx Concatx

{"47}

e

{“5”}




Complexity

o V(VSA): # of nodes in VSA
o |VSA|:# of programs in VSA

o V(VSA) = O( log [VSA| )



How to Construct VSAS?

¢ Jop-down propagation (a.k.a top-down deduction)
e Excel FlashFill

e Gulwani: Automating string processing in spreadsheets
using input-output examples. POPL 201 .



Example

e Goal: synthesize / that concatenates “U” and string =

.s

o LS] Spec

Syntax:
S — x| ConCat(S,S) | ConstStr

Semantics:

f(((SA??) — CCUSA?? /\ f(“AE??) — CCUAE??

Solution: ConCat(“U”, x)



Top-Down Propagation

e |f a program of form Fer, -, ex) outputs O, what should
the argument expressions €1, * " * ; €k output respectively?

® Inverse semantics operator
(a.k.a witness function)

F_l(O):{(alv'” yag) | Fay, - ,ar) = o}

® Possible inputs (inverse-set or pre-image):

e.g., COHC&t_l(“USA”) — {(cc(]w7 “SA”), (“US”, ccAw)}



Top-Down Propagation

/-/Z\
CCSA?? — CCUSA??

l
S

'

ConCat (S1 ; SQ)

Nonterminal Symbol
e—— Constraint on a nonterminal symbol
— > One step derivation
Solution directly derived




Top-Down Propagation

/-/Z\
CCSA?? — CCUSA??

l
S

'

ConCat (S1 ; SQ)

ConCat—l(ccUSAn) — {(cch’ “SA”), (“US”, ccAn)}

Nonterminal Symbol
e—— Constraint on a nonterminal symbol
— > One step derivation
Solution directly derived




Top-Down Propagation

/'/Z\

CCSA?? H CCUSA??
‘
S

'

ConCat(Sl, SQ)

\Y

Z.H “SA” ZH ccUS”_.Sl S2°_’L S ccA”

i “U”_‘Sl SQ'_

Nonterminal Symbol
e—— (Constraint on a nonterminal symbol
— > One step derivation
Solution directly derived




Top-Down Propagation

()

—~

“SA?? —> C(USA??
‘
S

l

ConCat(S1, S52)
|
Vv

i = ‘U851 Sae—t— “SA”||i = “US S Sa—ir— “A”

/ \ / C(A?)

COIlCat(Sl, SQ)

/

N ccUn_.Sl SQ’_Z — “S”
\

(CU?? CCS??

Nonterminal Symbol
e—— Constraint on a nonterminal symbol
— > One step derivation
Solution directly derived




VSA Construction

~ =
(CSA” +_> (CUSA” U
l
S
'
ConCat(S5y, S
P, 52) ConCatpy ConCaty
- . N\
7 —> “U”—.k?l S’\2._Z — “9A7 PRI CCUS”_.Sl S2°_Z — ¢ A7 T / “A??
/ ConCatos
ConCat(S7, S2)
_ \ \
1 +— “U”—'Sl SQ'_’LI—> “g
\

|

44 7
|ccU77| | “S” l “U” S




Similarly for the Other Example

7: H CCU??

()

~
(CAE” H CCUAE??
:
S
,
ConCat(S1,S2)
\%

T

i =< AR K HCCUA,,)

_'Sl SQ‘_Z Ny

/ E
ConCat(Sl, Sg)
- W T / \
1= “U —cSl SZ'_Z.H“A”

CCA77




VSA Construction

Z‘ % “U”

2

~ =

CCAE” H CCUAE7

.
S

'

ConCat (Sl , Sg)

l
\

,I: H“AE” ’l: |%“(]‘{4.” )_.Sl SZ._?: H“E”

»

(CE??

ConCat (Sl , Sg)

\

KN cch_.Sl 52._2 |—)“A”
\

|

CCU?? (CA??

U
ConCatpq ConCatpq
e
ConCatyg
T

(CE??




VSA Intersection

U
ConCatpyg ConCatyq
S
ConCatyg

Complexity of VSA intersection: O(V(VSA)?)

Final Solution
ConCat(“U”, x)

U
ConCatyg ConCatyg
0 Q e
ConCatyq
. .




Finding Top-k Solutions in VSA

e Given aVSA P,and a scoring function
h : Program — R monotonic over the program structure

Vi. h(P;) > h(P!) = h(F(Py,---,P,)) > h(F(P],---,P))

e Function 10D, (P, k) returns a set of programs
corresponding to k highest values of h in P is defined as
follows:



Finding Top-k Solutions in VSA

Pick top k elements among
programs according to function h

V

Toph({P17 "t 7Pm}7k) = SeleCt(h7k7 {P17 S 7Pm})

~

Topy, (| J(P1, -+, Pm), k) £ Select(h, k, | | Top,, (P, k))
1=1

~

Top,, (Foa(P1, -+, Pp), k) & Select(h, k, {F(P1,--- ,Py,) | P; € Top, (P;, k)})



PROSE Framework

Ranking function

Grammar r :: Program -> Int
A ::= f(B, C) | ...
B ::=g(D, E) | ...
Semantics PROSE VSA learning
> .
f:: (B, C) ->A framework algorithm
f (b, c) = ...

Inverse semantics

f1:: A -> {(B, O)}
fla=...

https://microsoft.github.io/prose/

Polozov et al. FlashMeta: A Framework for Inductive Program Synthesis, OOPSLA 2015



Instances of PROSE Framework

e Data wrangling
e Shipped with Microsoft Excel and Powershell
e Data extraction
® FlashExtract: A Framework for Data Extraction by Examples, PLDI’ 14

® Web Data Extraction using Hybrid Program Synthesis: A Combination
of Top-down and Bottom-up Inference, SIGMOD’20

e Automated code refactoring
® On the Fly Synthesis of Edit Suggestions, OOPSLA’19

® |earning Syntactic Program Transformations from Examples, ICSE’ |7



Pros and Cons of VSA-based Synthesis

e Pros: very efficient!
e Shipped with commercial SWV tools
e Cons: limited applicability

¢ Inverse semantics operators should be able to efficiently
compute a finite pre-image

® |nverse semantics operators should generate strictly smaller

subproblems.

e Need to limit depth of grammar otherwise



Three Data Structures

e Version Space Algebra (VSA)
¢ With Top-down search
® Finite Tree Automata (FTA)
¢ With Bottom-up search
e E-graph

e With Equality saturation



Example Problem

Grammar Spec
= id(V) | N+ T | N * T > 9
=2 | 3
= X

From https://github.com/nadia-polikarpova/cse291-program-synthesis/



Finite Tree Automata

(A, Z) N, 9
A€ WN,T,X] states final states{< g
\ /
A =(Q,F,Qr, L)
N
alphabet transitions
id, +, * f(qu - qn) 2 q

+(<N,1>,<T,2>) =2 <N, 3>

From https://github.com/nadia-polikarpova/cse291-program-synthesis/



Finite Tree Automata Example

N i:=dd(V) | N+ T | N*T ()

V :: X<> 3

*
| ] D
1 2> 9 id _|_
(L :
" id(qy) = qy  +(qn.q7) = g5 e 2 <
Transitions / y l' ;o | % @
v S e-ay
, \ [ \ «[3
! \ [ l |
I \ | l \
| \ | l |
\ \ | | l
\ \\ | l l
: \ / l /
Representation
we use in i +
examples
(2)

Synthesis of Data Completion Scripts using Finite Tree Automata . OOPSLA'17.

From https://github.com/nadia-polikarpova/cse291-program-synthesis/


https://www.cs.utexas.edu/~isil/dace.pdf

Finding a Best Solution from FTA

|. Prepare a compositional scoring function h

h(F(Py,---,Pn)) :h(F)+zn:h(Pi)

2. Represent an FTA as a hyper graph, a generalization of graphs

®* Nodes: FTA states, edges: FTA transitions (nodes — node)

o= H(T2), (N, 1) = (V.3)

Gallo et al., Directed Hypergraphs and Applications. Discrete Appl. Math. 42, 2-3 (1993)



Finding a Best Solution from FTA

3. Finding 2 minimum weight path

Gallo et al., Directed Hypergraphs and Applications. Discrete Appl. Math. 42, 2-3 (1993)



Comparison to Bottom-Up Search

®* More size-efficient: sub-terms in the bank are replicated,
while in the FTA they are shared

e Can store all terms, not just one representative per class

e Can construct one FTA per example and intersect or
construct one FTA from multiple examples
simultaneously

Wang et al., Program Synthesis using Abstraction Refinement, POPL 2018
Milter et al., Bottom-Up Synthesis of Recursive Functional Programs, POPL 2022



State Explosion in FTA

® Joo many states generated while constructing an FTA!

¢ |dea: one state = one value = one state = multiple values

via abstraction
® eg,{2,4,6,8...} = even number

e Computations with abstract values — abstract
interpretation



FTA + Abstraction

N ii=dd(V) | N+ T | N*T (O
T ::=2 | 3

V::=x<> 12
*|3
129 id +
even
*

In the paper:
e different abstractions
* refining the abstractions to eliminate spurious paths

UUII\) No

Program Synthesis using Abstraction Refinement. POPL'18.

From https://github.com/nadia-polikarpova/cse291-program-synthesis/


https://www.cs.utexas.edu/~isil/blaze.pdf

Three Data Structures

e Version Space Algebra (VSA)
¢ With Top-down search
® Finite Tree Automata (FTA)
¢ With Bottom-up search
e F-graph

e With Equality saturation



Equality Saturation

User Intent: How to describe correctness specifications

t Input-output examples

{ Logical formulas

I Reference Implementation
i Natural language description, etc. |

i Grammar
| Components
it Rewrite rules

o ORI VE USSPV RISR OO,

 Enumeration + pruning |
{ Top-down propagation |
' Stochastic search ‘
{ Constraint solving !

Search Strategy Search Space



Background: Program Optimization

® Modifying a program to make it work more efficiently
® | ess memory, less power consumption, better speed, etc.

e By applying rewrite (i.e., transformation) rules

int x = 14: int x = 14;
inty=7-x/ 2; » int y = 0; » return 0;
return y x (28 / x + 2); return 0;

A A

Constant folding Deadcode elimination




Background: Phase Ordering Problem

When multiple rewrite rules are applicable, different
orderings of rules may lead to different results

int x = 14; int x = 14;
inty=7-x/ 2; » int y = 0; » return 0;
return y x (28 / x + 2); return 0;
Constant folding Deadcode elimination
int x = 14; int x = 14; int x = 14;
inty=7-x/ 2; »inty=7-Xx/ 2; » int y = 0;
return y x (28 / x + 2); return y x (28 / x + 2); return 0;

A

Deadcode elimination Constant folding




Equality Saturation

e A solution to the phase ordering problem

e Obtain results of all possible orderings and extract the
best one among them

 Enabled by E-graph, a very efficient data structure
® E-graph = e-nodes + e-classes
® E-classes = set of e-nodes

¢ E-node = a node whose children are e-classes



E-graph

® E-node (bold): expressions with sub-expressions
represented by children e-classes

® E-class (doted): semantically equivalent e-nodes

llllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllll

1xa
(2/2) x a
1x1xa

(ax2)/2

(a<<1)/2
1x1x1xa

(ax(2/2)) << 1)/ 2

*
----------------------------------------




E-graph

E-graph = Grammar representing semantically equivalent

exprs (E-class = non-terminal, E-node = production rule)

—

—

I =1

Sy /| S4
51*53



How to Obtain E-graph?

® (Goal : given an expression and rewrite rules, find all
semantically equivalent rule

e Repeat the following step until saturation
e Match:find e-node to which a rule can be applied
e Add:add a new e-node into the e-graph

e Merge: merge the existing and the new e-nodes into
an e-class

e Get the best expression according to a score metric



Match

rule (1): (01 Av)Av)Avy — (V1 Avy) Avg) A (Vg & vy) & Us3)
rule (2): (01 Av)Av3)Avy — (V1 Avy) A (v3 A vy)

rule (3) : (vi®vy) — 0

rule (4) : (v1A0) — 0

ematch(roor)
- A
Cp - ((x; Ax)) Axy) A((x, B x3) @ (x; D x3))

Cy ¢ (X AXxp) A((x @ x3) A X3))
\_ Y,




Add

¢ :h((.x, A {2) A x3) A ((x; B x3) B (x, D x3))

‘--——-;"lo-'
-
%]
@
¢
3,
@
)
L)
&2
-
2,




Merge

Cy root Cy merge(root, ¢y, ¢,)

----------------------------------------- .

-------------
-----------

-------------

--------------
----------------------------




Repeat

e mEEEEEEEE,
. G NN NN NN NI NN NN NN EEEE NN NN NEEEENNNEEEEEEEEEEEE,

1 | A A Al

euEEEEEEEEE,

3
»
n




Extract

® Extract an expression of the best score

® e.g., greedy method using scores assignhed for each kind of e-node

IIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIII
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Egg

® A high-performance library for equality saturation

® https://egraphs-good.github.io/

® Various optimizers based on equality saturation
® Tensat: deep learning computation graph optimizer
o SPORES: linear algebra expression optimizer

e Herbie: floating point expression optimizer


https://egraphs-good.github.io/

Summary

e Multiple solutions stored in a size-efficient data structure

e Version space algebra (VSA), finite tree automata (FTA), e-
graph

e Enable to find an optimal solution with an advanced search
algorithm (as explicit enumeration for finding an optimal
solution is often infeasible)

e Jop-down propagation
e Abstract interpretation

e Equality saturation



