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A formal grammar (e.g., context-free grammar) 
consisting of SMT operators, limiting search space

Behavioral constraints as a logical 
formula over the target function f

http://www.sygus.org


Preliminaries for Understanding SyGuS

• SAT / SMT 

• Context free grammar / Regular tree grammar

• General decidability



Propositional Logic

• True (T), False (F), Boolean variables (p, q, r, …) 

• Connectives: ¬ (not), ∧ (and), ∨ (or)

• e.g., (¬ p ∧ T) ∨ (q ⇒ F)

• Logic for determining satisfiability of Boolean formulas

⇒ :  a ⇒ b ≡ ¬ a ∨ b



Interpretation

• Interpretation I for Boolean formula Q: Boolean 
assignments to variables in Q

• e.g., I : { p ↦ T, q ↦ F , … }

• Satisfying interpretation I for Q (denoted Q ⊧ F): 

Interpretation of Q that makes Q true

• What is a satisfying interpretation of  
Q ≡ (¬ p ∧ T) ∨ (¬ q ∨ F)? 

I : { p ↦ F, q ↦ F } 혹은 { p ↦ F, q ↦ T } 혹은 … 



Satisfiability and Validity

• Q is satisfiable if and only if

• A satisfying interpretation of Q exists (i.e., ∃I. I ⊧ Q)

• Q is valid if and only if

• All interpretations of Q are satisfying (i.e., ∀I. I ⊧ Q)



Satisfiability and Validity

• Satisfiability and validity are dual

• “Q is valid” ≡ “¬ Q is unsatisfiable” 



Boolean Satisfiability Problem (SAT)

• For a given Boolean formula Q, determine if there exists  a 
satisfying interpretation of Q 

• e.g., Q ≡ (¬ p ∧ T) ∨ (¬ q ∨ F)   →   I: { p ↦ F, q ↦ F }

• Algorithms for solving SAT: 

• DPLL, CDCL(conflict-driven clause learning), 
WalkSAT(stochastic local search), … 

• NP-complete (hardest among problems that are solvable in 
polynomial time when you are very lucky) 



First-Order Logic

• Formulas may contain

• Quantifiers (∀ forall, ∃ exist) 

• Constants and variables of certain types (e.g,. integer)

• N-ary functions taking N arguments



Example

• x ≤ 3 ∧ 0 ≤ x

• ∃ x. x >> 0x01 = 0x02

• ∀ k . 0 ≤ k < n ⇒ A[k] ≤ A[k + 1]



Satisfiability Modulo Theory (SMT)

• SAT: determining satisfiability of propositional logic 
formula

• Interpretation: variables → {T, F}

• SMT: determining satisfiability of first-order logic formula

• Interpretation: variables → domain of discourse (e.g., 
integer, rational, bit-vector, … )



Example
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Algorithms for Solving SMT

• Basically relying on SAT solvers

• + a theory about a topic



Theory ?

• signature + axiom

• Theory of equality with uninterpreted function

• signature:  { f, g, h, …, = }

• axiom: 

Signature: {=, x, y, z, …, f, g, …, p, q, …}

• The binary predicate = is interpreted.
• All constant, function, and predicate symbols are uninterpreted. 

Axioms
• ∀x.  x = x 
• ∀x, y.  x = y  → y = x

• ∀x, y, z.  x = y ∧ y = z → x = z

• ∀x1, …, xn, y1, …, yn. (x1 = y1 ∧ … ∧ xn = yn) → (f(x1, …, xn) = f(y1, …, yn))
• ∀x1, …, xn, y1, …, yn. (x1 = y1 ∧ … ∧ xn = yn) → (p(x1, …, xn) ↔ p(y1, …, yn))

Deciding T=

• Conjunctions of literals modulo T= is decidable in polynomial time.

Theory of equality with uninterpreted functions



Theory of Linear Integer Arithmetic

• Signature: { 0, 1, +, −, ×, ≤ } 

• Axiom: 

• For every natural number a, a x 0 = 0

• For every natural number a, a + 0 = a

• For every natural number a, b, a + b = b + a

• …



Theory of Arrays

• Signature: { read(…), write(…), =, … }

• Axiom

Signature 
• Array operations: read, write
• Equality: =
• Expanded with all constant symbols: x, y, z, …

Axioms
• ∀a, i, v. read(write(a, i, v), i) = v
• ∀a, i, j, v.  ¬(i = j) → (read(write(a, i, v), j) = read(a, j))

• ∀a, b. (∀i. read(a, i) = read(b, i)) → a = b

Deciding TA
• Satisfiability problem:  NP-complete.
• Used in many software verification tools to model memory.

Theory of arrays



Theory of Fixed-width Bitvectors

• Signature:  =, variables, and

• Arithmetic operators: bvadd, bvsub, bvmul, … 

• Logical oeprators: bvand, bvor, bvnot, …  

• Axiom:

• For every bitvector a, bvmul(a, 0x00) = 0x00

• …



Theory of Strings
• Signature:  =, variables, and

• str.++ (string concatenation), str.len (string length), str. 
substr (substring extraction), str.replace (string 
replacement), str.indexof, …

• Type casting operators: str.to.int, int.to.str, … 

• Axiom:

• For every strings a and b, str.++(a,b) = ab 

• … 



Solving SMT

• Two approaches: eager / lazy 

• Example for theory of uninterpreted functions

• Let’s suppose we want to solve the following SMT 
problemEager approach ࠖࢿ

1 2 3 4 5
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3 41 2
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1 2 3 4 5

( )B d a b c d aA b A Bc�  �  �  �  �  � � 

만࣍ 불가능! 

ଡ수 거ࢿ

CNF로

부ࡳݥࡌ로

1 1 1 1 2 20 0 2 2

1
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Eager Approach

• SMT formula → propositional logic formula

• Remove functions

• g(a) → A, g(b) → B, g(c) → C

• Add the following clauses (from axiom)

• (a = b ⇒ A = B) ∧ (a = c ⇒ A = C) ∧ (b = c ⇒ B = C)

• A = B → (A ⇒ B) ∧ (B ⇒ A)



Eager Approach
Eager approach ࠖࢿ

1 2 3 4 5

( )B d a b c d a b AA c B�  �  �  �  o  � 

3 41 2

) (( )g b dg c a b c da �  �  �  � 

1 2 3 4 5

( )B d a b c d aA b A Bc�  �  �  �  �  � � 

만࣍ 불가능! 

ଡ수 거ࢿ

CNF로

부ࡳݥࡌ로

1 1 1 1 2 20 0 2 2

1
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(A =) c) ^ (c =) A) …

Invoke a SAT solver ⇨ UNSAT!



Lazy ApproachLazy approach

• SAT solver߾게 를 ଥ결ଜ라
고 던ࣵࣇ

• SAT solver가 {1,2,4} 가 ॳִࢇ 된다고 ߊ
려ࣵ.

• 그러나 1과 2가 동߾ݤ ॳࢇ 될 ܹ ߷다고
Theory solver가 려ࣵߊ

41 2 3

( ( ( )) ( )) ( ) )(g f g a f c g a d cc da �  �  �   � �

(2 ) 41 3� � �
1. Solve  and suppose we get a solution  

2. The theory solver tells us it cannot be a solution (∵   violates an 

axiom)

3. Solve   and get  

4. The theory solver tells us it cannot be a solution (∵   violates 

an axiom)

5. Solve   and get 
UNSAT

1 ∧ (2 ∨ 3) ∧ 4 {1,2,4}

1 ∧ 2

1 ∧ (2 ∨ 3) ∧ 4 ∧ ¬(1 ∧ 2 ∧ 4) {1,¬2,3,4}

1 ∧ 3 ∧ 4

1 ∧ (2 ∨ 3) ∧ 4 ∧ ¬(1 ∧ 2 ∧ 4) ∧ ¬(1 ∧ ¬2 ∧ 3 ∧ 4)



SAT / SMT

• More details can be found at

• Aaron Bradley, Zohar Manna, The Calculus of 
Computation

• Armin Biere et al., Handbook of satisfiability



Formal grammar

• How to form strings from a language’s alphabet

• E.g., For a set of alphabets {a, b} grammar G

1.  

2.  

• defines a set of strings (denoted L(G)) 
 
   {ba, abab, aababb, aaababbb, …  }

<latexit sha1_base64="EixmvWNH8zbUZvV7ScNyrzU9fjg=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5eV2gdMh5JJM21oZjIkd4RS+hluXCji1q9x59+YtrPQ1gOBwzn3kntOmEph0HW/ncLa+sbmVnG7tLO7t39QPjxqGZVpxptMSaU7ITVcioQ3UaDknVRzGoeSt8PR3cxvP3FthEoecZzyIKaDRESCUbSS3yBdVISSBgl75Ypbdecgq8TLSQVy1Hvlr25fsSzmCTJJjfE9N8VgQjUKJvm01M0MTykb0QH3LU1ozE0wmZ88JWdW6ZNIafsSJHP198aExsaM49BOxhSHZtmbif95fobRTTARSZohT9jioyiTxMac5Sd9oTlDObaEMi3srYQNqaYMbUslW4K3HHmVtC6q3lXVe7is1G7zOopwAqdwDh5cQw3uoQ5NYKDgGV7hzUHnxXl3PhajBSffOYY/cD5/AHzbkBY=</latexit>

S ! aSb

<latexit sha1_base64="05cfsdKdFDwNvzSDpDWxGHxJj/g=">AAAB73icbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5cV7QPaoWTSTBuayYzJHaEM/Qk3LhRx6++4829M21lo64HA4Zx7yT0nSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuLaiFg94DjhfkQHSoSCUbRS+550MSYB7ZUrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fja7d0JOrNInYaztU0hm6u+NjEbGjKPATkYUh2bRm4r/eZ0Uwys/EypJkSs2/yhMJbEZp+FJX2jOUI4toUwLeythQ6opQ1tRyZbgLUZeJs2zqndR9e7OK7XrvI4iHMExnIIHl1CDW6hDAxhIeIZXeHMenRfn3fmYjxacfOcQ/sD5/AEnZo9l</latexit>

S ! ba



Formal grammar

• How to form strings from a language’s alphabet

• E.g., For a set of alphabets {a, b} grammar G

1.  

2.  

• defines a set of strings (denoted L(G)) 
 
   {ba, abab, aababb, aaababbb, …  }

<latexit sha1_base64="EixmvWNH8zbUZvV7ScNyrzU9fjg=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5eV2gdMh5JJM21oZjIkd4RS+hluXCji1q9x59+YtrPQ1gOBwzn3kntOmEph0HW/ncLa+sbmVnG7tLO7t39QPjxqGZVpxptMSaU7ITVcioQ3UaDknVRzGoeSt8PR3cxvP3FthEoecZzyIKaDRESCUbSS3yBdVISSBgl75Ypbdecgq8TLSQVy1Hvlr25fsSzmCTJJjfE9N8VgQjUKJvm01M0MTykb0QH3LU1ozE0wmZ88JWdW6ZNIafsSJHP198aExsaM49BOxhSHZtmbif95fobRTTARSZohT9jioyiTxMac5Sd9oTlDObaEMi3srYQNqaYMbUslW4K3HHmVtC6q3lXVe7is1G7zOopwAqdwDh5cQw3uoQ5NYKDgGV7hzUHnxXl3PhajBSffOYY/cD5/AHzbkBY=</latexit>

S ! aSb

<latexit sha1_base64="05cfsdKdFDwNvzSDpDWxGHxJj/g=">AAAB73icbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5cV7QPaoWTSTBuayYzJHaEM/Qk3LhRx6++4829M21lo64HA4Zx7yT0nSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuLaiFg94DjhfkQHSoSCUbRS+550MSYB7ZUrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fja7d0JOrNInYaztU0hm6u+NjEbGjKPATkYUh2bRm4r/eZ0Uwys/EypJkSs2/yhMJbEZp+FJX2jOUI4toUwLeythQ6opQ1tRyZbgLUZeJs2zqndR9e7OK7XrvI4iHMExnIIHl1CDW6hDAxhIeIZXeHMenRfn3fmYjxacfOcQ/sD5/AEnZo9l</latexit>

S ! ba
<latexit sha1_base64="uNDWYAN8rM64+21LalGFG8FvrAQ=">AAAB+XicbVDLSgNBEOyNrxhfqx69DAbBU9gVUY9BLx7jIw9IljA7mU2GzM4sM7ORsORPvHhQxKt/4s2/cZLsQRMLGoqqbrq7woQzbTzv2ymsrK6tbxQ3S1vbO7t77v5BQ8tUEVonkkvVCrGmnAlaN8xw2koUxXHIaTMc3kz95ogqzaR4NOOEBjHuCxYxgo2Vuq77gDr3rD8wWCn5hELcdctexZsBLRM/J2XIUeu6X52eJGlMhSEca932vcQEGVaGEU4npU6qaYLJEPdp21KBY6qDbHb5BJ1YpYciqWwJg2bq74kMx1qP49B2xtgM9KI3Ff/z2qmJroKMiSQ1VJD5oijlyEg0jQH1mKLE8LElmChmb0VkgBUmxoZVsiH4iy8vk8ZZxb+o+Hfn5ep1HkcRjuAYTsGHS6jCLdSgDgRG8Ayv8OZkzovz7nzMWwtOPnMIf+B8/gDfJpMs</latexit>

S ) ba
<latexit sha1_base64="zl5DmtVuEzv3DaJgRJuEo6xhpd8=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoXEVCUIAWMFC2Oh9CG1UXXjOq1Vx4lsB1RF3Vn4FRYGEGLlB9j4G9w2A2050pWOz7lXvvf4MWdKO86PlVtZXVvfyG8WtrZ3dvfs/YOGihJJaJ1EPJItHxTlTNC6ZprTViwphD6nTX94PfGbD1QqFol7PYqpF0JfsIAR0Ebq2sUa7tyx/kCDlNEjhpo///bB79olp+xMgZeJm5ESylDt2t+dXkSSkApNOCjVdp1YeylIzQin40InUTQGMoQ+bRsqIKTKS6e3jPGxUXo4iKQpofFU/TuRQqjUKPRNZwh6oBa9ifif1050cOmlTMSJpoLMPgoSjnWEJ8HgHpOUaD4yBIhkZldMBiCBaBNfwYTgLp68TBqnZfe87N6elSpXWRx5dISK6AS56AJV0A2qojoi6Am9oDf0bj1br9aH9TlrzVnZzCGag/X1CySimn4=</latexit>

S ) aSb ) abab
<latexit sha1_base64="Qz3NxUOgrI3pGnploQ+BndJnrOU=">AAACIHicbZDLTgIxFIY7eEO8jbp000hMXJEZY8Ql0Y1LFLkkMCFnSgcaOtNJ29GQCY/ixldx40JjdKdPY4FZCPgnTf5+55y05/djzpR2nG8rt7K6tr6R3yxsbe/s7tn7Bw0lEklonQguZMsHRTmLaF0zzWkrlhRCn9OmP7ye1JsPVComons9iqkXQj9iASOgDera5Rru3LH+QIOU4hFDzZ+/G7BIfDCoaxedkjMVXjZuZoooU7Vrf3V6giQhjTThoFTbdWLtpSA1I5yOC51E0RjIEPq0bWwEIVVeOl1wjE8M6eFASHMijaf070QKoVKj0DedIeiBWqxN4H+1dqKDSy9lUZxoGpHZQ0HCsRZ4khbuMUmJ5iNjgEhm/orJACQQbTItmBDcxZWXTeOs5F6U3NvzYuUqiyOPjtAxOkUuKqMKukFVVEcEPaEX9IberWfr1fqwPmetOSubOURzsn5+AeZ2otE=</latexit>

S ) aSb ) aaSbb ) aababb



Formal grammar

• How to form strings from a language’s alphabet

• E.g., For a set of alphabets {a, b} grammar G

1.  

2.  

• defines a set of strings (denoted L(G)) 
 
   {ba, abab, aababb, aaababbb, …  }

<latexit sha1_base64="EixmvWNH8zbUZvV7ScNyrzU9fjg=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5eV2gdMh5JJM21oZjIkd4RS+hluXCji1q9x59+YtrPQ1gOBwzn3kntOmEph0HW/ncLa+sbmVnG7tLO7t39QPjxqGZVpxptMSaU7ITVcioQ3UaDknVRzGoeSt8PR3cxvP3FthEoecZzyIKaDRESCUbSS3yBdVISSBgl75Ypbdecgq8TLSQVy1Hvlr25fsSzmCTJJjfE9N8VgQjUKJvm01M0MTykb0QH3LU1ozE0wmZ88JWdW6ZNIafsSJHP198aExsaM49BOxhSHZtmbif95fobRTTARSZohT9jioyiTxMac5Sd9oTlDObaEMi3srYQNqaYMbUslW4K3HHmVtC6q3lXVe7is1G7zOopwAqdwDh5cQw3uoQ5NYKDgGV7hzUHnxXl3PhajBSffOYY/cD5/AHzbkBY=</latexit>

S ! aSb

<latexit sha1_base64="05cfsdKdFDwNvzSDpDWxGHxJj/g=">AAAB73icbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5cV7QPaoWTSTBuayYzJHaEM/Qk3LhRx6++4829M21lo64HA4Zx7yT0nSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuLaiFg94DjhfkQHSoSCUbRS+550MSYB7ZUrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fja7d0JOrNInYaztU0hm6u+NjEbGjKPATkYUh2bRm4r/eZ0Uwys/EypJkSs2/yhMJbEZp+FJX2jOUI4toUwLeythQ6opQ1tRyZbgLUZeJs2zqndR9e7OK7XrvI4iHMExnIIHl1CDW6hDAxhIeIZXeHMenRfn3fmYjxacfOcQ/sD5/AEnZo9l</latexit>

S ! ba
<latexit sha1_base64="uNDWYAN8rM64+21LalGFG8FvrAQ=">AAAB+XicbVDLSgNBEOyNrxhfqx69DAbBU9gVUY9BLx7jIw9IljA7mU2GzM4sM7ORsORPvHhQxKt/4s2/cZLsQRMLGoqqbrq7woQzbTzv2ymsrK6tbxQ3S1vbO7t77v5BQ8tUEVonkkvVCrGmnAlaN8xw2koUxXHIaTMc3kz95ogqzaR4NOOEBjHuCxYxgo2Vuq77gDr3rD8wWCn5hELcdctexZsBLRM/J2XIUeu6X52eJGlMhSEca932vcQEGVaGEU4npU6qaYLJEPdp21KBY6qDbHb5BJ1YpYciqWwJg2bq74kMx1qP49B2xtgM9KI3Ff/z2qmJroKMiSQ1VJD5oijlyEg0jQH1mKLE8LElmChmb0VkgBUmxoZVsiH4iy8vk8ZZxb+o+Hfn5ep1HkcRjuAYTsGHS6jCLdSgDgRG8Ayv8OZkzovz7nzMWwtOPnMIf+B8/gDfJpMs</latexit>

S ) ba
<latexit sha1_base64="zl5DmtVuEzv3DaJgRJuEo6xhpd8=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoXEVCUIAWMFC2Oh9CG1UXXjOq1Vx4lsB1RF3Vn4FRYGEGLlB9j4G9w2A2050pWOz7lXvvf4MWdKO86PlVtZXVvfyG8WtrZ3dvfs/YOGihJJaJ1EPJItHxTlTNC6ZprTViwphD6nTX94PfGbD1QqFol7PYqpF0JfsIAR0Ebq2sUa7tyx/kCDlNEjhpo///bB79olp+xMgZeJm5ESylDt2t+dXkSSkApNOCjVdp1YeylIzQin40InUTQGMoQ+bRsqIKTKS6e3jPGxUXo4iKQpofFU/TuRQqjUKPRNZwh6oBa9ifif1050cOmlTMSJpoLMPgoSjnWEJ8HgHpOUaD4yBIhkZldMBiCBaBNfwYTgLp68TBqnZfe87N6elSpXWRx5dISK6AS56AJV0A2qojoi6Am9oDf0bj1br9aH9TlrzVnZzCGag/X1CySimn4=</latexit>

S ) aSb ) abab
<latexit sha1_base64="Qz3NxUOgrI3pGnploQ+BndJnrOU=">AAACIHicbZDLTgIxFIY7eEO8jbp000hMXJEZY8Ql0Y1LFLkkMCFnSgcaOtNJ29GQCY/ixldx40JjdKdPY4FZCPgnTf5+55y05/djzpR2nG8rt7K6tr6R3yxsbe/s7tn7Bw0lEklonQguZMsHRTmLaF0zzWkrlhRCn9OmP7ye1JsPVComons9iqkXQj9iASOgDera5Rru3LH+QIOU4hFDzZ+/G7BIfDCoaxedkjMVXjZuZoooU7Vrf3V6giQhjTThoFTbdWLtpSA1I5yOC51E0RjIEPq0bWwEIVVeOl1wjE8M6eFASHMijaf070QKoVKj0DedIeiBWqxN4H+1dqKDSy9lUZxoGpHZQ0HCsRZ4khbuMUmJ5iNjgEhm/orJACQQbTItmBDcxZWXTeOs5F6U3NvzYuUqiyOPjtAxOkUuKqMKukFVVEcEPaEX9IberWfr1fqwPmetOSubOURzsn5+AeZ2otE=</latexit>

S ) aSb ) aaSbb ) aababb

(Starting) nonterminal symbol

(Leftmost) derivation

terminal 
symbol

production 
rule



Context-free grammar

• Grammar with production rules of the following form

•       
(  :  nonterminal symbol 
    : mixture of terminal/nonterinal symbols, i.e., sentential form)

• E.g., production rules for matched parentheses

•  

•  

•  

<latexit sha1_base64="QifDmkjYNptZLPODOkX61NuthuE=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPVi8cK1haaUCbbTbt0swm7G6GE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T941EmmKGvRRCSqE6JmgkvWMtwI1kkVwzgUrB2Obqd++4kpzRP5YMYpC2IcSB5xisZK/jXxTUJ8FOkQe9WaW3dnIMvEK0gNCjR71S+/n9AsZtJQgVp3PTc1QY7KcCrYpOJnmqVIRzhgXUslxkwH+ezmCTmxSp9EibIlDZmpvydyjLUex6HtjNEM9aI3Ff/zupmJroKcyzQzTNL5oigTxP45DYD0uWLUiLElSBW3txI6RIXU2JgqNgRv8eVl8nhW9y7q3v15rXFTxFGGIziGU/DgEhpwB01oAYUUnuEV3pzMeXHenY95a8kpZg7hD5zPHyEXkRo=</latexit>

A ! ↵
<latexit sha1_base64="nzeHdTc6GYXSIa1Z9qZXpeJssHk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeqx68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVb3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWrX5Srt3kcBTiGEzgDD66gCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDlNWMyw==</latexit>

A
<latexit sha1_base64="3L6ZGYXJzZcT0pDcJ1EWcQFoHAw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Rj04jGCeUCyhN7JbDJmdmaZmRVCyD948aCIV//Hm3/jJNmDJhY0FFXddHdFqeDG+v63t7K6tr6xWdgqbu/s7u2XDg4bRmWasjpVQulWhIYJLlndcitYK9UMk0iwZjS8nfrNJ6YNV/LBjlIWJtiXPOYUrZMaHRTpALulsl/xZyDLJMhJGXLUuqWvTk/RLGHSUoHGtAM/teEYteVUsEmxkxmWIh1in7UdlZgwE45n107IqVN6JFbalbRkpv6eGGNizCiJXGeCdmAWvan4n9fObHwdjrlMM8sknS+KM0GsItPXSY9rRq0YOYJUc3croQPUSK0LqOhCCBZfXiaN80pwWQnuL8rVmzyOAhzDCZxBAFdQhTuoQR0oPMIzvMKbp7wX7937mLeuePnMEfyB9/kDjXmPHg==</latexit>↵

<latexit sha1_base64="aWTj2+LhokLvpZ8jvf2nZu1LBYk=">AAAB73icbVDLSgMxFL3js9ZX1aWbYBFclRkRdVl047JS+4B2KJk004ZmMmNyRyhDf8KNC0Xc+jvu/BvTdhbaeiBwOOdecs8JEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR7dRvPXFtRKwecJxwP6IDJULBKFqpXSddjEm93iuV3Yo7A1kmXk7KkKPWK311+zFLI66QSWpMx3MT9DOqUTDJJ8VuanhC2YgOeMdSRSNu/Gx274ScWqVPwljbp5DM1N8bGY2MGUeBnYwoDs2iNxX/8zophtd+JlSSIlds/lGYSmIzTsOTvtCcoRxbQpkW9lbChlRThraioi3BW4y8TJrnFe+y4t1flKs3eR0FOIYTOAMPrqAKd1CDBjCQ8Ayv8OY8Oi/Ou/MxH11x8p0j+APn8wf7VI9I</latexit>

S ! SS

<latexit sha1_base64="bjrq1emXuAZuUq+QE25BxnoaL/Q=">AAAB8HicbVDLTgIxFL2DL8QX6tJNIzHBDZkxRF0S3bjEIA8DE9IpHWhoO5O2Y0ImfIUbFxrj1s9x599YYBYKnqTJyTn3pvecIOZMG9f9dnJr6xubW/ntws7u3v5B8fCopaNEEdokEY9UJ8CaciZp0zDDaSdWFIuA03Ywvp357SeqNIvkg5nE1Bd4KFnICDZWemygnolQuXHeL5bcijsHWiVeRkqQod4vfvUGEUkElYZwrHXXc2Pjp1gZRjidFnqJpjEmYzykXUslFlT76fzgKTqzygCFkbJPGjRXf2+kWGg9EYGdFNiM9LI3E//zuokJr/2UyTgxVJLFR2HCkQ05S48GTFFi+MQSTBSztyIywgoTYzsq2BK85cirpHVR8S4r3n21VLvJ6sjDCZxCGTy4ghrcQR2aQEDAM7zCm6OcF+fd+ViM5pxs5xj+wPn8AR9vj1A=</latexit>

S ! (S)

<latexit sha1_base64="3KVywV50+gsa7gdgTt/RGD/qHF0=">AAAB73icbVDLSgMxFL1TX7W+qi7dBItQN2VGRF0W3bisaB/QDiWTpm1oJjMmd4Qy9CfcuFDErb/jzr8xbWehrQcCh3PuJfecIJbCoOt+O7mV1bX1jfxmYWt7Z3evuH/QMFGiGa+zSEa6FVDDpVC8jgIlb8Wa0zCQvBmMbqZ+84lrIyL1gOOY+yEdKNEXjKKVWvekgxEpn3aLJbfizkCWiZeREmSodYtfnV7EkpArZJIa0/bcGP2UahRM8kmhkxgeUzaiA962VNGQGz+d3TshJ1bpkX6k7VNIZurvjZSGxozDwE6GFIdm0ZuK/3ntBPtXfipUnCBXbP5RP5HEZpyGJz2hOUM5toQyLeythA2ppgxtRQVbgrcYeZk0zireRcW7Oy9Vr7M68nAEx1AGDy6hCrdQgzowkPAMr/DmPDovzrvzMR/NOdnOIfyB8/kDelWO8w==</latexit>

S ! ()



What is a SyGuS Problem?

• A synthesis problem formulated with

• An SMT Theory

• Correctness specification ɸ as a formula in the theory

• Target function f

• A context-free grammar



What is a SyGuS Problem?
• For given

• Background SMT Theory T

• Target function f and its type

• First-order logic formula ɸ involving f (all variables are considered 
∀-quantified) 

• Context-free grammar G

• Find expression e ∈ L(G) such that 

• ɸ[e / f] is valid modulo theory T 

Replace e with f in ɸ 



What is a SyGuS Problem?

• For given

• Background SMT Theory T

• Target function f and its type

• First-order logic formula ɸ involving f (all variables are considered 
∀-quantified) 

• Context-free grammar G

• Find expression e ∈ L(G) such that 

• ɸ[e / f] is valid modulo theory T 

Nowadays, a regular tree grammar is used instead  
(less expressive than a CFG) 

(e.g., impossible to use multiple non-terminals in series)



• Goal: function f that takes integers x, y (f : int x int → int) 

•       Specification 

   Syntactic:  

    Semantic: 

•        Solution:

All variables are universally quantified:  
<latexit sha1_base64="cSRWnDCvuF/qjDkhnFO+8jXNWbU=">AAACAHicbVDLSsNAFL2pr1pfURcu3AwWwYWERERdFt24rGAf0IQymU7aoZMHM5NiCHXhr7hxoYhbP8Odf+O0zUJbD1w4nHMv997jJ5xJZdvfRmlpeWV1rbxe2djc2t4xd/eaMk4FoQ0S81i0fSwpZxFtKKY4bSeC4tDntOUPbyZ+a0SFZHF0r7KEeiHuRyxgBCstdc0DN4gF5hw9nKLMQo/IHWGRDFjXrNqWPQVaJE5BqlCg3jW/3F5M0pBGinAsZcexE+XlWChGOB1X3FTSBJMh7tOOphEOqfTy6QNjdKyVHtKX6IoUmqq/J3IcSpmFvu4MsRrIeW8i/ud1UhVceTmLklTRiMwWBSlHKkaTNFCPCUoUzzTBRDB9KyIDLDBROrOKDsGZf3mRNM8s58Jy7s6rtesijjIcwhGcgAOXUINbqEMDCIzhGV7hzXgyXox342PWWjKKmX34A+PzB2HZlaI=</latexit>

8x, y. '

 34

Example

<latexit sha1_base64="H8W/A0UDtCP5UAM9z39sm4/g14o=">AAACIXicbVBNS8NAEN3Ur1q/oh69LBZBEEoioj0WvXis1H5AE8pms22XbjZhdyOG0L/ixb/ixYMivYl/xk0TQVsHhvf2zQw787yIUaks69MorayurW+UNytb2zu7e+b+QUeGscCkjUMWip6HJGGUk7aiipFeJAgKPEa63uQmq3cfiJA05PcqiYgboBGnQ4qR0tLArLego0LYgmc6nYD6GSgaEPnzfswhycHKwYYDs2rVrHnAZWIXpAqKaA7MmeOHOA4IV5ghKfu2FSk3RUJRzMi04sSSRAhP0Ij0NeVI7+Cm8wun8EQrPhyGQidXcK7+nkhRIGUSeLozQGosF2uZ+F+tH6th3U0pj2JFOM4/GsYMak8yu6BPBcGKJZogLKjeFeIxEggrbWpFm2AvnrxMOuc1+7Jm311UG9eFHWVwBI7BKbDBFWiAW9AEbYDBE3gBb+DdeDZejQ9jlreWjGLmEPwJ4+sbGCifyA==</latexit>

S ! S + S | S ⇥ S | x | y | 0 | 1

<latexit sha1_base64="Pwh1F+oSMll7AoqQeKdWhpAyyew=">AAACFnicbZDLSsNAFIYnXmu9RV26GSxCC7UkIiqCUHTjsoK9QBPKZDpth04mcWZSGkKfwo2v4saFIm7FnW/jtI2grT8MfPznHOac3wsZlcqyvoyFxaXlldXMWnZ9Y3Nr29zZrckgEphUccAC0fCQJIxyUlVUMdIIBUG+x0jd61+P6/UBEZIG/E7FIXF91OW0QzFS2mqZR84AibBHL2AnPyzGBXipIS4OC9BhiLd/XKdL7uEQtsycVbImgvNgp5ADqSot89NpBzjyCVeYISmbthUqN0FCUczIKOtEkoQI91GXNDVy5BPpJpOzRvBQO3qDQOjHFZy4vycS5EsZ+57u9JHqydna2Pyv1oxU59xNKA8jRTieftSJGFQBHGcE21QQrFisAWFB9a4Q95BAWOkkszoEe/bkeagdl+zTkn17kitfpXFkwD44AHlggzNQBjegAqoAgwfwBF7Aq/FoPBtvxvu0dcFIZ/bAHxkf31cznFg=</latexit>

' : f(x, y) = f(y, x) ^ f(x, y) � x

<latexit sha1_base64="vD4FKhlE4d09H+bMnoST7kGonyM=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahopRERL0IRS8eK9gPaGPZbDft0s0m7G60IfR/ePGgiFf/izf/jds2B60+GHi8N8PMPC/iTGnb/rJyC4tLyyv51cLa+sbmVnF7p6HCWBJaJyEPZcvDinImaF0zzWkrkhQHHqdNb3g98ZsPVCoWijudRNQNcF8wnxGsjXTvl0fHySG6RCN0hJJusWRX7CnQX+JkpAQZat3iZ6cXkjigQhOOlWo7dqTdFEvNCKfjQidWNMJkiPu0bajAAVVuOr16jA6M0kN+KE0Jjabqz4kUB0olgWc6A6wHat6biP957Vj7F27KRBRrKshskR9zpEM0iQD1mKRE88QQTCQztyIywBITbYIqmBCc+Zf/ksZJxTmrOLenpepVFkce9mAfyuDAOVThBmpQBwISnuAFXq1H69l6s95nrTkrm9mFX7A+vgG+OZC5</latexit>

f(x, y) = x+ y
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• Goal: function that returns 3x + 9 given x (f : int → int) 

•       Specification 

   Syntactic:  

    Semantic: 

•        Solution:

Example

f(2) = 15 ^ f(3) = 18

S ! S + S | S ⇥ S | x | 1

f(x) = (1 + 1 + 1)⇥ (x+ (1 + 1 + 1))



Complexity of SyGuS

• Even for SyGuS problems with the theory of 
uninterpreted functions (EUF) and a restricted grammar† 
the worst-case complexity is EXPTIME-complete.

 
P ⊆ NP ⊆ PSPACE ⊆ EXPTIME ⊆ NEXPTIME ⊆ EXPSPACE

• i.e., hardest among problems solvable in exponential time

• Since EUF is the simplest theory, it is conjectured more 
complex SyGuS problems will be even more difficult.

† called Regular-EUF (Caulfield et al., “What’s Decidable about Syntax-Guided Synthesis?”). Regular-EUF is a 
class of SyGuS problems where conditionals are not allowed and the semantic constraint is in a limited form.

https://en.wikipedia.org/wiki/P_(complexity)
https://en.wikipedia.org/wiki/NP_(complexity)
https://en.wikipedia.org/wiki/PSPACE
https://en.wikipedia.org/wiki/NEXPTIME
https://en.wikipedia.org/wiki/EXPSPACE

