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Inductive Synthesis via Enumeration

User Intent: How to describe correctness specifications

Search Strategy Search Space

Input-output examples 
Logical formulas 

Natural language description, etc.

Programming-by-Example  
(PBE)

Enumeration + pruning 
Top-down propagation  
Stochastic search

Constraint solving



Two Challenges in Inductive SynthesisKey issues in inductive learning

• (1) How do you find a program that matches the observations?

• (2) How do you know it is the program you are looking for?

Space of 
programs

Programs matching 
the observations

Program you actually 
want

1. How do you find a program matching the examples?

2. How do you know it is the program you’re looking for? 
(i.e., avoiding overfitting)

From https://stellar.mit.edu/S/course/6/sp15/6.885/courseMaterial/topics/topic3/lectureNotes/Lecture21/Lecture2.pdf 

https://stellar.mit.edu/S/course/6/sp15/6.885/courseMaterial/topics/topic3/lectureNotes/Lecture21/Lecture2.pdf
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ML: focus on 2  
(Fix the space so that 

(1) is easy)

https://stellar.mit.edu/S/course/6/sp15/6.885/courseMaterial/topics/topic3/lectureNotes/Lecture21/Lecture2.pdf


Two Challenges in Inductive SynthesisKey issues in inductive learning

• (1) How do you find a program that matches the observations?

• (2) How do you know it is the program you are looking for?
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From https://stellar.mit.edu/S/course/6/sp15/6.885/courseMaterial/topics/topic3/lectureNotes/Lecture21/Lecture2.pdf 

Synthesis: focus on 1  
((2) is also still 

important though)

https://stellar.mit.edu/S/course/6/sp15/6.885/courseMaterial/topics/topic3/lectureNotes/Lecture21/Lecture2.pdf


How Large is the Search Space?
How big is the space?
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N(2) = 5

N(d) = ?1 + N(d - 1)2

From https://github.com/nadia-polikarpova/cse291-program-synthesis



How Large is the Search Space?
How big is the space?

E ::= x | E @ E

N(d) = 1 + N(d - 1)2 N(d) ~ c2d (c > 1)

N(1) = 1
N(2) = 2
N(3) = 5
N(4) = 26
N(5) = 677
N(6) = 458330
N(7) = 210066388901
N(8) = 44127887745906175987802
N(9) = 1947270476915296449559703445493848930452791205
N(10) = 3791862310265926082868235028027893277370233152247388584761734150717768254410341175325352026 



How Large is the Search Space?
How big is the space?

E ::=     x1 | ... | xk | 
E @1 E | ... | E @m E

N(d) = ?k + m * N(d - 1)2
N(0) = k

N(1) = 3
N(2) = 30
N(3) = 2703
N(4) = 21918630
N(5) = 1441279023230703
N(6) = 6231855668414547953818685622630
N(7) = 116508075215851596766492219468227024724121520304443212304350703

k = m = 3



Enumerative Search

• Sample candidates from a given grammar one by one and 
check if each candidate satisfies the spec

• How to sample?

• bottom-up  vs.  top-down

• Various optimizations



Bottom-Up Enumeration

• Starting from terminal symbols

• Repeatedly composing smaller programs into larger ones

• E.g.,   Target function    
 
        Syntactic constraint:  
 
         
        Semantic constraint: 

<latexit sha1_base64="Ux8xudc+Vowqu2w96nro7s/4LVs=">AAACA3icbVDLSsNAFJ3UV62vqDvdDC1CRSiJCxVXRTcuK9gHNKFMppN26OTBzI0YQsGNf+A3uHGhiFt/wl3/xuljUasHBg7n3Mudc7xYcAWWNTJyS8srq2v59cLG5tb2jrm711BRIimr00hEsuURxQQPWR04CNaKJSOBJ1jTG1yP/eY9k4pH4R2kMXMD0gu5zykBLXXMA7/8gC+xA5DxEIbHc7xjlqyKNQH+S+wZKVWLzsnzqJrWOua3041oErAQqCBKtW0rBjcjEjgVbFhwEsViQgekx9qahiRgys0mGYb4SCtd7EdSvxDwRJ3fyEigVBp4ejIg0FeL3lj8z2sn4F+4OlCcAAvp9JCfCAwRHheCu1wyCiLVhFDJ9V8x7RNJKOjaCroEezHyX9I4rdhnFftWt3GFpsijQ1REZWSjc1RFN6iG6oiiR/SC3tC78WS8Gh/G53Q0Z8x29tEvGF8/vMGZ8Q==</latexit>

f(x : int) : int

<latexit sha1_base64="DUfvJWUfaBeSezzXlW6QRtx/eyE=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0UQxJqIosuiG5eV2Ac0oUwmk3boTBJmJmIJ/Qw3/oobF4q47c6/cdpE0OqB4R7OuZc79/gJo1JZ1qdRWlhcWl4pr1bW1jc2t8ztnZaMU4FJE8csFh0fScJoRJqKKkY6iSCI+4y0/eH11G/fEyFpHN2pUUI8jvoRDSlGSks988SBrorhA3Q5DaCdl2Mnr87RN9FNlBMJnZ5ZtWrWDPAvsQtSBQUaPXPiBjFOOYkUZkjKrm0lysuQUBQzMq64qSQJwkPUJ11NI6TXeNnssDE80EoAw1joFyk4U39OZIhLOeK+7uRIDeS8NxX/87qpCi+9jEZJqkiE80VhyqCOYpoSDKggWLGRJggLqv8K8QAJhJXOsqJDsOdP/ktapzX7vGbdnlXrV0UcZbAH9sEhsMEFqIMb0ABNgMEjeAav4M14Ml6Md+Mjby0Zxcwu+AVj8gWniJ0N</latexit>

S ! x | 1 | �S | S + S | S ⇥ S

<latexit sha1_base64="Q/iRuWvuK58hMD6Z099due/JKZY=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoMQm3AXFG2EoI1lBBMDyRH2NnPJkr29c3dPCCF/wsZCEVv/jp3/xk1yhSY+GHi8N8PMvCARXBvX/XZyK6tr6xv5zcLW9s7uXnH/oKnjVDFssFjEqhVQjYJLbBhuBLYShTQKBD4Ew5up//CESvNY3ptRgn5E+5KHnFFjpVZY9k7JFal2iyW34s5AlomXkRJkqHeLX51ezNIIpWGCat323MT4Y6oMZwInhU6qMaFsSPvYtlTSCLU/nt07ISdW6ZEwVrakITP198SYRlqPosB2RtQM9KI3Ff/z2qkJL/0xl0lqULL5ojAVxMRk+jzpcYXMiJEllClubyVsQBVlxkZUsCF4iy8vk2a14p1X3LuzUu06iyMPR3AMZfDgAmpwC3VoAAMBz/AKb86j8+K8Ox/z1pyTzRzCHzifP6NnjmU=</latexit>

f(1) = 2



Bottom-Up Enumeration

Size 1

Size 2

Size 3
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x 1
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1⇥ 1 1⇥ x x⇥ 1 x⇥ x
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x = 1 * f(1) = 2

<latexit sha1_base64="EbcVBv783RXMLsvqQCV8VJP8QbE=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBEEoeyKoseiF48V7Ae0S8mm2TY2myxJVixL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXJoIb63nfaGl5ZXVtvbBR3Nza3tkt7e03jEo1ZXWqhNKtkBgmuGR1y61grUQzEoeCNcPhzcRvPjJtuJL3dpSwICZ9ySNOiXVS4wmfYh93S2Wv4k2BF4mfkzLkqHVLX52eomnMpKWCGNP2vcQGGdGWU8HGxU5qWELokPRZ21FJYmaCbHrtGB87pYcjpV1Ji6fq74mMxMaM4tB1xsQOzLw3Ef/z2qmNroKMyyS1TNLZoigV2Co8eR33uGbUipEjhGrubsV0QDSh1gVUdCH48y8vksZZxb+oeHfn5ep1HkcBDuEITsCHS6jCLdSgDhQe4Ble4Q0p9ILe0cesdQnlMwfwB+jzB8Drje4=</latexit>

x+ 1



Bottom-Up Enumeration

14. Program Synthesis IS593 / KAIST Kihong Heo / 24

Bottom-up Enumeration

16

Grow(grammar G, set of programs P ) :

P 0  ;
forall (A! B) 2 G :

P 0 = P 0 [ {B[p/C] | p 2 P,C !⇤ p}
return P 0

<latexit sha1_base64="TW0VZjTB8KZBpVDKH2Zs8BneLN0="></latexit>

BottomUp(grammar G, specification �) :

P  set of all terminals in G

while true :

forall p 2 P 0 :

if �(p) : return p

P 0  Grow(G,P )

P  P [ {p0 2 P 0 | forall p 2 P : ¬Equiv(�, p, p0)}

<latexit sha1_base64="YBJ949SM2Whut9nLjxP/oRH90ng="></latexit>

4.1. Enumerative Search 61

function EnumBottomUpSearch(grammar G, spec „)
ÂE Ω {�} // Set of expressions in G
progSize Ω 1
while True do

ÂC Ω EnumerateExprs(G, ÂE, progSize)
foreach c œ ÂC do

if „(c) then // Specification „ is satisfied
return c

if ¬÷ e œ ÂE : Equiv(e, c, „) then

ÂE.Insert(c)
progSize Ω progSize + 1

Figure 4.4: A simple bottom-down enumeration algorithm to search for a derivation
e in a hypothesis space defined by a CFG G that satisfies a given specification „.

expressions e and e
Õ in ÂE are functionally equivalent with respect to

the specification „. This pruning allows the bottom-up enumeration
algorithm to significantly decrease the space of expressions that need
to be considered before finding the desired expression.

Consider the grammar for conditional linear integer arithmetic
in Figure 4.1 with an additional leaf denoting constant 1 and the
specification of the unknown function f to be synthesized to be that of
the maximum function such that „ : f(x, y) Ø x·f(x, y) Ø y·(f(x, y) =
x ‚ f(x, y) = y). The bottom-up algorithm uses the CEGIS algorithm
to incrementally build the input-output examples for the specification.
Let’s assume the enumeration algorithm first starts with a random
example of (x = 0, y = 1, f(x, y) = 1). It can construct the expression y

as a satisfying expression. The verifier then returns a counter-example
(x = 1, y = 0, f(x, y) = 1). Given these two examples, the algorithm
constructs the conforming expression 1 and the verifier again returns
the counter-example (x = 0, y = 0, f(x, y) = 0). The search algorithm
can now return x + y as a conforming expression. Note that during this
search since both x+y and y +x are functionally equivalent, only one of
these expressions are added to the candidate set for constructing larger
expressions. This iteration between the bottom-up search algorithm
and the verifier continues until the search algorithm finds the desired
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in Figure 4.1 with an additional leaf denoting constant 1 and the
specification of the unknown function f to be synthesized to be that of
the maximum function such that „ : f(x, y) Ø x·f(x, y) Ø y·(f(x, y) =
x ‚ f(x, y) = y). The bottom-up algorithm uses the CEGIS algorithm
to incrementally build the input-output examples for the specification.
Let’s assume the enumeration algorithm first starts with a random
example of (x = 0, y = 1, f(x, y) = 1). It can construct the expression y

as a satisfying expression. The verifier then returns a counter-example
(x = 1, y = 0, f(x, y) = 1). Given these two examples, the algorithm
constructs the conforming expression 1 and the verifier again returns
the counter-example (x = 0, y = 0, f(x, y) = 0). The search algorithm
can now return x + y as a conforming expression. Note that during this
search since both x+y and y +x are functionally equivalent, only one of
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and the verifier continues until the search algorithm finds the desired
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P  EnumerateExprs(G,P, progSize)
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Room for Optimization

• Enumerated candidates are complete programs 

• E.g.,  x + 1

• Thus “executable” 
→ can apply “observational equivalence” for 
optimization



Udupa�et�al.,TRANSIT:�specifying�protocols�with�concolic�snippets.�PLDI’13�

• Maintains a semantically unique set of expressions

• i.e., no two expressions are functionally equivalent wrt 
inputs

• Applicable only if we want a single solution

Pruning via Observational Equivalence



After Optimization

Size 1

Size 2

Size 3
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x = 1 * f(1) = 2

<latexit sha1_base64="8q5sclkqPgzjPQbwfdiw/nmKhVQ=">AAAB6XicbVC7TgMxENwLryS8ApQ0FhESDdEdBVBG0FAGRB4iOUU+x5dY8dkn24cSnfIHNBQgoOUD+Bc6vgacRwEJI600mtnV7k4Qc6aN6345maXlldW1bC6/vrG5tV3Y2a1pmShCq0RyqRoB1pQzQauGGU4bsaI4CjitB/3LsV+/p0ozKW7NMKZ+hLuChYxgY6Wb40G7UHRL7gRokXgzUizn4te7j8F3pV34bHUkSSIqDOFY66bnxsZPsTKMcDrKtxJNY0z6uEublgocUe2nk0tH6NAqHRRKZUsYNFF/T6Q40noYBbYzwqan572x+J/XTEx47qdMxImhgkwXhQlHRqLx26jDFCWGDy3BRDF7KyI9rDAxNpy8DcGbf3mR1E5K3mnJu7ZpXMAUWdiHAzgCD86gDFdQgSoQCOEBnuDZ6TuPzovzNm3NOLOZPfgD5/0HcLiRBw==</latexit>�x

<latexit sha1_base64="HbeRyPrawdYhjjXjBlqvrygdvlY=">AAAB7HicbVA9SwNBEJ3zM4lfUUubxSAIQrizUMugjWUELwkmR9jb7CVL9vaW3T1JOPIbbCwMYmvrf7Hz1+jmo9DEBwOP92aYmRdKzrRx3S9nZXVtfWMzly9sbe/s7hX3D2o6SRWhPkl4ohoh1pQzQX3DDKcNqSiOQ07rYf9m4tcfqdIsEfdmKGkQ465gESPYWMkfoDM0aBdLbtmdAi0Tb05KlbwcP3wMvqvt4merk5A0psIQjrVueq40QYaVYYTTUaGVaiox6eMubVoqcEx1kE2PHaETq3RQlChbwqCp+nsiw7HWwzi0nTE2Pb3oTcT/vGZqoqsgY0KmhgoyWxSlHJkETT5HHaYoMXxoCSaK2VsR6WGFibH5FGwI3uLLy6R2XvYuyt6dTeMaZsjBERzDKXhwCRW4hSr4QIDBE7zA2BHOs/PqvM1aV5z5zCH8gfP+A/Xgkds=</latexit>

x+ x



After Optimization

Size 1

Size 2

Size 3

<latexit sha1_base64="PPqhse4oybHzv2TvW1Lcw+INLKA=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVix6LXjxWsB/SLiWbzbahSXZNsmJZ+iu8eFDEqz/Hm//GtN2Dtj4YeLw3w8y8IOFMG9f9dgorq2vrG8XN0tb2zu5eef+gpeNUEdokMY9VJ8CaciZp0zDDaSdRFIuA03Ywup767UeqNIvlnRkn1Bd4IFnECDZWun9CvYcUh8jrlytu1Z0BLRMvJxXI0eiXv3phTFJBpSEca9313MT4GVaGEU4npV6qaYLJCA9o11KJBdV+Njt4gk6sEqIoVrakQTP190SGhdZjEdhOgc1QL3pT8T+vm5ro0s+YTFJDJZkvilKOTIym36OQKUoMH1uCiWL2VkSGWGFibEYlG4K3+PIyaZ1VvVrVvT2v1K/yOIpwBMdwCh5cQB1uoAFNICDgGV7hzVHOi/PufMxbC04+cwh/4Hz+ANnqj8g=</latexit>

x 1

<latexit sha1_base64="YFPqA9yxg0kGSjec4j0qR/P/Z34=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgJWFXFD0GvXiMYB6QXcLs7CQZMju7zkMMS37DiwdFvPoz3vwbJ8keNLGgoajqprsrTDlT2nW/ncLK6tr6RnGztLW9s7tX3j9oqcRIQpsk4YnshFhRzgRtaqY57aSS4jjktB2ObqZ++5FKxRJxr8cpDWI8EKzPCNZW8qtPyH8wOEJVD/XKFbfmzoCWiZeTCuRo9MpffpQQE1OhCcdKdT031UGGpWaE00nJN4qmmIzwgHYtFTimKshmN0/QiVUi1E+kLaHRTP09keFYqXEc2s4Y66Fa9Kbif17X6P5VkDGRGk0FmS/qG450gqYBoIhJSjQfW4KJZPZWRIZYYqJtTCUbgrf48jJpndW8i5p7d16pX+dxFOEIjuEUPLiEOtxCA5pAIIVneIU3xzgvzrvzMW8tOPnMIfyB8/kDCcqQYA==</latexit>�x � 1

<latexit sha1_base64="dWZN3QhwIU7ecDfHNHbYaWwNZO8=">AAACAXicbVDLSgMxFM3UV62vUTeCm2AR6qbMFEU3QtGNywr2Ae1QMumdNjSTGZKMWIa68VfcuFDErX/hzr8xbWehrQcuHM65N7n3+DFnSjvOt5VbWl5ZXcuvFzY2t7Z37N29hooSSaFOIx7Jlk8UcCagrpnm0IolkNDn0PSH1xO/eQ9SsUjc6VEMXkj6ggWMEm2krn3wgC+xizs+UJIowEHJPTFKBXftolN2psCLxM1IEWWode2vTi+iSQhCU06UartOrL2USM0oh3GhY56PCR2SPrQNFSQE5aXTC8b42Cg9HETSlNB4qv6eSEmo1Cj0TWdI9EDNexPxP6+d6ODCS5mIEw2Czj4KEo51hCdx4B6TQDUfGUKoZGZXTAdEEqpNaAUTgjt/8iJpVMruWdm5PS1Wr7I48ugQHaESctE5qqIbVEN1RNEjekav6M16sl6sd+tj1pqzspl99AfW5w/fQZPw</latexit>

x = 1 * f(1) = 2

Only representatives of classes of 

• programs that output 1

• programs that output (-1)

• programs that output 2 
are explored.

<latexit sha1_base64="dAA5efj/382jNpP0vaUdkROzZWI=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSIIQklE1GPRi8cKpi20oWy2k3bpZhN2N9JS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dlZW19Y3Ngtbxe2d3b390sFhXSeZYuizRCSqGVKNgkv0DTcCm6lCGocCG+Hgbuo3nlBpnshHM0oxiGlP8ogzaqzkD8k5GXZKZbfizkCWiZeTMuSodUpf7W7CshilYYJq3fLc1ARjqgxnAifFdqYxpWxAe9iyVNIYdTCeHTshp1bpkihRtqQhM/X3xJjGWo/i0HbG1PT1ojcV//NamYlugjGXaWZQsvmiKBPEJGT6OelyhcyIkSWUKW5vJaxPFWXG5lO0IXiLLy+T+kXFu6p4D5fl6m0eRwGO4QTOwINrqMI91MAHBhye4RXeHOm8OO/Ox7x1xclnjuAPnM8f1q2ODQ==</latexit>

x+ x

<latexit sha1_base64="atBXzGm8s3doClSjiGSLfBCSkdE=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRZBEMpGRD0WvXis4NpCu5Rsmm1Ds8mSZIWy9Dd48aCIV3+QN/+NabsHbX0w8Hhvhpl5USq4sb7/7ZVWVtfWN8qbla3tnd296v7Bo1GZpiygSijdjohhgksWWG4Fa6eakSQSrBWNbqd+64lpw5V8sOOUhQkZSB5zSqyTAozOEO5Va37dnwEtE1yQGhRo9qpf3b6iWcKkpYIY08F+asOcaMupYJNKNzMsJXREBqzjqCQJM2E+O3aCTpzSR7HSrqRFM/X3RE4SY8ZJ5DoTYodm0ZuK/3mdzMbXYc5lmlkm6XxRnAlkFZp+jvpcM2rF2BFCNXe3IjokmlDr8qm4EPDiy8vk8byOL+v4/qLWuCniKMMRHMMpYLiCBtxBEwKgwOEZXuHNk96L9+59zFtLXjFzCH/gff4A/kqNfw==</latexit>

1 + 1
<latexit sha1_base64="vn2dbAvT7tONMPPFWTW5b1bTKAs=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoioh6LXjxWMG2hDWWznbZLN5uwuxFL6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dho5TxdBnsYhVK6QaBZfoG24EthKFNAoFNsPR7dRvPqLSPJYPZpxgENGB5H3OqLGS75Ez8tQtV9yqOwNZJl5OKpCj3i1/dXoxSyOUhgmqddtzExNkVBnOBE5KnVRjQtmIDrBtqaQR6iCbHTshJ1bpkX6sbElDZurviYxGWo+j0HZG1Az1ojcV//PaqelfBxmXSWpQsvmifiqIicn0c9LjCpkRY0soU9zeStiQKsqMzadkQ/AWX14mjfOqd1n17i8qtZs8jiIcwTGcggdXUIM7qIMPDDg8wyu8OdJ5cd6dj3lrwclnDuEPnM8fafWNxg==</latexit>

1 + x
<latexit sha1_base64="gQidgnqeB0/77Xj0p+Ke1N/H6DI=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSIIQklE1GPRi8eK9gPaUDbbTbt0swm7E7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfztLyyuraemGjuLm1vbNb2ttvmDjVjNdZLGPdCqjhUiheR4GStxLNaRRI3gyGNxO/+ci1EbF6wFHC/Yj2lQgFo2il+6dTr1squxV3CrJIvJyUIUetW/rq9GKWRlwhk9SYtucm6GdUo2CSj4ud1PCEsiHt87alikbc+Nn01DE5tkqPhLG2pZBM1d8TGY2MGUWB7YwoDsy8NxH/89ophld+JlSSIldstihMJcGYTP4mPaE5QzmyhDIt7K2EDaimDG06RRuCN//yImmcVbyLind3Xq5e53EU4BCO4AQ8uIQq3EIN6sCgD8/wCm+OdF6cd+dj1rrk5DMH8AfO5w++lY1y</latexit>

x+ 1
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Bottom-up Enumeration
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Grow(grammar G, set of programs P ) :

P 0  ;
forall (A! B) 2 G :

P 0 = P 0 [ {B[p/C] | p 2 P,C !⇤ p}
return P 0

<latexit sha1_base64="TW0VZjTB8KZBpVDKH2Zs8BneLN0="></latexit>

BottomUp(grammar G, specification �) :

P  set of all terminals in G

while true :

forall p 2 P 0 :

if �(p) : return p

P 0  Grow(G,P )

P  P [ {p0 2 P 0 | forall p 2 P : ¬Equiv(�, p, p0)}

<latexit sha1_base64="YBJ949SM2Whut9nLjxP/oRH90ng="></latexit>

4.1. Enumerative Search 61

function EnumBottomUpSearch(grammar G, spec „)
ÂE Ω {�} // Set of expressions in G
progSize Ω 1
while True do

ÂC Ω EnumerateExprs(G, ÂE, progSize)
foreach c œ ÂC do

if „(c) then // Specification „ is satisfied
return c

if ¬÷ e œ ÂE : Equiv(e, c, „) then

ÂE.Insert(c)
progSize Ω progSize + 1

Figure 4.4: A simple bottom-down enumeration algorithm to search for a derivation
e in a hypothesis space defined by a CFG G that satisfies a given specification „.

expressions e and e
Õ in ÂE are functionally equivalent with respect to

the specification „. This pruning allows the bottom-up enumeration
algorithm to significantly decrease the space of expressions that need
to be considered before finding the desired expression.

Consider the grammar for conditional linear integer arithmetic
in Figure 4.1 with an additional leaf denoting constant 1 and the
specification of the unknown function f to be synthesized to be that of
the maximum function such that „ : f(x, y) Ø x·f(x, y) Ø y·(f(x, y) =
x ‚ f(x, y) = y). The bottom-up algorithm uses the CEGIS algorithm
to incrementally build the input-output examples for the specification.
Let’s assume the enumeration algorithm first starts with a random
example of (x = 0, y = 1, f(x, y) = 1). It can construct the expression y

as a satisfying expression. The verifier then returns a counter-example
(x = 1, y = 0, f(x, y) = 1). Given these two examples, the algorithm
constructs the conforming expression 1 and the verifier again returns
the counter-example (x = 0, y = 0, f(x, y) = 0). The search algorithm
can now return x + y as a conforming expression. Note that during this
search since both x+y and y +x are functionally equivalent, only one of
these expressions are added to the candidate set for constructing larger
expressions. This iteration between the bottom-up search algorithm
and the verifier continues until the search algorithm finds the desired

4.1. Enumerative Search 61

function EnumBottomUpSearch(grammar G, spec „)
ÂE Ω {�} // Set of expressions in G
progSize Ω 1
while True do

ÂC Ω EnumerateExprs(G, ÂE, progSize)
foreach c œ ÂC do

if „(c) then // Specification „ is satisfied
return c

if ¬÷ e œ ÂE : Equiv(e, c, „) then

ÂE.Insert(c)
progSize Ω progSize + 1

Figure 4.4: A simple bottom-down enumeration algorithm to search for a derivation
e in a hypothesis space defined by a CFG G that satisfies a given specification „.

expressions e and e
Õ in ÂE are functionally equivalent with respect to

the specification „. This pruning allows the bottom-up enumeration
algorithm to significantly decrease the space of expressions that need
to be considered before finding the desired expression.

Consider the grammar for conditional linear integer arithmetic
in Figure 4.1 with an additional leaf denoting constant 1 and the
specification of the unknown function f to be synthesized to be that of
the maximum function such that „ : f(x, y) Ø x·f(x, y) Ø y·(f(x, y) =
x ‚ f(x, y) = y). The bottom-up algorithm uses the CEGIS algorithm
to incrementally build the input-output examples for the specification.
Let’s assume the enumeration algorithm first starts with a random
example of (x = 0, y = 1, f(x, y) = 1). It can construct the expression y

as a satisfying expression. The verifier then returns a counter-example
(x = 1, y = 0, f(x, y) = 1). Given these two examples, the algorithm
constructs the conforming expression 1 and the verifier again returns
the counter-example (x = 0, y = 0, f(x, y) = 0). The search algorithm
can now return x + y as a conforming expression. Note that during this
search since both x+y and y +x are functionally equivalent, only one of
these expressions are added to the candidate set for constructing larger
expressions. This iteration between the bottom-up search algorithm
and the verifier continues until the search algorithm finds the desired

<latexit sha1_base64="mExqdhpM29C2SSd9fJSCBF2/75I="></latexit>

P  EnumerateExprs(G,P, progSize)

<latexit sha1_base64="ALOuuiZQvl7ndZZiMVbqG45Sifo=">AAACAnicbVDLSgMxFM3UV62vqitRJFgEV2XGhbosunHZgn1AZyiZNNOGZjJDckcsQ3Gjn+LGhSJuuvAr3PkN/oTpY6GtBwKHc84l9x4/FlyDbX9ZmYXFpeWV7GpubX1jcyu/vVPTUaIoq9JIRKrhE80El6wKHARrxIqR0Bes7veuRn79linNI3kD/Zh5IelIHnBKwEit/J4L7A78IA0iM0a7eIBj7HKJy618wS7aY+B54kxJoXQwrHw/Hg5N/tNtRzQJmQQqiNZNx47BS4kCTgUb5NxEs5jQHumwpqGShEx76fiEAT42ShubJcyTgMfq74mUhFr3Q98kQwJdPeuNxP+8ZgLBhZdyGSfAJJ18FCQCQ4RHfeA2V4yC6BtCqOJmV0y7RBEKprWcKcGZPXme1E6LzlnRqZg2LtEEWbSPjtAJctA5KqFrVEZVRNE9ekIv6NV6sJ6tN+t9Es1Y05ld9AfWxw9uqpp+</latexit>

foreach p 2 P
<latexit sha1_base64="ZebrsOfBMHDJCXKGo5A9Yy3gADI=">AAACF3icbVDLSgNBEJz1bXxFPXoZDIIihF0P6jHoxaOCSYRsCLOTXjM4OzvM9IphyV/k4q948aCIV73lb5w8BI0WNBRV3XR3RVoKi74/8GZm5+YXFpeWCyura+sbxc2tmk0zw6HKU5mam4hZkEJBFQVKuNEGWBJJqEd350O/fg/GilRdY1dDM2G3SsSCM3RSq1gOER4winMR0x4NdUfs6wP6LVLsgKIGMDPK2Zq2iiW/7I9A/5JgQkqV3fCwP6h0L1vFz7Cd8iwBhVwyaxuBr7GZM4OCS+gVwsyCZvyO3ULDUcUSsM189FeP7jmlTePUuFJIR+rPiZwl1naTyHUmDDt22huK/3mNDOPTZi6UzhAUHy+KM0kxpcOQaFsY4Ci7jjBuhLuV8g4zjKOLsuBCCKZf/ktqR+XguBxcuTTOyBhLZIfskn0SkBNSIRfkklQJJ33yRF7Iq/foPXtv3vu4dcabzGyTX/A+vgAXWKI2</latexit>

if �(p) then return p

4.1. Enumerative Search 61

function EnumBottomUpSearch(grammar G, spec „)
ÂE Ω {�} // Set of expressions in G
progSize Ω 1
while True do

ÂC Ω EnumerateExprs(G, ÂE, progSize)
foreach c œ ÂC do

if „(c) then // Specification „ is satisfied
return c

if ¬÷ e œ ÂE : Equiv(e, c, „) then

ÂE.Insert(c)
progSize Ω progSize + 1

Figure 4.4: A simple bottom-down enumeration algorithm to search for a derivation
e in a hypothesis space defined by a CFG G that satisfies a given specification „.

expressions e and e
Õ in ÂE are functionally equivalent with respect to

the specification „. This pruning allows the bottom-up enumeration
algorithm to significantly decrease the space of expressions that need
to be considered before finding the desired expression.

Consider the grammar for conditional linear integer arithmetic
in Figure 4.1 with an additional leaf denoting constant 1 and the
specification of the unknown function f to be synthesized to be that of
the maximum function such that „ : f(x, y) Ø x·f(x, y) Ø y·(f(x, y) =
x ‚ f(x, y) = y). The bottom-up algorithm uses the CEGIS algorithm
to incrementally build the input-output examples for the specification.
Let’s assume the enumeration algorithm first starts with a random
example of (x = 0, y = 1, f(x, y) = 1). It can construct the expression y

as a satisfying expression. The verifier then returns a counter-example
(x = 1, y = 0, f(x, y) = 1). Given these two examples, the algorithm
constructs the conforming expression 1 and the verifier again returns
the counter-example (x = 0, y = 0, f(x, y) = 0). The search algorithm
can now return x + y as a conforming expression. Note that during this
search since both x+y and y +x are functionally equivalent, only one of
these expressions are added to the candidate set for constructing larger
expressions. This iteration between the bottom-up search algorithm
and the verifier continues until the search algorithm finds the desired

<latexit sha1_base64="OpJvrENMc0HS82UVYFFHBjPXqRA="></latexit>

P  {p0 2 P | 8p 2 P. ¬Equiv(�, p, p0)}
Added



Top-Down Enumeration

• Starting from the start non-terminal symbol

• Applying production rules repeatedly



Top-Down Enumeration

Iter 0

Iter 1

Iter 2

Iter 3

<latexit sha1_base64="6l4H0Xqko7ewaii5aYvsXrB67fY=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeix68dii/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LBjBP0IzqQPOSMGivV73ulsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWtX5SrN3kcBTiGEzgDD66gCndQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDr3eM2w==</latexit>

S

<latexit sha1_base64="Xke69B41QHH9kCTvcb5uhrPs91Y=">AAACGXicbZDLSsNAFIYn9VbrLerSzWARBLEkouiy6MZlpfYCTSiTyaQdOpmkMxOxhL6GG1/FjQtFXOrKt3HapqitPwx8/OcczpzfixmVyrK+jNzC4tLySn61sLa+sbllbu/UZZQITGo4YpFoekgSRjmpKaoYacaCoNBjpOH1rkb1xh0Rkkb8Vg1i4oaow2lAMVLaapvWPXT6/QT50J7CcXVK1aMfdBQNiYTVtlm0StZYcB7sDIogU6Vtfjh+hJOQcIUZkrJlW7FyUyQUxYwMC04iSYxwD3VISyNHeo2bji8bwgPt+DCIhH5cwbH7eyJFoZSD0NOdIVJdOVsbmf/VWokKLtyU8jhRhOPJoiBhUEVwFBP0qSBYsYEGhAXVf4W4iwTCSodZ0CHYsyfPQ/2kZJ+VrJvTYvkyiyMP9sA+OAQ2OAdlcA0qoAYweABP4AW8Go/Gs/FmvE9ac0Y2swv+yPj8BmOTnq0=</latexit>

x 1 � S S + S S ⇥ S

<latexit sha1_base64="LDkn+0S/c2RD3CAJ4Ah2VFCFqMw=">AAACFHicbZDLSsNAFIYn9VbrLerSzWARKqUlEUWXRTcuK7UXaEKZTCbt0EkmzkykpfQh3Pgqblwo4taFO9/GaRtBW38Y+PjPOZw5vxczKpVlfRmZpeWV1bXsem5jc2t7x9zda0ieCEzqmDMuWh6ShNGI1BVVjLRiQVDoMdL0+leTevOeCEl5dKuGMXFD1I1oQDFS2uqYxdIAOncJ8mHJ/oFCqXac8gAWYQ062OdKwo6Zt8rWVHAR7BTyIFW1Y346PsdJSCKFGZKybVuxckdIKIoZGeecRJIY4T7qkrbGCIVEuqPpUWN4pB0fBlzoFyk4dX9PjFAo5TD0dGeIVE/O1ybmf7V2ooILd0SjOFEkwrNFQcKg4nCSEPSpIFixoQaEBdV/hbiHBMJK55jTIdjzJy9C46Rsn5Wtm9N85TKNIwsOwCEoABucgwq4BlVQBxg8gCfwAl6NR+PZeDPeZ60ZI53ZB39kfHwDJ1ObIg==</latexit>

�x � 1 � (�S) x+ S · · ·

<latexit sha1_base64="MyVF2d0mOseYpL0frdICwKRHGo8=">AAACBnicbZDLSgMxFIbP1Futt1GXIgSLUJGWGVF0WXTjsoK9QDuUTCbThmYuJhlpGbpy46u4caGIW5/BnW9jehG09YfAx3/O4eT8bsyZVJb1ZWQWFpeWV7KrubX1jc0tc3unJqNEEFolEY9Ew8WSchbSqmKK00YsKA5cTutu72pUr99TIVkU3qpBTJ0Ad0LmM4KVttrmfrFQ7B+h1l2CPaTZ/uE+OkZ228xbJWssNA/2FPIwVaVtfra8iCQBDRXhWMqmbcXKSbFQjHA6zLUSSWNMerhDmxpDHFDppOMzhuhQOx7yI6FfqNDY/T2R4kDKQeDqzgCrrpytjcz/as1E+RdOysI4UTQkk0V+wpGK0CgT5DFBieIDDZgIpv+KSBcLTJROLqdDsGdPnofaSck+K1k3p/ny5TSOLOzBARTAhnMowzVUoAoEHuAJXuDVeDSejTfjfdKaMaYzu/BHxsc3s7GVcg==</latexit>

�(�x) � (�1) x+ 1

<latexit sha1_base64="DUfvJWUfaBeSezzXlW6QRtx/eyE=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0UQxJqIosuiG5eV2Ac0oUwmk3boTBJmJmIJ/Qw3/oobF4q47c6/cdpE0OqB4R7OuZc79/gJo1JZ1qdRWlhcWl4pr1bW1jc2t8ztnZaMU4FJE8csFh0fScJoRJqKKkY6iSCI+4y0/eH11G/fEyFpHN2pUUI8jvoRDSlGSks988SBrorhA3Q5DaCdl2Mnr87RN9FNlBMJnZ5ZtWrWDPAvsQtSBQUaPXPiBjFOOYkUZkjKrm0lysuQUBQzMq64qSQJwkPUJ11NI6TXeNnssDE80EoAw1joFyk4U39OZIhLOeK+7uRIDeS8NxX/87qpCi+9jEZJqkiE80VhyqCOYpoSDKggWLGRJggLqv8K8QAJhJXOsqJDsOdP/ktapzX7vGbdnlXrV0UcZbAH9sEhsMEFqIMb0ABNgMEjeAav4M14Ml6Md+Mjby0Zxcwu+AVj8gWniJ0N</latexit>

S ! x | 1 | �S | S + S | S ⇥ S



Top-Down Enumeration

<latexit sha1_base64="EiNnm1cNJcJ9QWUnreoY8WMsiCY=">AAACDXicbVC7SgNBFJ2Nrxhfq5Y2Q6IgGMKuhdoIQQutJBrzgGwIs5PZzZCZ2WVmVgghP2Bj44fYWChia2+Xv3HyKDTxwIXDOfdy7z1+zKjSjjO0UguLS8sr6dXM2vrG5pa9vVNVUSIxqeCIRbLuI0UYFaSiqWakHkuCuM9Ize9ejvzaA5GKRuJe92LS5CgUNKAYaSO17P0reA49hkTICLzJQ69MQ47y8C4Py9CTE71l55yCMwacJ+6U5IpZ7+h5WOyVWva3145wwonQmCGlGq4T62YfSU0xI4OMlygSI9xFIWkYKhAnqtkffzOAB0ZpwyCSpoSGY/X3RB9xpXrcN50c6Y6a9Ubif14j0cFZs09FnGgi8GRRkDCoIziKBrapJFizniEIS2puhbiDJMLaBJgxIbizL8+T6nHBPSm4tyaNCzBBGuyBLDgELjgFRXANSqACMHgEL+ANvFtP1qv1YX1OWlPWdGYX/IH19QMhE5wQ</latexit>

G = hN,⌃, R, SiGrammar

Non-terminals Terminals
Production 


rules Starting non-terminal

14. Program Synthesis IS593 / KAIST Kihong Heo / 24

Top-down Enumeration Algorithm

13

TopDown(grammar G, specification �) :

P  {S}
while P 6= ; :
p Dequeue(P )

if �(p) : return p

P 0  Unroll(G, p)

forall p0 2 P 0 :

if ¬Subsumed(P, p0) :

P  Enqueue(P, p0)

<latexit sha1_base64="lQ6cbCi1C2JnfErQAkUNQ/D7psA="></latexit>

Unroll(grammar G, program p) :

P 0  ;
forall A 2 p :

forall (A! B) 2 G :

p0  p[B/A]

P 0  P 0 [ {p0}
return P 0

<latexit sha1_base64="jukBZYdTOAz6mLmXGhp59rYnZrE="></latexit>
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<latexit sha1_base64="rBKUnlptx4JfmYtIbz2QQBWTjzg=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8EgWIVdC7URgzaWiZgLJEuYnZxNxsxemJkVwpInsLFQxFYfxt5GfBsniYUm/jDw8f/nMOccPxFcacf5snILi0vLK/lVe219Y3OrsL1TV3EqGdZYLGLZ9KlCwSOsaa4FNhOJNPQFNvzB5Thv3KFUPI5u9DBBL6S9iAecUW2s6nWnUHRKzkRkHtwfKJ6/22fJ26dd6RQ+2t2YpSFGmgmqVMt1Eu1lVGrOBI7sdqowoWxAe9gyGNEQlZdNBh2RA+N0SRBL8yJNJu7vjoyGSg1D31SGVPfVbDY2/8taqQ5OvYxHSaoxYtOPglQQHZPx1qTLJTIthgYok9zMSlifSsq0uY1tjuDOrjwP9aOSe1xyq06xfAFT5WEP9uEQXDiBMlxBBWrAAOEeHuHJurUerGfrZVqas356duGPrNdvDi+QGQ==</latexit>

R

Nonterminal

Replace A with B in pCandidates with fewer 

non-terminals first



Optimizations

• Maintaining only representatives of equivalence by

• 1) considering observationally equivalent sub-expressions

• E.g., only maintain “x + S” or “1 + S” in the queue as x = 1

• 2) breaking symmetries 

• E.g., only maintain “x + S” or “S + x” 
                          “1 x (S + S)” or “S + S”

Smith et al., Program Synthesis with Equivalence Reduction, VMCAI’19
Lee et al., Accelerating Search-based Program Synthesis using Learned Probabilistic Models, PLDI’18



Top-Down Enumeration (improved)
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Added



Other Optimizations

• Early pruning of hopeless candidates 

• E.g., when spec is ,  is not maintained in 

the queue 

• Various deductive methods such as type inference, 
constraint solving, abstract interpretation are used.

<latexit sha1_base64="LPzriS1Gif0JOHiOf2SVgUiowfk=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXspuVfQiFL14rGA/oF1KNs22odlkTbJCWfonvHhQxKt/x5v/xrTdg7Y+GHi8N8PMvCDmTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKlloghtEMmlagdYU84EbRhmOG3HiuIo4LQVjG6nfuuJKs2keDDjmPoRHggWMoKNldphuXqKrtFZr1hyK+4MaJl4GSlBhnqv+NXtS5JEVBjCsdYdz42Nn2JlGOF0UugmmsaYjPCAdiwVOKLaT2f3TtCJVfoolMqWMGim/p5IcaT1OApsZ4TNUC96U/E/r5OY8MpPmYgTQwWZLwoTjoxE0+dRnylKDB9bgoli9lZEhlhhYmxEBRuCt/jyMmlWK95Fxb0/L9VusjjycATHUAYPLqEGd1CHBhDg8Ayv8OY8Oi/Ou/Mxb8052cwh/IHz+QOmdI5n</latexit>

f(2) = 3
<latexit sha1_base64="vKFnZ3vBKcxsWSin0hRzm2/Gdl8=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeix68VjRfmAbyma7aZduNmF3IpbQf+HFgyJe/Tfe/Ddu2xy09cHA470ZZuYFiRQGXffbWVpeWV1bL2wUN7e2d3ZLe/sNE6ea8TqLZaxbATVcCsXrKFDyVqI5jQLJm8HweuI3H7k2Ilb3OEq4H9G+EqFgFK308EQ6KCJuyF23VHYr7hRkkXg5KUOOWrf01enFLI24QiapMW3PTdDPqEbBJB8XO6nhCWVD2udtSxW1a/xsevGYHFulR8JY21JIpurviYxGxoyiwHZGFAdm3puI/3ntFMNLPxMqSZErNlsUppJgTCbvk57QnKEcWUKZFvZWwgZUU4Y2pKINwZt/eZE0TiveecW9PStXr/I4CnAIR3ACHlxAFW6gBnVgoOAZXuHNMc6L8+58zFqXnHzmAP7A+fwB6l+Qaw==</latexit>

x⇥ S

Nadia Polikarpova, Ivan Kuraj, Armando Solar-Lezama: Program synthesis from Polymorphic Refinement Types. PLDI’16 

Feng, Martins, Bastani, Dillig: Program synthesis using conflict-driven learning. PLDI’18 



• A priority queue can be used to prioritize candidates 
with fewer non-terminals.

• Keeping track of the representatives of equivalence 
obtained so far can save computation.

https://en.wikipedia.org/wiki/Priority_queue

Implementation Details (Top-Down)



Implementation Details (Bottom-Up)

• The EnumerateExprs procedure is typically 

implemented as a generator. 

• A generator is a function that returns an array. 

• Instead of returning an array containing all the values 
at once, it yields the values one at a time. 

• Requires less memory



Further Optimization: Divide-and-Conquer

• E.g.,  Target function:    

 
Syntactic:     
                       

  
 
Semantic:  

<latexit sha1_base64="E3iBzsJya5uvzW5gOse1whEkoHE=">AAACEXicbVDLSgMxFM3UV62vUZduQotQUcqMCxVXRTcuK9gHdIaSSTNtaOZBckcchv6CG/0UNy4UcevOXf/GtHVRWw8ETs65l+QcLxZcgWWNjNzS8srqWn69sLG5tb1j7u41VJRIyuo0EpFseUQxwUNWBw6CtWLJSOAJ1vQG12O/ec+k4lF4B2nM3ID0Qu5zSkBLHbPslx/wJXYAMh7C8ASnM7ejGd4xS1bFmgAvEvuXlKpF5/h5VE1rHfPb6UY0CVgIVBCl2rYVg5sRCZwKNiw4iWIxoQPSY21NQxIw5WaTREN8qJUu9iOpTwh4os5uZCRQKg08PRkQ6Kt5byz+57UT8C9cHShOgIV0+pCfCAwRHteDu1wyCiLVhFDJ9V8x7RNJKOgSC7oEez7yImmcVuyzin2r27hCU+TRASqiMrLROaqiG1RDdUTRI3pBb+jdeDJejQ/jczqaM3539tEfGF8/m+WfQw==</latexit>

f(x : int, y : int) : int
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Bottom-up Enumeration

14

• Start from terminals 


• Combine sub-programs into larger ones using production rules


• Example:

iter 0 x y

iter 1 x + y x - y x ≤ y x = y

iter 2 x + x + y x + x - y … if (x ≤ y) y x …

iter 3 x + x + x + y … if (x ≤ y) (y + x) x

Enumeration

Find a function f(x, y) where f(3, 1) = 3 ^ f(1, 2) = 2

<latexit sha1_base64="+k5tV4TGmbNIGSlFTdtLZvPj0VU="></latexit>

Grammar

S ! x | y | S + S | S � S | if B S S

B ! S  S | S = S

<latexit sha1_base64="4XXyq6xAH3EPSr4EGw6CrLLjE2I="></latexit>

<latexit sha1_base64="U8RjIiVo2xdjjvReOng01bHO0qA=">AAACFXicbZDLSgMxFIYz9VbrbdSlm9AiVCxlMgt1IxTduKxgL9AZSiZN29BMZkgyQil9CRF8FTcuFHEruOvbmGmLaOsPgZ/vnMPJ+YOYM6UdZ2JlVlbX1jeym7mt7Z3dPXv/oK6iRBJaIxGPZDPAinImaE0zzWkzlhSHAaeNYHCd1hv3VCoWiTs9jKkf4p5gXUawNqhtl7pFVEIn8BIi6HEsOjAFbgrcH+DOO9p2wSk7U8Flg+amUMl7p4+TyrDatr+8TkSSkApNOFaqhZxY+yMsNSOcjnNeomiMyQD3aMtYgUOq/NH0qjE8NsRsj6R5QsMp/T0xwqFSwzAwnSHWfbVYS+F/tVaiuxf+iIk40VSQ2aJuwqGOYBoR7DBJieZDYzCRzPwVkj6WmGgTZM6EgBZPXjZ1t4zOyujWpHEFZsqCI5AHRYDAOaiAG1AFNUDAA3gGr+DNerJerHfrY9aaseYzh+CPrM9vh+Gbxg==</latexit>

f(1, 1) = 1 ^ f(1, 2) = 2 ^ f(2, 1) = 1

<latexit sha1_base64="0IJnQIGzKul1qAQRVFWq8ru+08Y=">AAAB/XicbVDLSgMxFM34rPU1PnZuQosgCGWmC3VZdOOygn1AO5RMJtOGJpkhyQjjUPwJP8CNC0Xc+h/u+jemM11o64FwD+fcy705fsyo0o4ztVZW19Y3Nktb5e2d3b19++CwraJEYtLCEYtk10eKMCpIS1PNSDeWBHGfkY4/vpn5nQciFY3EvU5j4nE0FDSkGGkjDezjPqcBdGBe3KLUB3bVqTk54DJx56TaqPTPn6eNtDmwv/tBhBNOhMYMKdVznVh7GZKaYkYm5X6iSIzwGA1Jz1CBOFFell8/gadGCWAYSfOEhrn6eyJDXKmU+6aTIz1Si95M/M/rJTq88jIq4kQTgYtFYcKgjuAsChhQSbBmqSEIS2puhXiEJMLaBFY2IbiLX14m7XrNvai5dyaNa1CgBE5ABZwBF1yCBrgFTdACGDyCF/AG3q0n69X6sD6L1hVrPnME/sD6+gHGwpZ5</latexit>

| 0 | 1 | 2
<latexit sha1_base64="SSnAqU+r7X053t3fwhUNdnXksqk=">AAAB8HicbVC5TgMxEJ0NVwhXODoaiwiJKtqlAMoIGgqKoJADbVaR1/EmVmzvYnuRolW+goYChGj5DD6Bjr/BOQpIeNJIT+/NaGZemHCmjet+O7ml5ZXVtfx6YWNza3unuLvX0HGqCK2TmMeqFWJNOZO0bpjhtJUoikXIaTMcXI395iNVmsXyzgwTGgjckyxiBBsr3aMaavfoA6p1iiW37E6AFok3I6XKwc1nVeX9aqf41e7GJBVUGsKx1r7nJibIsDKMcDoqtFNNE0wGuEd9SyUWVAfZ5OAROrZKF0WxsiUNmqi/JzIstB6K0HYKbPp63huL/3l+aqKLIGMySQ2VZLooSjkyMRp/j7pMUWL40BJMFLO3ItLHChNjMyrYELz5lxdJ47TsnZW9W5vGJUyRh0M4ghPw4BwqcA1VqAMBAU/wAq+Ocp6dN+d92ppzZjP78AfOxw/B5pH8</latexit>

S � S

<latexit sha1_base64="nIUqBHSTIPd3xKKTSocXTsZ0kQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqte86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfhmMvA==</latexit>

2



Further Optimization: Divide-and-Conquer

• Find expressions correct wrt some I/O examples 

• And composing them with conditionals (via Decision tree learning)

Scaling Enumerative Program Synthesis via Divide and Conquer, TACAS’17



Further Optimization: Divide-and-Conquer

Terms  
in order of  
increasing 

size

Predicates 
in order of  
increasing 

size
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| 0 | 1 | 2
<latexit sha1_base64="SSnAqU+r7X053t3fwhUNdnXksqk=">AAAB8HicbVC5TgMxEJ0NVwhXODoaiwiJKtqlAMoIGgqKoJADbVaR1/EmVmzvYnuRolW+goYChGj5DD6Bjr/BOQpIeNJIT+/NaGZemHCmjet+O7ml5ZXVtfx6YWNza3unuLvX0HGqCK2TmMeqFWJNOZO0bpjhtJUoikXIaTMcXI395iNVmsXyzgwTGgjckyxiBBsr3aMaavfoA6p1iiW37E6AFok3I6XKwc1nVeX9aqf41e7GJBVUGsKx1r7nJibIsDKMcDoqtFNNE0wGuEd9SyUWVAfZ5OAROrZKF0WxsiUNmqi/JzIstB6K0HYKbPp63huL/3l+aqKLIGMySQ2VZLooSjkyMRp/j7pMUWL40BJMFLO3ItLHChNjMyrYELz5lxdJ47TsnZW9W5vGJUyRh0M4ghPw4BwqcA1VqAMBAU/wAq+Ocp6dN+d92ppzZjP78AfOxw/B5pH8</latexit>

S � S

Term

Predicate



Divide-and-Conquer Enumeration
expr(DT ) is correct on all points, i.e., expr(DT ) |= Õ ⇡ pts. If a decision tree does
not exist, we generate additional terms and predicates and retry.
Algorithm 2 DCSolve: The divide-and-conquer enumeration algorithm
Require: Conditional expression grammar G = ÈGT , GP Í
Require: Specification Õ
Ensure: Expression e s.t. e œ [[G]] · e |= Õ
1: pts Ω ÿ
2: while true do
3: terms Ω ÿ; preds Ω ÿ; cover Ω ÿ; DT = ‹
4: while

t
tœterms cover[t] ”= pts do Û Term solver

5: terms Ω terms fi NextDistinctTerm(pts, terms, cover)
6: while DT = ‹ do Û Unifier
7: terms Ω terms fi NextDistinctTerm(pts, terms, cover)
8: preds Ω preds fi enumerate(GP , pts)
9: DT Ω LearnDT(terms, preds)

10: e Ω expr(DT); cexpt Ω verify(e, Õ) Û Verifier
11: if cexpt = ‹ then return e

12: pts Ω pts fi cexpt
13: function NextDistinctTerm(pts, terms, cover)
14: while True do
15: t Ω enumerate(GT , pts); cover[t] Ω {pt | pt œ pts · t |= Õ ⇡ pt}
16: if ’tÕ œ terms : cover[t] ”= cover[tÕ] then return t

Remark 1. In line 7, we generate additional terms even though terms is guar-
anteed to contain terms that cover all points. This is required to achieve semi-
completeness, i.e., without this, the algorithm might not find a solution even if
one exists.

Theorem 2. Algorithm 2 is sound for the SyGuS problem. Further, assuming a
sound and complete LearnDT procedure, if there exists a solution expression,
Algorithm 2 is guaranteed to find it.

The proof of the above theorem is similar to the proof of soundness and partial-
completeness for the original enumerative solver. The only additional assumption
is that the LearnDT decision tree learning procedure will return a decision tree
if one exists. We present such a procedure in the next section.

4.2 Decision Tree Learning

The standard multi-label decision tree learning algorithm (based on ID3 [18]) is
presented in Algorithm 3. The algorithm first checks if there exists a single label
(i.e., term) t that applies to all the points (line 1). If so, it returns a decision
tree with only a leaf node whose label is t (line 1). Otherwise, it picks the best
predicate p to split on based on some heuristic (line 3). If no predicates are left,
there exists no decision tree, and the algorithm returns ‹ (line 2). Otherwise, it
recursively computes the left and right sub-trees for the set of points on which
p holds and does not hold, respectively (lines 4 and 5). The final decision tree
is returned as a tree with a root (with attribute p), and positive and negative
edges to the roots of the left and right sub-trees, respectively.
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Algorithm 3 Learning Decision Trees
Require: pts, terms, cover, preds
Ensure: Decision tree DT
1: if ÷t : pts ™ cover[t] then return LeafNode[L Ω t]
2: if preds = ÿ then return ‹
3: p Ω Pick predicate from preds
4: L Ω LearnDT({pt | p[pt]}, terms, cover, preds \ {p})
5: R Ω LearnDT({pt | ¬p[pt]}, terms, cover, preds \ {p})
6: return InternalNode[A Ω p, left Ω L, right Ω R]

Information-gain heuristic. The choice of the predicate at line 3 influences
the size of the decision tree learned by Algorithm 3, and hence, in our setting,
the size of the solution expression generated by Algorithm 2. We use the classical
information gain heuristic to pick the predicates. Informally, the information
gain heuristic treats the label as a random variable, and chooses to split on the
attribute knowing whose value will reveal the most information about the label.
We do not describe all aspects of computing information gain, but refer the reader
to any standard textbook on machine learning [4]. Given a set of points ptsÕ ™ pts
the entropy H(ptsÕ) is defined in terms of the probability PptsÕ(label(pt) = t) of a
point pt œ ptÕ being labeled with the term t as

H(ptsÕ) = ≠
ÿ

t

PptsÕ(label(pt) = t) · log2 PptsÕ(label(pt) = t)

Further, given a predicate p œ preds, the information gain of p is defined as

G(p) =
|ptsy|
|pts| · H(ptsy) + |ptsn|

|pts| · H(ptsn)

where ptsy = {pt œ pts | p[pt]} and ptsn = {pt œ pts | ¬p[pt]}. Hence, at line 3,
we compute the value G(p) for each predicate in preds, and pick the one which
maximizes G(p).

We use conditional probabilities PptsÕ(label(pt) = t | pt) to compute the prob-
ability PptsÕ(label(pt) = t). The assumption we make about the prior distribution
is that the likelihood of a given point pt being labeled by a given term t is
proportional to the number of points in cover[t]. Formally, we define:

PptsÕ(label(pt) = t | pt) =

Y
___]

___[

0 if pt /œ cover[t]
|cover[t] fl ptsÕ|

ÿ

tÕ|ptœcover[tÕ]
|cover[tÕ] fl ptsÕ|

if pt œ cover[t]

Now, the unconditional probability of an arbitrary point being labeled with t is
given by PptsÕ(label(pt) = t) =

q
pt PptsÕ(label(pt) = t | pt) · PptsÕ(pt). Assuming a

uniform distribution for picking points, we have that

PptsÕ(label(pt) = t) = 1
|pts| ·

ÿ

pt
PptsÕ(label(pt) = t | pt)

10
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• To synthesize conditional programs as small as possible, 

• The information gain heuristic is used.

• More predicates are collected.

4.3 Extensions and Optimizations

The Anytime Extension. Algorithm 2 stops enumeration of terms and pred-
icates as soon as it finds a single solution to the synthesis problem. However,
there are cases where due to the lack of su�ciently good predicates, the decision
tree and the resulting solution can be large (see Example 9). Instead, we can let
the algorithm continue by generating more terms and predicates. This could lead
to di�erent, potentially smaller decision trees and solutions.

Example 9. Given the specification (x Ø 0 · y Ø 0) ∆ (f(x, y) = 1 … x + y Æ 2)
and a run of Algorithm 2 where the terms 0 and 1 are generated; the terms fully
cover any set of points for this specification. Over a sequence of iterations the
predicates are generated in order of size. Now, the predicates generated of size 3
include x = 0, x = 1, x = 2, y Æ 2, y Æ 1, and y Æ 0. With these predicates, the
decision tree depicted in Figure 3a is learned, and the corresponding conditional
expression is correct for the specification. However, if the procedure continues to
run after the first solution is generated, predicates of size 4 are generated. Among
these predicates, the predicate x + y Æ 2 is also generated. With this additional
predicate, the decision tree in Figure 3b is generated, leading to the compact
solution f(x, y) © if x + y Æ 2 then 1 else 0.

x = 0
y Æ 2

1 0

x = 1
y Æ 1

1 0

x = 2
y Æ 0

1 0

0

(a) Decision tree for predicates of size 3

x + y Æ 2

1 0
(b) Decision tree for predicates of size 4

Decision Tree Repair. In Algorithm 2,
we discard the terms that cover the same
set of points as already generated terms
in line 16. However, these discarded terms
may lead to better solutions than the al-
ready generated ones.

Example 10. Consider a run of the algo-
rithm for the running example, where the
set pts contains the points {x ‘æ 1, y ‘æ 0}
and {x ‘æ ≠1, y ‘æ 0}. Suppose the algo-
rithm first generates the terms 0 and 1.
These terms are each correct on one of the
points and are added to terms. Next, the

algorithm generates the terms x and y. However, these are not added to terms as
x (resp. y) is correct on exactly the same set of points as 1 (resp. 0).

Suppose the algorithm also generates the predicate x Æ y and learns the
decision tree corresponding to the expression e © if x Æ y then 0 else 1. Now,
verifying this expression produces a counter-example point, say {x ‘æ 1, y ‘æ 2}.
While the term 0, and correspondingly, the expression e is incorrect on this point,
the term y which was discarded as an equivalent term to 0, is correct.

Hence, for a practical implementation of the algorithm we do not discard these
terms and predicates, but store them separately in a map Eq : terms æ [[GT ]]
that maps the terms in terms to an additional set of equivalent terms. At lines 16,
if the check for distinctness fails, we instead add the term t to the Eq map. Now,
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Overfitting

• Input-output examples can be an underspecification.

• E.g.,:   The max function    

 
          Syntactic constraint:     

                
 
          Semantic constraint:  
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Bottom-up Enumeration

14

• Start from terminals 


• Combine sub-programs into larger ones using production rules


• Example:

iter 0 x y

iter 1 x + y x - y x ≤ y x = y

iter 2 x + x + y x + x - y … if (x ≤ y) y x …

iter 3 x + x + x + y … if (x ≤ y) (y + x) x

Enumeration

Find a function f(x, y) where f(3, 1) = 3 ^ f(1, 2) = 2
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Grammar

S ! x | y | S + S | S � S | if B S S

B ! S  S | S = S
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Bottom-Up�Enumeration

Size 1
B ↦ { } 

S ↦ { x   y }

Size 2

Size 3
B ↦ { x ≤ x, x ≤ y, y ≤ x, y ≤ y, … } 
S ↦ { x + x, x + y, y + x,…, x * y }

Not the desired solution!



Counter-example Guided Inductive Synthesis 
(CEGIS)

• Enables inductive synthesis strategies beyond I/O examples

• E.g.,   The max function:    

 
        Syntactic constraint:     

                         
 

        Semantic constraint:  
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Counter-example Guided Inductive Synthesis 
(CEGIS)

• Makes inductive synthesis strategies applicable for 
beyond I/O examples

• Generator proposes candidates.

• Verifier checks correctness for each proposed candidate.

Armando Solar Lezama, Program Synthesis by Sketching



CEGIS + Bottom-Up Search

Generator Verifier

Candidate

Counterexample

;
<latexit sha1_base64="4McsGRci4oMtfo0yGlrzVnp4JtI=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi8cK9kPaUDbbSbt0Nwm7EyGE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqDi0ey1h3A2ZAighaKFBCN9HAVCChE0xuZ37nCbQRcfSAWQK+YqNIhIIztNJjH1SCmQEcVGtu3Z2DrhKvIDVSoDmofvWHMU8VRMglM6bnuQn6OdMouIRppZ8aSBifsBH0LI2YAuPn84On9MwqQxrG2laEdK7+nsiZMiZTge1UDMdm2ZuJ/3m9FMNrPxdRkiJEfLEoTCXFmM6+p0OhgaPMLGFcC3sr5WOmGUebUcWG4C2/vEraF3XPrXv3l7XGTRFHmZyQU3JOPHJFGuSONEmLcKLIM3klb452Xpx352PRWnKKmWPyB87nDzjdkKs=</latexit><latexit sha1_base64="4McsGRci4oMtfo0yGlrzVnp4JtI=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi8cK9kPaUDbbSbt0Nwm7EyGE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqDi0ey1h3A2ZAighaKFBCN9HAVCChE0xuZ37nCbQRcfSAWQK+YqNIhIIztNJjH1SCmQEcVGtu3Z2DrhKvIDVSoDmofvWHMU8VRMglM6bnuQn6OdMouIRppZ8aSBifsBH0LI2YAuPn84On9MwqQxrG2laEdK7+nsiZMiZTge1UDMdm2ZuJ/3m9FMNrPxdRkiJEfLEoTCXFmM6+p0OhgaPMLGFcC3sr5WOmGUebUcWG4C2/vEraF3XPrXv3l7XGTRFHmZyQU3JOPHJFGuSONEmLcKLIM3klb452Xpx352PRWnKKmWPyB87nDzjdkKs=</latexit><latexit sha1_base64="4McsGRci4oMtfo0yGlrzVnp4JtI=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi8cK9kPaUDbbSbt0Nwm7EyGE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqDi0ey1h3A2ZAighaKFBCN9HAVCChE0xuZ37nCbQRcfSAWQK+YqNIhIIztNJjH1SCmQEcVGtu3Z2DrhKvIDVSoDmofvWHMU8VRMglM6bnuQn6OdMouIRppZ8aSBifsBH0LI2YAuPn84On9MwqQxrG2laEdK7+nsiZMiZTge1UDMdm2ZuJ/3m9FMNrPxdRkiJEfLEoTCXFmM6+p0OhgaPMLGFcC3sr5WOmGUebUcWG4C2/vEraF3XPrXv3l7XGTRFHmZyQU3JOPHJFGuSONEmLcKLIM3klb452Xpx352PRWnKKmWPyB87nDzjdkKs=</latexit><latexit sha1_base64="4McsGRci4oMtfo0yGlrzVnp4JtI=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi8cK9kPaUDbbSbt0Nwm7EyGE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqDi0ey1h3A2ZAighaKFBCN9HAVCChE0xuZ37nCbQRcfSAWQK+YqNIhIIztNJjH1SCmQEcVGtu3Z2DrhKvIDVSoDmofvWHMU8VRMglM6bnuQn6OdMouIRppZ8aSBifsBH0LI2YAuPn84On9MwqQxrG2laEdK7+nsiZMiZTge1UDMdm2ZuJ/3m9FMNrPxdRkiJEfLEoTCXFmM6+p0OhgaPMLGFcC3sr5WOmGUebUcWG4C2/vEraF3XPrXv3l7XGTRFHmZyQU3JOPHJFGuSONEmLcKLIM3klb452Xpx352PRWnKKmWPyB87nDzjdkKs=</latexit>

Examples:

PLDI’18, June 18–22, 2018, Philadelphia, PA, USA Woosuk Lee, Kihong Heo, Rajeev Alur, and Mayur Naik

context-free grammar [21], probabilistic higher-order gram-
mar [6], a log-bilinear model [1], a decision tree model [28],
and a neural network [5].
To address the second challenge, we target probabilistic

higher order grammars (PHOG) [6], a powerful probabilistic
model that generalizes probabilistic context-free grammars
by allowing conditioning of each production rule beyond the
parent non-terminal. It thereby allows capturing rich con-
texts to e�ectively distinguish likely programs from unlikely
ones. We learn the model from known solutions of synthesis
problems that were solved by existing techniques. A direct
application, however, su�ers from over�tting the model to
speci�cations in those synthesis problems. We propose a
novel learning method inspired by transfer learning [23, 24]
to learn the model from features of speci�cations. The fea-
tures are provided by a domain expert and are akin to domain
knowledge used to guide synthesis in existing techniques,
such as features of input-output examples [21] or abstract
semantics of programs [33].
We implemented our approach in a tool called E������

that we built atop EUS����� [4], an open-source state-of-the-
art search-based synthesizer. We evaluate E������ on 1,167
benchmark problems from three widely applicable domains:
string manipulation (end-user programming problems), bit-
vector manipulation (e�cient low-level algorithms), and cir-
cuit transformation (attack-resistant crypto circuits). For
each of these domains, we observe that it su�ces to train
E������ using easily obtainable solutions—those that can
be generated by EUS����� in under 10 minutes. These solu-
tions comprise 762 (⇠ 65%) of our benchmark problems.
The trained E������ is able to solve 236 new problems

in 11 minutes on average per problem, compared to only 87
by EUS����� using 29 minutes on average. EUS����� fails
to solve the remaining problems even after 6 hours—a conse-
quence of the fact that the search space grows exponentially
with program size, despite the use of powerful techniques
to optimize the search (see Section 3.4). We also compare
E������ to F����F��� [12], a synthesizer tailored to the
string manipulation domain that is shipped with Microsoft
PowerShell. E������ outperforms F����F��� on 20 out of
22 synthesis problems and is 10x faster on average. E������
thus provides signi�cant performance gains that are comple-
mentary to those achieved by existing general-purpose and
domain-speci�c synthesizers.

We summarize the main contributions of our work:
• A general approach to accelerate search-based program
synthesis by using a probabilistic model to guide the search
towards likely programs. It targets the widely-used SyGuS
formulation and supports a wide range of models.

• Amethod based on transfer learning that enables to learn a
powerful model called probabilistic higher order grammar
(PHOG) from known solutions without over�tting.

Iter. Enumerated programs Counterex.

1 “.” “-.”

2 “.”, “-”, x|     {z     }
size 1

, “-” + “-”, “.” + “-”, · · · , “.” + “.”|                                    {z                                    }
size 3

“308-916”

3 “.”, “-”, x|     {z     }
size 1

, “-” + “-”, · · · ,x + “.”|                   {z                   }
size 3

, Rep(x , “.”, “-”), Rep(x , “-”, “.”)|                                  {z                                  }
size 4

Table 1. Enumeration using an unguided search.

• Implementation atop an open-source tool and evaluation
on benchmark problems from a variety of widely applica-
ble domains. The results demonstrate signi�cant perfor-
mance gains over existing synthesis techniques.

2 Overview
We illustrate our approach on the problem of synthesizing a
certain string transformation program. The desired program
is a function f that takes as input a string denoted x and
outputs a string with each hyphen in x replaced by a dot.
We formulate this problem as an instance of the syntax-

guided synthesis (SyGuS) problem [3]. The formulation com-
prises a syntactic speci�cation, in the form of a context-free
grammar that constrains the space of possible programs,
and a semantic speci�cation, in the form of a logical formula
which de�nes a correctness condition that f must satisfy.
The syntactic speci�cation for f is the grammar:

S ! x | “-” | “.” | S + S | Rep(S, S, S) (1)

S =) S + S =) x + S =) x + “.”
where S is the start symbol, + is the string concatenation
operator, and Rep(s, t1, t2) is a new string where each oc-
currence of substring t1 in s is replaced by string t2. The
semantic speci�cation for f follows the programming by ex-
ample (PBE) paradigm and comprises input-output examples
given as a logical formula:1

f (“-.”) = “..” ^ f (“308-916”) = “308.916” ^ f (“1”) = “1” (2)

A solution to this synthesis problem is Rep(x , “-”, “.”).
We next illustrate how a typical search-based synthesizer

�nds this solution using the CEGIS procedure that combines
a search algorithm with a veri�cation oracle. It maintains
a �nite set of program inputs pts that is initially empty. In
each iteration, it searches for a candidate program that is
correct on the inputs in pts, and veri�es the correctness of
the program according to the given semantic speci�cation.
If correct, it returns the program; otherwise, it adds new
counterexample inputs to pts and repeats the process. The
overall performance of this procedure depends heavily on
the search algorithm it uses to �nd candidate programs.

1Our approach is also applicable to SyGuS instances that use semantic
speci�cation 8x : ... instead of input-output examples; we evaluate it on
both kinds of synthesis problems.

* f(“-.”) = “..”
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f(x, y) = x

x = 0, y = 1

f(0, 1) = 1

SMT solverBottom-Up Enumeration

<latexit sha1_base64="0iOXLBWbr6bBExuYHyQ1E+zVPfI="></latexit>

¬8x, y. x � x ^ x � y ^ (x = x _ x = y)
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Candidate

Counterexample

;
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Examples:

PLDI’18, June 18–22, 2018, Philadelphia, PA, USA Woosuk Lee, Kihong Heo, Rajeev Alur, and Mayur Naik

context-free grammar [21], probabilistic higher-order gram-
mar [6], a log-bilinear model [1], a decision tree model [28],
and a neural network [5].
To address the second challenge, we target probabilistic

higher order grammars (PHOG) [6], a powerful probabilistic
model that generalizes probabilistic context-free grammars
by allowing conditioning of each production rule beyond the
parent non-terminal. It thereby allows capturing rich con-
texts to e�ectively distinguish likely programs from unlikely
ones. We learn the model from known solutions of synthesis
problems that were solved by existing techniques. A direct
application, however, su�ers from over�tting the model to
speci�cations in those synthesis problems. We propose a
novel learning method inspired by transfer learning [23, 24]
to learn the model from features of speci�cations. The fea-
tures are provided by a domain expert and are akin to domain
knowledge used to guide synthesis in existing techniques,
such as features of input-output examples [21] or abstract
semantics of programs [33].
We implemented our approach in a tool called E������

that we built atop EUS����� [4], an open-source state-of-the-
art search-based synthesizer. We evaluate E������ on 1,167
benchmark problems from three widely applicable domains:
string manipulation (end-user programming problems), bit-
vector manipulation (e�cient low-level algorithms), and cir-
cuit transformation (attack-resistant crypto circuits). For
each of these domains, we observe that it su�ces to train
E������ using easily obtainable solutions—those that can
be generated by EUS����� in under 10 minutes. These solu-
tions comprise 762 (⇠ 65%) of our benchmark problems.
The trained E������ is able to solve 236 new problems

in 11 minutes on average per problem, compared to only 87
by EUS����� using 29 minutes on average. EUS����� fails
to solve the remaining problems even after 6 hours—a conse-
quence of the fact that the search space grows exponentially
with program size, despite the use of powerful techniques
to optimize the search (see Section 3.4). We also compare
E������ to F����F��� [12], a synthesizer tailored to the
string manipulation domain that is shipped with Microsoft
PowerShell. E������ outperforms F����F��� on 20 out of
22 synthesis problems and is 10x faster on average. E������
thus provides signi�cant performance gains that are comple-
mentary to those achieved by existing general-purpose and
domain-speci�c synthesizers.

We summarize the main contributions of our work:
• A general approach to accelerate search-based program
synthesis by using a probabilistic model to guide the search
towards likely programs. It targets the widely-used SyGuS
formulation and supports a wide range of models.

• Amethod based on transfer learning that enables to learn a
powerful model called probabilistic higher order grammar
(PHOG) from known solutions without over�tting.

Iter. Enumerated programs Counterex.

1 “.” “-.”

2 “.”, “-”, x|     {z     }
size 1

, “-” + “-”, “.” + “-”, · · · , “.” + “.”|                                    {z                                    }
size 3

“308-916”

3 “.”, “-”, x|     {z     }
size 1

, “-” + “-”, · · · ,x + “.”|                   {z                   }
size 3

, Rep(x , “.”, “-”), Rep(x , “-”, “.”)|                                  {z                                  }
size 4

Table 1. Enumeration using an unguided search.

• Implementation atop an open-source tool and evaluation
on benchmark problems from a variety of widely applica-
ble domains. The results demonstrate signi�cant perfor-
mance gains over existing synthesis techniques.

2 Overview
We illustrate our approach on the problem of synthesizing a
certain string transformation program. The desired program
is a function f that takes as input a string denoted x and
outputs a string with each hyphen in x replaced by a dot.
We formulate this problem as an instance of the syntax-

guided synthesis (SyGuS) problem [3]. The formulation com-
prises a syntactic speci�cation, in the form of a context-free
grammar that constrains the space of possible programs,
and a semantic speci�cation, in the form of a logical formula
which de�nes a correctness condition that f must satisfy.
The syntactic speci�cation for f is the grammar:

S ! x | “-” | “.” | S + S | Rep(S, S, S) (1)

S =) S + S =) x + S =) x + “.”
where S is the start symbol, + is the string concatenation
operator, and Rep(s, t1, t2) is a new string where each oc-
currence of substring t1 in s is replaced by string t2. The
semantic speci�cation for f follows the programming by ex-
ample (PBE) paradigm and comprises input-output examples
given as a logical formula:1

f (“-.”) = “..” ^ f (“308-916”) = “308.916” ^ f (“1”) = “1” (2)

A solution to this synthesis problem is Rep(x , “-”, “.”).
We next illustrate how a typical search-based synthesizer

�nds this solution using the CEGIS procedure that combines
a search algorithm with a veri�cation oracle. It maintains
a �nite set of program inputs pts that is initially empty. In
each iteration, it searches for a candidate program that is
correct on the inputs in pts, and veri�es the correctness of
the program according to the given semantic speci�cation.
If correct, it returns the program; otherwise, it adds new
counterexample inputs to pts and repeats the process. The
overall performance of this procedure depends heavily on
the search algorithm it uses to �nd candidate programs.

1Our approach is also applicable to SyGuS instances that use semantic
speci�cation 8x : ... instead of input-output examples; we evaluate it on
both kinds of synthesis problems.

* f(“-.”) = “..”
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“-.”
<latexit sha1_base64="1+u9xxQ8OzzgTvytwcLrEZZAjKw=">AAAB9HicbVDLTgJBEJz1ifhCPXqZSAxe3OwaEzmSePGIiTwS2MDs0MCE2YczvUSy4Tu8eNAYr36MN//GAfagYCWdVKq6093lx1JodJxva219Y3NrO7eT393bPzgsHB3XdZQoDjUeyUg1faZBihBqKFBCM1bAAl9Cwx/dzvzGGJQWUfiAkxi8gA1C0RecoZG8NsITpt3upV0qTTuFomM7c9BV4makSDJUO4Wvdi/iSQAhcsm0brlOjF7KFAouYZpvJxpixkdsAC1DQxaA9tL50VN6bpQe7UfKVIh0rv6eSFmg9STwTWfAcKiXvZn4n9dKsF/2UhHGCULIF4v6iaQY0VkCtCcUcJQTQxhXwtxK+ZApxtHklDchuMsvr5L6le06tnt/XayUszhy5JSckQvikhtSIXekSmqEk0fyTF7JmzW2Xqx362PRumZlMyfkD6zPH9xRkXQ=</latexit><latexit sha1_base64="1+u9xxQ8OzzgTvytwcLrEZZAjKw=">AAAB9HicbVDLTgJBEJz1ifhCPXqZSAxe3OwaEzmSePGIiTwS2MDs0MCE2YczvUSy4Tu8eNAYr36MN//GAfagYCWdVKq6093lx1JodJxva219Y3NrO7eT393bPzgsHB3XdZQoDjUeyUg1faZBihBqKFBCM1bAAl9Cwx/dzvzGGJQWUfiAkxi8gA1C0RecoZG8NsITpt3upV0qTTuFomM7c9BV4makSDJUO4Wvdi/iSQAhcsm0brlOjF7KFAouYZpvJxpixkdsAC1DQxaA9tL50VN6bpQe7UfKVIh0rv6eSFmg9STwTWfAcKiXvZn4n9dKsF/2UhHGCULIF4v6iaQY0VkCtCcUcJQTQxhXwtxK+ZApxtHklDchuMsvr5L6le06tnt/XayUszhy5JSckQvikhtSIXekSmqEk0fyTF7JmzW2Xqx362PRumZlMyfkD6zPH9xRkXQ=</latexit><latexit sha1_base64="1+u9xxQ8OzzgTvytwcLrEZZAjKw=">AAAB9HicbVDLTgJBEJz1ifhCPXqZSAxe3OwaEzmSePGIiTwS2MDs0MCE2YczvUSy4Tu8eNAYr36MN//GAfagYCWdVKq6093lx1JodJxva219Y3NrO7eT393bPzgsHB3XdZQoDjUeyUg1faZBihBqKFBCM1bAAl9Cwx/dzvzGGJQWUfiAkxi8gA1C0RecoZG8NsITpt3upV0qTTuFomM7c9BV4makSDJUO4Wvdi/iSQAhcsm0brlOjF7KFAouYZpvJxpixkdsAC1DQxaA9tL50VN6bpQe7UfKVIh0rv6eSFmg9STwTWfAcKiXvZn4n9dKsF/2UhHGCULIF4v6iaQY0VkCtCcUcJQTQxhXwtxK+ZApxtHklDchuMsvr5L6le06tnt/XayUszhy5JSckQvikhtSIXekSmqEk0fyTF7JmzW2Xqx362PRumZlMyfkD6zPH9xRkXQ=</latexit><latexit sha1_base64="1+u9xxQ8OzzgTvytwcLrEZZAjKw=">AAAB9HicbVDLTgJBEJz1ifhCPXqZSAxe3OwaEzmSePGIiTwS2MDs0MCE2YczvUSy4Tu8eNAYr36MN//GAfagYCWdVKq6093lx1JodJxva219Y3NrO7eT393bPzgsHB3XdZQoDjUeyUg1faZBihBqKFBCM1bAAl9Cwx/dzvzGGJQWUfiAkxi8gA1C0RecoZG8NsITpt3upV0qTTuFomM7c9BV4makSDJUO4Wvdi/iSQAhcsm0brlOjF7KFAouYZpvJxpixkdsAC1DQxaA9tL50VN6bpQe7UfKVIh0rv6eSFmg9STwTWfAcKiXvZn4n9dKsF/2UhHGCULIF4v6iaQY0VkCtCcUcJQTQxhXwtxK+ZApxtHklDchuMsvr5L6le06tnt/XayUszhy5JSckQvikhtSIXekSmqEk0fyTF7JmzW2Xqx362PRumZlMyfkD6zPH9xRkXQ=</latexit>

x = 0, y = 1

f(x, y) = y

x = 1, y = 0

f(1, 0) = 1
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<latexit sha1_base64="4McsGRci4oMtfo0yGlrzVnp4JtI=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi8cK9kPaUDbbSbt0Nwm7EyGE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqDi0ey1h3A2ZAighaKFBCN9HAVCChE0xuZ37nCbQRcfSAWQK+YqNIhIIztNJjH1SCmQEcVGtu3Z2DrhKvIDVSoDmofvWHMU8VRMglM6bnuQn6OdMouIRppZ8aSBifsBH0LI2YAuPn84On9MwqQxrG2laEdK7+nsiZMiZTge1UDMdm2ZuJ/3m9FMNrPxdRkiJEfLEoTCXFmM6+p0OhgaPMLGFcC3sr5WOmGUebUcWG4C2/vEraF3XPrXv3l7XGTRFHmZyQU3JOPHJFGuSONEmLcKLIM3klb452Xpx352PRWnKKmWPyB87nDzjdkKs=</latexit><latexit sha1_base64="4McsGRci4oMtfo0yGlrzVnp4JtI=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi8cK9kPaUDbbSbt0Nwm7EyGE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqDi0ey1h3A2ZAighaKFBCN9HAVCChE0xuZ37nCbQRcfSAWQK+YqNIhIIztNJjH1SCmQEcVGtu3Z2DrhKvIDVSoDmofvWHMU8VRMglM6bnuQn6OdMouIRppZ8aSBifsBH0LI2YAuPn84On9MwqQxrG2laEdK7+nsiZMiZTge1UDMdm2ZuJ/3m9FMNrPxdRkiJEfLEoTCXFmM6+p0OhgaPMLGFcC3sr5WOmGUebUcWG4C2/vEraF3XPrXv3l7XGTRFHmZyQU3JOPHJFGuSONEmLcKLIM3klb452Xpx352PRWnKKmWPyB87nDzjdkKs=</latexit><latexit sha1_base64="4McsGRci4oMtfo0yGlrzVnp4JtI=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi8cK9kPaUDbbSbt0Nwm7EyGE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqDi0ey1h3A2ZAighaKFBCN9HAVCChE0xuZ37nCbQRcfSAWQK+YqNIhIIztNJjH1SCmQEcVGtu3Z2DrhKvIDVSoDmofvWHMU8VRMglM6bnuQn6OdMouIRppZ8aSBifsBH0LI2YAuPn84On9MwqQxrG2laEdK7+nsiZMiZTge1UDMdm2ZuJ/3m9FMNrPxdRkiJEfLEoTCXFmM6+p0OhgaPMLGFcC3sr5WOmGUebUcWG4C2/vEraF3XPrXv3l7XGTRFHmZyQU3JOPHJFGuSONEmLcKLIM3klb452Xpx352PRWnKKmWPyB87nDzjdkKs=</latexit><latexit sha1_base64="4McsGRci4oMtfo0yGlrzVnp4JtI=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi8cK9kPaUDbbSbt0Nwm7EyGE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqDi0ey1h3A2ZAighaKFBCN9HAVCChE0xuZ37nCbQRcfSAWQK+YqNIhIIztNJjH1SCmQEcVGtu3Z2DrhKvIDVSoDmofvWHMU8VRMglM6bnuQn6OdMouIRppZ8aSBifsBH0LI2YAuPn84On9MwqQxrG2laEdK7+nsiZMiZTge1UDMdm2ZuJ/3m9FMNrPxdRkiJEfLEoTCXFmM6+p0OhgaPMLGFcC3sr5WOmGUebUcWG4C2/vEraF3XPrXv3l7XGTRFHmZyQU3JOPHJFGuSONEmLcKLIM3klb452Xpx352PRWnKKmWPyB87nDzjdkKs=</latexit>
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context-free grammar [21], probabilistic higher-order gram-
mar [6], a log-bilinear model [1], a decision tree model [28],
and a neural network [5].
To address the second challenge, we target probabilistic

higher order grammars (PHOG) [6], a powerful probabilistic
model that generalizes probabilistic context-free grammars
by allowing conditioning of each production rule beyond the
parent non-terminal. It thereby allows capturing rich con-
texts to e�ectively distinguish likely programs from unlikely
ones. We learn the model from known solutions of synthesis
problems that were solved by existing techniques. A direct
application, however, su�ers from over�tting the model to
speci�cations in those synthesis problems. We propose a
novel learning method inspired by transfer learning [23, 24]
to learn the model from features of speci�cations. The fea-
tures are provided by a domain expert and are akin to domain
knowledge used to guide synthesis in existing techniques,
such as features of input-output examples [21] or abstract
semantics of programs [33].
We implemented our approach in a tool called E������

that we built atop EUS����� [4], an open-source state-of-the-
art search-based synthesizer. We evaluate E������ on 1,167
benchmark problems from three widely applicable domains:
string manipulation (end-user programming problems), bit-
vector manipulation (e�cient low-level algorithms), and cir-
cuit transformation (attack-resistant crypto circuits). For
each of these domains, we observe that it su�ces to train
E������ using easily obtainable solutions—those that can
be generated by EUS����� in under 10 minutes. These solu-
tions comprise 762 (⇠ 65%) of our benchmark problems.
The trained E������ is able to solve 236 new problems

in 11 minutes on average per problem, compared to only 87
by EUS����� using 29 minutes on average. EUS����� fails
to solve the remaining problems even after 6 hours—a conse-
quence of the fact that the search space grows exponentially
with program size, despite the use of powerful techniques
to optimize the search (see Section 3.4). We also compare
E������ to F����F��� [12], a synthesizer tailored to the
string manipulation domain that is shipped with Microsoft
PowerShell. E������ outperforms F����F��� on 20 out of
22 synthesis problems and is 10x faster on average. E������
thus provides signi�cant performance gains that are comple-
mentary to those achieved by existing general-purpose and
domain-speci�c synthesizers.

We summarize the main contributions of our work:
• A general approach to accelerate search-based program
synthesis by using a probabilistic model to guide the search
towards likely programs. It targets the widely-used SyGuS
formulation and supports a wide range of models.

• Amethod based on transfer learning that enables to learn a
powerful model called probabilistic higher order grammar
(PHOG) from known solutions without over�tting.

Iter. Enumerated programs Counterex.

1 “.” “-.”

2 “.”, “-”, x|     {z     }
size 1

, “-” + “-”, “.” + “-”, · · · , “.” + “.”|                                    {z                                    }
size 3

“308-916”

3 “.”, “-”, x|     {z     }
size 1

, “-” + “-”, · · · ,x + “.”|                   {z                   }
size 3

, Rep(x , “.”, “-”), Rep(x , “-”, “.”)|                                  {z                                  }
size 4

Table 1. Enumeration using an unguided search.

• Implementation atop an open-source tool and evaluation
on benchmark problems from a variety of widely applica-
ble domains. The results demonstrate signi�cant perfor-
mance gains over existing synthesis techniques.

2 Overview
We illustrate our approach on the problem of synthesizing a
certain string transformation program. The desired program
is a function f that takes as input a string denoted x and
outputs a string with each hyphen in x replaced by a dot.
We formulate this problem as an instance of the syntax-

guided synthesis (SyGuS) problem [3]. The formulation com-
prises a syntactic speci�cation, in the form of a context-free
grammar that constrains the space of possible programs,
and a semantic speci�cation, in the form of a logical formula
which de�nes a correctness condition that f must satisfy.
The syntactic speci�cation for f is the grammar:

S ! x | “-” | “.” | S + S | Rep(S, S, S) (1)

S =) S + S =) x + S =) x + “.”
where S is the start symbol, + is the string concatenation
operator, and Rep(s, t1, t2) is a new string where each oc-
currence of substring t1 in s is replaced by string t2. The
semantic speci�cation for f follows the programming by ex-
ample (PBE) paradigm and comprises input-output examples
given as a logical formula:1

f (“-.”) = “..” ^ f (“308-916”) = “308.916” ^ f (“1”) = “1” (2)

A solution to this synthesis problem is Rep(x , “-”, “.”).
We next illustrate how a typical search-based synthesizer

�nds this solution using the CEGIS procedure that combines
a search algorithm with a veri�cation oracle. It maintains
a �nite set of program inputs pts that is initially empty. In
each iteration, it searches for a candidate program that is
correct on the inputs in pts, and veri�es the correctness of
the program according to the given semantic speci�cation.
If correct, it returns the program; otherwise, it adds new
counterexample inputs to pts and repeats the process. The
overall performance of this procedure depends heavily on
the search algorithm it uses to �nd candidate programs.

1Our approach is also applicable to SyGuS instances that use semantic
speci�cation 8x : ... instead of input-output examples; we evaluate it on
both kinds of synthesis problems.

* f(“-.”) = “..”
<latexit sha1_base64="SeDbWtkfHJMlOtFMRVavhBXN40A=">AAACEnicbZDJSgNBEIZ7XGPcoh69NAZJcnCYEcFchIAXjxHMAklIejo12tiz0F0jhiHP4MVX8eJBEa+evPk2dhZBE39o+Pmqiur6vVgKjY7zZS0sLi2vrGbWsusbm1vbuZ3duo4SxaHGIxmppsc0SBFCDQVKaMYKWOBJaHi356N64w6UFlF4hYMYOgG7DoUvOEODurlS2wPOEg3UL7YR7jHt9Y7sQmFYomf0B9gj0M3lHdsZi84bd2ryZKpqN/fZ7kc8CSBELpnWLdeJsZMyhYJLGGbbZmvM+C27hpaxIQtAd9LxSUN6aEif+pEyL0Q6pr8nUhZoPQg80xkwvNGztRH8r9ZK0C93UhHGCULIJ4v8RFKM6Cgf2hcKOMqBMYwrYf5K+Q1TjKNJMWtCcGdPnjf1Y9t1bPfyJF8pT+PIkH1yQIrEJaekQi5IldQIJw/kibyQV+vRerberPdJ64I1ndkjf2R9fAMZbZvI</latexit><latexit sha1_base64="SeDbWtkfHJMlOtFMRVavhBXN40A=">AAACEnicbZDJSgNBEIZ7XGPcoh69NAZJcnCYEcFchIAXjxHMAklIejo12tiz0F0jhiHP4MVX8eJBEa+evPk2dhZBE39o+Pmqiur6vVgKjY7zZS0sLi2vrGbWsusbm1vbuZ3duo4SxaHGIxmppsc0SBFCDQVKaMYKWOBJaHi356N64w6UFlF4hYMYOgG7DoUvOEODurlS2wPOEg3UL7YR7jHt9Y7sQmFYomf0B9gj0M3lHdsZi84bd2ryZKpqN/fZ7kc8CSBELpnWLdeJsZMyhYJLGGbbZmvM+C27hpaxIQtAd9LxSUN6aEif+pEyL0Q6pr8nUhZoPQg80xkwvNGztRH8r9ZK0C93UhHGCULIJ4v8RFKM6Cgf2hcKOMqBMYwrYf5K+Q1TjKNJMWtCcGdPnjf1Y9t1bPfyJF8pT+PIkH1yQIrEJaekQi5IldQIJw/kibyQV+vRerberPdJ64I1ndkjf2R9fAMZbZvI</latexit><latexit sha1_base64="SeDbWtkfHJMlOtFMRVavhBXN40A=">AAACEnicbZDJSgNBEIZ7XGPcoh69NAZJcnCYEcFchIAXjxHMAklIejo12tiz0F0jhiHP4MVX8eJBEa+evPk2dhZBE39o+Pmqiur6vVgKjY7zZS0sLi2vrGbWsusbm1vbuZ3duo4SxaHGIxmppsc0SBFCDQVKaMYKWOBJaHi356N64w6UFlF4hYMYOgG7DoUvOEODurlS2wPOEg3UL7YR7jHt9Y7sQmFYomf0B9gj0M3lHdsZi84bd2ryZKpqN/fZ7kc8CSBELpnWLdeJsZMyhYJLGGbbZmvM+C27hpaxIQtAd9LxSUN6aEif+pEyL0Q6pr8nUhZoPQg80xkwvNGztRH8r9ZK0C93UhHGCULIJ4v8RFKM6Cgf2hcKOMqBMYwrYf5K+Q1TjKNJMWtCcGdPnjf1Y9t1bPfyJF8pT+PIkH1yQIrEJaekQi5IldQIJw/kibyQV+vRerberPdJ64I1ndkjf2R9fAMZbZvI</latexit><latexit sha1_base64="SeDbWtkfHJMlOtFMRVavhBXN40A=">AAACEnicbZDJSgNBEIZ7XGPcoh69NAZJcnCYEcFchIAXjxHMAklIejo12tiz0F0jhiHP4MVX8eJBEa+evPk2dhZBE39o+Pmqiur6vVgKjY7zZS0sLi2vrGbWsusbm1vbuZ3duo4SxaHGIxmppsc0SBFCDQVKaMYKWOBJaHi356N64w6UFlF4hYMYOgG7DoUvOEODurlS2wPOEg3UL7YR7jHt9Y7sQmFYomf0B9gj0M3lHdsZi84bd2ryZKpqN/fZ7kc8CSBELpnWLdeJsZMyhYJLGGbbZmvM+C27hpaxIQtAd9LxSUN6aEif+pEyL0Q6pr8nUhZoPQg80xkwvNGztRH8r9ZK0C93UhHGCULIJ4v8RFKM6Cgf2hcKOMqBMYwrYf5K+Q1TjKNJMWtCcGdPnjf1Y9t1bPfyJF8pT+PIkH1yQIrEJaekQi5IldQIJw/kibyQV+vRerberPdJ64I1ndkjf2R9fAMZbZvI</latexit>

“-.”
<latexit sha1_base64="1+u9xxQ8OzzgTvytwcLrEZZAjKw=">AAAB9HicbVDLTgJBEJz1ifhCPXqZSAxe3OwaEzmSePGIiTwS2MDs0MCE2YczvUSy4Tu8eNAYr36MN//GAfagYCWdVKq6093lx1JodJxva219Y3NrO7eT393bPzgsHB3XdZQoDjUeyUg1faZBihBqKFBCM1bAAl9Cwx/dzvzGGJQWUfiAkxi8gA1C0RecoZG8NsITpt3upV0qTTuFomM7c9BV4makSDJUO4Wvdi/iSQAhcsm0brlOjF7KFAouYZpvJxpixkdsAC1DQxaA9tL50VN6bpQe7UfKVIh0rv6eSFmg9STwTWfAcKiXvZn4n9dKsF/2UhHGCULIF4v6iaQY0VkCtCcUcJQTQxhXwtxK+ZApxtHklDchuMsvr5L6le06tnt/XayUszhy5JSckQvikhtSIXekSmqEk0fyTF7JmzW2Xqx362PRumZlMyfkD6zPH9xRkXQ=</latexit><latexit sha1_base64="1+u9xxQ8OzzgTvytwcLrEZZAjKw=">AAAB9HicbVDLTgJBEJz1ifhCPXqZSAxe3OwaEzmSePGIiTwS2MDs0MCE2YczvUSy4Tu8eNAYr36MN//GAfagYCWdVKq6093lx1JodJxva219Y3NrO7eT393bPzgsHB3XdZQoDjUeyUg1faZBihBqKFBCM1bAAl9Cwx/dzvzGGJQWUfiAkxi8gA1C0RecoZG8NsITpt3upV0qTTuFomM7c9BV4makSDJUO4Wvdi/iSQAhcsm0brlOjF7KFAouYZpvJxpixkdsAC1DQxaA9tL50VN6bpQe7UfKVIh0rv6eSFmg9STwTWfAcKiXvZn4n9dKsF/2UhHGCULIF4v6iaQY0VkCtCcUcJQTQxhXwtxK+ZApxtHklDchuMsvr5L6le06tnt/XayUszhy5JSckQvikhtSIXekSmqEk0fyTF7JmzW2Xqx362PRumZlMyfkD6zPH9xRkXQ=</latexit><latexit sha1_base64="1+u9xxQ8OzzgTvytwcLrEZZAjKw=">AAAB9HicbVDLTgJBEJz1ifhCPXqZSAxe3OwaEzmSePGIiTwS2MDs0MCE2YczvUSy4Tu8eNAYr36MN//GAfagYCWdVKq6093lx1JodJxva219Y3NrO7eT393bPzgsHB3XdZQoDjUeyUg1faZBihBqKFBCM1bAAl9Cwx/dzvzGGJQWUfiAkxi8gA1C0RecoZG8NsITpt3upV0qTTuFomM7c9BV4makSDJUO4Wvdi/iSQAhcsm0brlOjF7KFAouYZpvJxpixkdsAC1DQxaA9tL50VN6bpQe7UfKVIh0rv6eSFmg9STwTWfAcKiXvZn4n9dKsF/2UhHGCULIF4v6iaQY0VkCtCcUcJQTQxhXwtxK+ZApxtHklDchuMsvr5L6le06tnt/XayUszhy5JSckQvikhtSIXekSmqEk0fyTF7JmzW2Xqx362PRumZlMyfkD6zPH9xRkXQ=</latexit><latexit sha1_base64="1+u9xxQ8OzzgTvytwcLrEZZAjKw=">AAAB9HicbVDLTgJBEJz1ifhCPXqZSAxe3OwaEzmSePGIiTwS2MDs0MCE2YczvUSy4Tu8eNAYr36MN//GAfagYCWdVKq6093lx1JodJxva219Y3NrO7eT393bPzgsHB3XdZQoDjUeyUg1faZBihBqKFBCM1bAAl9Cwx/dzvzGGJQWUfiAkxi8gA1C0RecoZG8NsITpt3upV0qTTuFomM7c9BV4makSDJUO4Wvdi/iSQAhcsm0brlOjF7KFAouYZpvJxpixkdsAC1DQxaA9tL50VN6bpQe7UfKVIh0rv6eSFmg9STwTWfAcKiXvZn4n9dKsF/2UhHGCULIF4v6iaQY0VkCtCcUcJQTQxhXwtxK+ZApxtHklDchuMsvr5L6le06tnt/XayUszhy5JSckQvikhtSIXekSmqEk0fyTF7JmzW2Xqx362PRumZlMyfkD6zPH9xRkXQ=</latexit>

x = 0, y = 1

x = 1, y = 0

f(x, y) = 1

f(0, 0) = 0

x = 0, y = 0
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;
<latexit sha1_base64="4McsGRci4oMtfo0yGlrzVnp4JtI=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi8cK9kPaUDbbSbt0Nwm7EyGE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqDi0ey1h3A2ZAighaKFBCN9HAVCChE0xuZ37nCbQRcfSAWQK+YqNIhIIztNJjH1SCmQEcVGtu3Z2DrhKvIDVSoDmofvWHMU8VRMglM6bnuQn6OdMouIRppZ8aSBifsBH0LI2YAuPn84On9MwqQxrG2laEdK7+nsiZMiZTge1UDMdm2ZuJ/3m9FMNrPxdRkiJEfLEoTCXFmM6+p0OhgaPMLGFcC3sr5WOmGUebUcWG4C2/vEraF3XPrXv3l7XGTRFHmZyQU3JOPHJFGuSONEmLcKLIM3klb452Xpx352PRWnKKmWPyB87nDzjdkKs=</latexit><latexit sha1_base64="4McsGRci4oMtfo0yGlrzVnp4JtI=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi8cK9kPaUDbbSbt0Nwm7EyGE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqDi0ey1h3A2ZAighaKFBCN9HAVCChE0xuZ37nCbQRcfSAWQK+YqNIhIIztNJjH1SCmQEcVGtu3Z2DrhKvIDVSoDmofvWHMU8VRMglM6bnuQn6OdMouIRppZ8aSBifsBH0LI2YAuPn84On9MwqQxrG2laEdK7+nsiZMiZTge1UDMdm2ZuJ/3m9FMNrPxdRkiJEfLEoTCXFmM6+p0OhgaPMLGFcC3sr5WOmGUebUcWG4C2/vEraF3XPrXv3l7XGTRFHmZyQU3JOPHJFGuSONEmLcKLIM3klb452Xpx352PRWnKKmWPyB87nDzjdkKs=</latexit><latexit sha1_base64="4McsGRci4oMtfo0yGlrzVnp4JtI=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi8cK9kPaUDbbSbt0Nwm7EyGE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqDi0ey1h3A2ZAighaKFBCN9HAVCChE0xuZ37nCbQRcfSAWQK+YqNIhIIztNJjH1SCmQEcVGtu3Z2DrhKvIDVSoDmofvWHMU8VRMglM6bnuQn6OdMouIRppZ8aSBifsBH0LI2YAuPn84On9MwqQxrG2laEdK7+nsiZMiZTge1UDMdm2ZuJ/3m9FMNrPxdRkiJEfLEoTCXFmM6+p0OhgaPMLGFcC3sr5WOmGUebUcWG4C2/vEraF3XPrXv3l7XGTRFHmZyQU3JOPHJFGuSONEmLcKLIM3klb452Xpx352PRWnKKmWPyB87nDzjdkKs=</latexit><latexit sha1_base64="4McsGRci4oMtfo0yGlrzVnp4JtI=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi8cK9kPaUDbbSbt0Nwm7EyGE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqDi0ey1h3A2ZAighaKFBCN9HAVCChE0xuZ37nCbQRcfSAWQK+YqNIhIIztNJjH1SCmQEcVGtu3Z2DrhKvIDVSoDmofvWHMU8VRMglM6bnuQn6OdMouIRppZ8aSBifsBH0LI2YAuPn84On9MwqQxrG2laEdK7+nsiZMiZTge1UDMdm2ZuJ/3m9FMNrPxdRkiJEfLEoTCXFmM6+p0OhgaPMLGFcC3sr5WOmGUebUcWG4C2/vEraF3XPrXv3l7XGTRFHmZyQU3JOPHJFGuSONEmLcKLIM3klb452Xpx352PRWnKKmWPyB87nDzjdkKs=</latexit>
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context-free grammar [21], probabilistic higher-order gram-
mar [6], a log-bilinear model [1], a decision tree model [28],
and a neural network [5].
To address the second challenge, we target probabilistic

higher order grammars (PHOG) [6], a powerful probabilistic
model that generalizes probabilistic context-free grammars
by allowing conditioning of each production rule beyond the
parent non-terminal. It thereby allows capturing rich con-
texts to e�ectively distinguish likely programs from unlikely
ones. We learn the model from known solutions of synthesis
problems that were solved by existing techniques. A direct
application, however, su�ers from over�tting the model to
speci�cations in those synthesis problems. We propose a
novel learning method inspired by transfer learning [23, 24]
to learn the model from features of speci�cations. The fea-
tures are provided by a domain expert and are akin to domain
knowledge used to guide synthesis in existing techniques,
such as features of input-output examples [21] or abstract
semantics of programs [33].
We implemented our approach in a tool called E������

that we built atop EUS����� [4], an open-source state-of-the-
art search-based synthesizer. We evaluate E������ on 1,167
benchmark problems from three widely applicable domains:
string manipulation (end-user programming problems), bit-
vector manipulation (e�cient low-level algorithms), and cir-
cuit transformation (attack-resistant crypto circuits). For
each of these domains, we observe that it su�ces to train
E������ using easily obtainable solutions—those that can
be generated by EUS����� in under 10 minutes. These solu-
tions comprise 762 (⇠ 65%) of our benchmark problems.
The trained E������ is able to solve 236 new problems

in 11 minutes on average per problem, compared to only 87
by EUS����� using 29 minutes on average. EUS����� fails
to solve the remaining problems even after 6 hours—a conse-
quence of the fact that the search space grows exponentially
with program size, despite the use of powerful techniques
to optimize the search (see Section 3.4). We also compare
E������ to F����F��� [12], a synthesizer tailored to the
string manipulation domain that is shipped with Microsoft
PowerShell. E������ outperforms F����F��� on 20 out of
22 synthesis problems and is 10x faster on average. E������
thus provides signi�cant performance gains that are comple-
mentary to those achieved by existing general-purpose and
domain-speci�c synthesizers.

We summarize the main contributions of our work:
• A general approach to accelerate search-based program
synthesis by using a probabilistic model to guide the search
towards likely programs. It targets the widely-used SyGuS
formulation and supports a wide range of models.

• Amethod based on transfer learning that enables to learn a
powerful model called probabilistic higher order grammar
(PHOG) from known solutions without over�tting.

Iter. Enumerated programs Counterex.

1 “.” “-.”

2 “.”, “-”, x|     {z     }
size 1

, “-” + “-”, “.” + “-”, · · · , “.” + “.”|                                    {z                                    }
size 3

“308-916”

3 “.”, “-”, x|     {z     }
size 1

, “-” + “-”, · · · ,x + “.”|                   {z                   }
size 3

, Rep(x , “.”, “-”), Rep(x , “-”, “.”)|                                  {z                                  }
size 4

Table 1. Enumeration using an unguided search.

• Implementation atop an open-source tool and evaluation
on benchmark problems from a variety of widely applica-
ble domains. The results demonstrate signi�cant perfor-
mance gains over existing synthesis techniques.

2 Overview
We illustrate our approach on the problem of synthesizing a
certain string transformation program. The desired program
is a function f that takes as input a string denoted x and
outputs a string with each hyphen in x replaced by a dot.
We formulate this problem as an instance of the syntax-

guided synthesis (SyGuS) problem [3]. The formulation com-
prises a syntactic speci�cation, in the form of a context-free
grammar that constrains the space of possible programs,
and a semantic speci�cation, in the form of a logical formula
which de�nes a correctness condition that f must satisfy.
The syntactic speci�cation for f is the grammar:

S ! x | “-” | “.” | S + S | Rep(S, S, S) (1)

S =) S + S =) x + S =) x + “.”
where S is the start symbol, + is the string concatenation
operator, and Rep(s, t1, t2) is a new string where each oc-
currence of substring t1 in s is replaced by string t2. The
semantic speci�cation for f follows the programming by ex-
ample (PBE) paradigm and comprises input-output examples
given as a logical formula:1

f (“-.”) = “..” ^ f (“308-916”) = “308.916” ^ f (“1”) = “1” (2)

A solution to this synthesis problem is Rep(x , “-”, “.”).
We next illustrate how a typical search-based synthesizer

�nds this solution using the CEGIS procedure that combines
a search algorithm with a veri�cation oracle. It maintains
a �nite set of program inputs pts that is initially empty. In
each iteration, it searches for a candidate program that is
correct on the inputs in pts, and veri�es the correctness of
the program according to the given semantic speci�cation.
If correct, it returns the program; otherwise, it adds new
counterexample inputs to pts and repeats the process. The
overall performance of this procedure depends heavily on
the search algorithm it uses to �nd candidate programs.

1Our approach is also applicable to SyGuS instances that use semantic
speci�cation 8x : ... instead of input-output examples; we evaluate it on
both kinds of synthesis problems.
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x = 0, y = 1

x = 1, y = 0

x = 0, y = 0
Success !

x, y, x + y, x - y, … , if(x ≤ y) y x
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f(x, y) = if x  y y x

CEGIS + Bottom-Up Search



Benefits of CEGIS

• Generator and verifier are independent to each other.  

• #. of CEGIS iteration is often small in practice.  

• i.e., candidate correct wrt a few examples is often a solution 

• Programmers often aspire to write programs correct wrt a few 
corner cases 

• which gives performance benefits for various generators  

• e.g., constraint solving-based synthesizers — may handle 
smaller constraints 

• e.g., enumeration-based synthesizer — can enjoy better 
optimization impacts such as observational equivalence



Limitations of Enumerative Synthesis

• Pros

• Generally applicable to almost any kinds of specs

• Easy to implement

• Cons

• Limited scalability: cannot synthesize large programs!


