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Inductive Definitions



Inductive Definitions

• Inductive definition (induction) is widely used in the study of 
programming languages and computer science in general: e.g.,

• The syntax and semantics of programming languages

• Data structures (e.g., lists, trees, graphs)

• Induction is a technique for formally defining a set:

• The set is defined in terms of itself.

• The only way of defining an infinite set by a finite means.



Examples of Inductive Definitions

• Definition of linked lists:

• The empty list is a linked list. 

• A single node followed by a linked list is a linked list

• Definition of binary trees 

• The empty tree is a binary tree.

• A node with two children that are binary trees is a binary tree.



Inference Rules

• An inference rule is of the form:

Rules of Inference

The third way is to define the set with inference rules. An inference rule is

of the form:
A
B

A: hypothesis (antecedent)

B: conclusion (consequent)

“if A is true then B is also true”.

B: axiom (inference rule without hypothesis)

The hypothesis may contain multiple statements:

A B
C

“If both A and B are true then so is C”.
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Example
Rules of Inferences

The set S is defined as inference rules as follows:

Definition (S)

0 2 S
n 2 S

(n + 3) 2 S

Interpret the rules as follows:

“A natural number n is in S i↵ n 2 S can be derived from the axiom by

applying the inference rules finitely many times”

For example, 3 2 S because we can find a “proof/derivation tree”:

0 2 S the axiom

3 2 S the second rule

but 1, 2, 4, · · · 62 S because we cannot find proofs. Note that this

interpretation enforces that S is the smallest set closed under the inference

rules.
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Suppose we want to define a set S of natural numbers which are multiples of 3.



Inference Rules
Exercises

What set is defined by the following inductive rules?

3
x y
x + y

What set is defined by the following inductive rules?

()
x
(x)

x y
xy
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Inference Rules
Exercises

Define the following set as rules of inference:

S = {a, b, aa, ab, ba, bb, aaa, aab, aba, abb, baa, bab, bba, bbb, ...}

Define the following set as rules of inference:

S = {anbn+1 | n 2 N}
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Natural Numbers
Natural Numbers

The set of natural numbers:

N = {0, 1, 2, 3, . . .}

is inductively defined:

0
n

n + 1

The inference rules can be expressed by a grammar:

n ! 0 | n + 1

Interpretation:

0 is a natural number.

If n is a natural number then so is n + 1.
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Strings
Strings

The set of strings over alphabet {a, . . . , z}, e.g., ✏, a, b, . . . , z, aa, ab,
. . . , az, ba, . . . az, aaa, . . . , zzz, and so on. Inference rules:

✏
↵
a↵

↵
b↵ · · ·

↵
z↵

or simply,

✏
↵
x↵ x 2 {a, . . . , z}

In grammar:
↵ ! ✏

| x↵ (x 2 {a, . . . , z})
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Boolean Values
Boolean Values

The set of boolean values:

B = {true, false}.

If a set is finite, just enumerate all of its elements by axioms:

true false

In grammar:
b ! true | false
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Lists
Lists

Examples of lists of integers:

1 nil
2 14 · nil
3 3 · 14 · nil
4 �7 · 3 · 14 · nil

Inference rules:

nil
l

n · l n 2 Z

In grammar:
l ! nil

| n · l (n 2 Z)
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Lists
Lists

A proof that �7 · 3 · 14 · nil is a list of integers:

nil
14 · nil 14 2 Z

3 · 14 · nil 3 2 Z
�7 · 3 · 14 · nil �7 2 Z

The proof tree is also called derivation tree or deduction tree.
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Binary Trees
Binary Trees: a di↵erent version

Binary tree examples: 1, (1, nil), (1, 2), ((1, 2), nil), ((1, 2), (3, 4)).
Inference rules:

n n 2 Z
t

(t, nil)
t

(nil, t)
t1 t2
(t1, t2)

In grammar:
t ! n (n 2 Z)

| (t, nil)
| (nil, t)
| (t, t)

A proof that ((1, 2), (3, nil)) is a binary tree:

1 2
(1, 2)

3
(3, nil)

((1, 2), (3, nil))
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Expressions
Expressions

Expression examples: 2, �2, 1 + 2, 1 + (2 ⇤ (�3)), etc.
Inference rules:

n n 2 Z
e
�e

e1 e2
e1 + e2

e1 e2
e1 ⇤ e2

e
(e)

In grammar:
e ! n (n 2 Z)

| �e
| e + e
| e ⇤ e
| (e)

Example:

1

2

3
�3
(�3)

2 ⇤ (�3)

(2 ⇤ (�3))

1 + (2 ⇤ (�3))

Woosuk Lee ENE4014 2021 Spring, Lecture 2 March 1, 2021 11 / 20



Structural Induction



Structural Induction
Structural Induction

A technique for proving properties about inductively defined sets.

To prove that a proposition P (s) is true for all structures s, prove the
following:

1 (Base case) P is true on simple structures (those without
substructures)

2 (Inductive case) If P is true on the substructures of s, then it is
true on s itself. The assumption is called induction hypothesis

(I.H.).
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Example
Example 1

Let S be the set defined by the following inference rules:

3
x y
x + y

Prove that for all x 2 S, x is divisible by 3.
Proof. By structural induction.

(Base case) The base case is when x is 3. Obviously, x is divisible by 3.

(Inductive case) The induction hypothesis (I.H.) is

x is divisible by 3, y is divisible by 3.

Let x = 3k1 and y = 3k2. Using I.H., we derive

x + y is divisible by 3

as follows:
x + y = 3k1 + 3k2 · · · by I.H.

= 3(k1 + k2)
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Example
Example 3
Let T be the set of binary trees:

leaf
t1 t2

(n, t1, t2)
n 2 Z

Prove that for all such trees, the number of leaves is always one more than the number

of internal nodes.

Proof. Restate the claim more formally:

If t 2 T then l(t) = i(t) + 1

where l(t) and i(t) denote the number of leaves and internal nodes, respectively:

l(leaf) = 1 i(leaf) = 0
l(n, t1, t2) = l(t1) + l(t2) i(n, t1, t2) = i(t1) + i(t2) + 1

We prove it by structural induction:

(Base case): The base case is when t = leaf, where l(t) = 1 and i(t) = 0.

(Inductive case): The induction hypothesis:

l(t1) = i(t1) + 1, l(t2) = i(t2) + 1

Using I.H., we prove l((n, t1, t2)) = i((n, t1, t2)) + 1:

l((n, t1, t2)) = l(t1) + l(t2) definition of of l
= i(t1) + 1 + i(t2) + 1 by induction hypothesis
= i(n, t1, t2) + 1 definition of i
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From now on

See how to define a programming language

• A programming language = Syntax + Semantics 

• Both are inductively defined. 



Syntax



Syntax

• A grammar specifying how programs should look like 
(grammatical structures)

• Parsing : constructing an abstract syntax tree from a text
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Syntax

• Syntax : concern with the grammatical structure of programs

3

x := 1; y := x
parsing

x E:= y :=

x

C C

1

;

E

C

P

• Syntactic analysis = Parsing


• constructing an abstract syntax tree


• w.r.t the grammar
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Syntax

• Syntax : concern with the grammatical structure of programs

3

x := 1; y := x
parsing

x E:= y :=

x

C C

1
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E

C

P

• Syntactic analysis = Parsing


• constructing an abstract syntax tree


• w.r.t the grammar



Grammars for Expressions and Programs

• Expressions

• Simple program commands

�⇠›
E ! n (n 2 Z)

| E + E

| - E

Ö9� ∏¥ ⌅\¯®

C ! skip

| x := E

| if E C C

| C ; C

non-terminal

terminal

terminal

terminal



Grammars for Expressions and Programs 
(another version)

• Expressions

• Simple programs

pTT0 ∆t

C ! &

| = x E

| ? E C C

| ; C C

E ! n (n 2 Z)
| + E E

| - EpTT0 ∆t

C ! &

| = x E

| ? E C C

| ; C C

E ! n (n 2 Z)
| + E E

| - E

 Whatever terminals you want ! 



Abstract vs. Concrete Syntax

• Abstract syntax

• Tree structure (2D) independent of any particular 
representation and encoding

• Concrete syntax

• Source text (1D)

• E.g.,  concrete syntax includes features like parentheses 
(for grouping) or commas (for lists) which are not 
included in the abstract syntax



Abstract vs. Concrete Syntax

• Which one of the followings is  - 1 + 2?  

• ⟨⟨-1⟩ + 2⟩  or  -⟨1 + 2⟩ 

• Cannot answer with :

• Can answer with :

l¥�x 8ï(concrete syntax)
-1+2 î ((� 1) + 2) ? � (1 + 2) ?

I ı¿ à�
E ! n (n 2 Z)

| E + E

| - E

I ı¿ �•
E ! n (n 2 Z)

| E + E

| - F

F ! n

| ( E )

l¥�x 8ï(concrete syntax)
-1+2 î ((� 1) + 2) ? � (1 + 2) ?

I ı¿ à�
E ! n (n 2 Z)

| E + E

| - E

I ı¿ �•
E ! n (n 2 Z)

| E + E

| - F

F ! n

| ( E )



Abstract vs. Concrete Syntax

• Parsers convert concrete syntax into abstract syntax and 
have to deal with ambiguity

• e.g., associativity and precedence

• From now on, a “program” refers to its abstract syntax.



Denotational 
Semantics



Semantics

• About what a program means

• What is the meaning of  a program “1 + 2” ?

• Meaning = what it “denotes”: “3”  
(Denotational semantics)

• Meaning = how to compute the result: “add 1 into 2 
and get 3”  
(Operational semantics) 
…

Different approaches for different purposes and languages



Denotational Semantics

• Mathematical meaning of a program (no machine states 
or transitions)

• Program semantics is a function from input states to 
output states

• The semantics of a program is determined by that of 
each component (i.e., compositional)



Semantics of a Simple Language (WHILE)

• The semantics of   is a function from memories to memories 

• Memory = Function from memory locations to values 

[[while E C]] = fix FE,C

C ! skip
| x := E
| if E C C
| C;C
| while E C

FE,C(X) =

⇢
X([[C]](m)) ([[E]](m) 6= 0)
m (otherwise)

1

C ! skip

| x := E

| if E C C

| C ; C

E ! n (n 2 Z)
| x

| E + E

| - E

I Ö9¥ CX X¯ = h⇠: T®¨–⌧ T®¨\

I T®¨ = h⇠: ¸å–⌧ ✓<\

<latexit sha1_base64="CnWBcvhvwNGEJRbxndVITq+3H1c=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeiz24rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WBcm/ntJ1Sax/LBTBL0IzqUPOSMGis1av1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjrZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxXvuuI2rsrVuzyOApzCGVyABzdQhXuoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBlzeMyw==</latexit>
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Semantic Domain

• A set of objects used to define program semantics (i.e., 
semantic objects)

X¯ı⌅(semantic domain)

X¯| �X` L ¨©Xî <t‰X —i

M 2 Memory = Var ! Value

z 2 Value = Z
x 2 Var = ProgramVariable

Ö98 CX X¯ [[C]] 2 Memory ! Memory

ƒ∞› EX X¯ [[E]] 2 Memory ! Z• Meaning of commands

• Meaning of expressions

X¯ı⌅(semantic domain)

X¯| �X` L ¨©Xî <t‰X —i

M 2 Memory = Var ! Value

z 2 Value = Z
x 2 Var = ProgramVariable

Ö98 CX X¯ [[C]] 2 Memory ! Memory

ƒ∞› EX X¯ [[E]] 2 Memory ! Z

X¯ı⌅(semantic domain)

X¯| �X` L ¨©Xî <t‰X —i

M 2 Memory = Var ! Value

z 2 Value = Z
x 2 Var = ProgramVariable

Ö98 CX X¯ [[C]] 2 Memory ! Memory

ƒ∞› EX X¯ [[E]] 2 Memory ! Z



Denotational Semantics of the Language

• E.g., 

• Compositional! (i.e., the semantics of a program is determined by its 
sub-components)

[[skip]]M = M

[[x := E]]M = M{x 7! [[E]]M}
[[if E C1 C2]]M = if [[E]]M 6= 0 then [[C]]M else [[C2]]M

[[C1 ; C2]]M = [[C2]] ([[C1]]M)

[[n]]M = n

[[E1 + E2]]M = ([[E1]]M) + ([[E2]]M)

[[- E]]M = �([[E]]M)

ò �X⇠»î�? pΩ›x�?
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Semantic Domains

5

• Memory is a mapping


• X : the set of variables


• V : the set of integers (Z) and booleans (B)

• Sets of semantic objects

• Example: [[x:=7;y:=3]]{} = {x 7! 7, y 7! 3}
<latexit sha1_base64="05ZeJwkluWlEeiCkKxttSP0zFfw="></latexit>

M = X ! V
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Semantics of Loops

• The semantics of 

• Is it compositional?

pΩ›t H⇠î Ω∞

while E C

X X¯

[[while E C]]M

= if [[E]]M 6= 0 then [[while E C]]([[C]]M) else M

pΩ›x�?

pΩ›t H⇠î Ω∞

while E C

X X¯

[[while E C]]M

= if [[E]]M 6= 0 then [[while E C]]([[C]]M) else M

pΩ›x�?



Semantics of Loops

• The semantics of 

• Is it compositional?  
☞ No! Not a definition but just an equation 

pΩ›t H⇠î Ω∞

while E C

X X¯

[[while E C]]M

= if [[E]]M 6= 0 then [[while E C]]([[C]]M) else M

pΩ›x�?

pΩ›t H⇠î Ω∞

while E C

X X¯

[[while E C]]M

= if [[E]]M 6= 0 then [[while E C]]([[C]]M) else M

pΩ›x�?



Semantics of Loops
while-8X X¯)�›@

[[while E C]]M

= if [[E]]M 6= 0 then [[while E C]]([[C]]M) else M

‰‹ t,

[[while E C]] =

�M.if [[E]]M 6= 0 then [[while E C]]([[C]]M) else M.

â, while-8X X¯ [[while E C]]î ç h⇠

�X.(�M.if [[E]]M 6= 0 then X([[C]]M) else M)

2 (Memory ! Memroy) ! (Memory ! Memroy)

X \å ‡�⇣

while-8X X¯)�›@

[[while E C]]M

= if [[E]]M 6= 0 then [[while E C]]([[C]]M) else M

‰‹ t,

[[while E C]] =

�M.if [[E]]M 6= 0 then [[while E C]]([[C]]M) else M.

â, while-8X X¯ [[while E C]]î ç h⇠

�X.(�M.if [[E]]M 6= 0 then X([[C]]M) else M)

2 (Memory ! Memroy) ! (Memory ! Memroy)

X \å ‡�⇣

<latexit sha1_base64="M+MAQtfqcXwoADM9HJ8Wf0vyfKY=">AAACMXicfVDLSgMxFM34rPU16tJNtAgVpMyIoiBCsVRcKlhbmBmGTJra0MyD5I5Shv6SG/9E3HShiFt/wrTOQqt4IOFwzr03uSdIBFdgWUNjanpmdm6+sFBcXFpeWTXX1m9UnErKGjQWsWwFRDHBI9YADoK1EslIGAjWDHq1kd+8Y1LxOLqGfsK8kNxGvMMpAS355oXjbjk4cwHwfZcLNnBPcB3rq4Y9d8vDp/jcz+p7tUH5/8Jd3yxZFWsM/JvYOSmhHJe++eS2Y5qGLAIqiFKObSXgZUQCp3p80U0VSwjtkVvmaBqRkCkvG288wDtaaeNOLPWJAI/V7x0ZCZXqh4GuDAl01aQ3Ev/ynBQ6x17GoyQFFtGvhzqpwBDjUXy4zSWjIPqaECq5/iumXSIJBR1yUYdgT678m9zsV+zDinV1UKqe5XEU0CbaRmVkoyNURRfoEjUQRQ/oGb2gV+PRGBpvxvtX6ZSR92ygHzA+PgG2+aUI</latexit>

[[while E C]] = FE,C([[while E C]])

FE,C(X) =

⇢
X([[C]](m)) ([[E]](m) 6= 0)
m (otherwise)

1

where

How to denote functions: 

where     is a parameter 
e.g., ____________
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�x. function body
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�x. x+ 1



Semantics of Loops

• Semantics of a loop: a solution of this equation

• Solution: a fixed point of 
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[[while E C]] = FE,C([[while E C]])

<latexit sha1_base64="ofOcBw7PwcHTzzsNbnqEQsfpyi4=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgQcKuKHoMBsVjBPOAZAmzk0kyZHZ2mekVwpKP8OJBEa9+jzf/xkmyB00saCiquunuCmIpDLrut5NbWV1b38hvFra2d3b3ivsHDRMlmvE6i2SkWwE1XArF6yhQ8lasOQ0DyZvBqDr1m09cGxGpRxzH3A/pQIm+YBSt1Lzrprdn1Um3WHLL7gxkmXgZKUGGWrf41elFLAm5QiapMW3PjdFPqUbBJJ8UOonhMWUjOuBtSxUNufHT2bkTcmKVHulH2pZCMlN/T6Q0NGYcBrYzpDg0i95U/M9rJ9i/9lOh4gS5YvNF/UQSjMj0d9ITmjOUY0so08LeStiQasrQJlSwIXiLLy+TxnnZuyy7Dxelyk0WRx6O4BhOwYMrqMA91KAODEbwDK/w5sTOi/PufMxbc042cwh/4Hz+AJj2jxU=</latexit>

FE,C



Fixpoint?
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•  

Exercise

11

f(x) = x2 � 4

<latexit sha1_base64="8TqvTG7EJwRD9NMkYIgEZjJAkas=">AAAB+HicbVBNS8NAEJ34WetHox69LBahHixJqehFKHrxWMF+QFvLZrtpl242YXcjraG/xIsHRbz6U7z5b9y2OWjrg4HHezPMzPMizpR2nG9rZXVtfWMzs5Xd3tndy9n7B3UVxpLQGgl5KJseVpQzQWuaaU6bkaQ48DhteMObqd94pFKxUNzrcUQ7Ae4L5jOCtZG6ds4vjE7RFRo9JKUJOit37bxTdGZAy8RNSR5SVLv2V7sXkjigQhOOlWq5TqQ7CZaaEU4n2XasaITJEPdpy1CBA6o6yezwCToxSg/5oTQlNJqpvycSHCg1DjzTGWA9UIveVPzPa8Xav+wkTESxpoLMF/kxRzpE0xRQj0lKNB8bgolk5lZEBlhiok1WWROCu/jyMqmXim65eH5Xzleu0zgycATHUAAXLqACt1CFGhCI4Rle4c16sl6sd+tj3rpipTOH8AfW5w8igpF2</latexit>

*https://en.wikipedia.org/wiki/Least_fixed_point

greatest fixed pointleast fixed point

<latexit sha1_base64="vQGF/ncyCBClMvbC6N7HtlGmq0I=">AAACFHicbVBNS8NAEN34WetX1aOXxSJUhJKIohehKIjHCrYNtKVstptm6W4SdifSEvojvPhXvHhQxKsHb/4bt20O2vpg4PHeDDPzvFhwDbb9bS0sLi2vrObW8usbm1vbhZ3duo4SRVmNRiJSrkc0EzxkNeAgmBsrRqQnWMPrX4/9xgNTmkfhPQxj1pakF3KfUwJG6hSO05aS2OeDEb7Bl9jFLWADSLFOaIAhIICNUXKPxl6nULTL9gR4njgZKaIM1U7hq9WNaCJZCFQQrZuOHUM7JQo4FWyUbyWaxYT2SY81DQ2JZLqdTp4a4UOjdLEfKVMh4In6eyIlUuuh9EynJBDoWW8s/uc1E/Av2ikP4wRYSKeL/ERgiPA4IdzlilEQQ0MIVdzcimlAFKFgcsybEJzZl+dJ/aTsnJXtu9Ni5SqLI4f20QEqIQedowq6RVVUQxQ9omf0it6sJ+vFerc+pq0LVjazh/7A+vwBvK+cEw==</latexit>

fixF = X such that F (X) = X

<latexit sha1_base64="WHn9BRbSjDs8E/v98brPiqBT6M4=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0TJoYxnBxEgSwt5mL1myu3fszgnhyK+wsVDE1p9j579xk1yhiQ8GHu/NMDMvTKSw6PvfXmFldW19o7hZ2tre2d0r7x80bZwaxhsslrFphdRyKTRvoEDJW4nhVIWSP4Sjm6n/8MSNFbG+x3HCu4oOtIgEo+ikx6xjFJFRMumVK37Vn4EskyAnFchR75W/Ov2YpYprZJJa2w78BLsZNSiY5JNSJ7U8oWxEB7ztqKaK2242O3hCTpzSJ1FsXGkkM/X3REaVtWMVuk5FcWgXvan4n9dOMbrqZkInKXLN5ouiVBKMyfR70heGM5RjRygzwt1K2JAaytBlVHIhBIsvL5PmWTW4qPp355XadR5HEY7gGE4hgEuowS3UoQEMFDzDK7x5xnvx3r2PeWvBy2cO4Q+8zx/VWpBt</latexit>

lfp
<latexit sha1_base64="5Nj8YU6XGj9CaiydzpLGWcjVp5o=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0TJoYxnBxEgSwt5mL1myu3fszgnhyK+wsVDE1p9j579xk1yhiQ8GHu/NMDMvTKSw6PvfXmFldW19o7hZ2tre2d0r7x80bZwaxhsslrFphdRyKTRvoEDJW4nhVIWSP4Sjm6n/8MSNFbG+x3HCu4oOtIgEo+ikx6xjFBlEyaRXrvhVfwayTIKcVCBHvVf+6vRjliqukUlqbTvwE+xm1KBgkk9KndTyhLIRHfC2o5oqbrvZ7OAJOXFKn0SxcaWRzNTfExlV1o5V6DoVxaFd9Kbif147xeiqmwmdpMg1my+KUkkwJtPvSV8YzlCOHaHMCHcrYUNqKEOXUcmFECy+vEyaZ9XgourfnVdq13kcRTiCYziFAC6hBrdQhwYwUPAMr/DmGe/Fe/c+5q0FL585hD/wPn8AzbeQaA==</latexit>

gfp



Semantics of Loops

• Semantics of a loop: a solution of this equation

• Solution: a fixed point of 

• Compositional (                      is defined using       ,       )

<latexit sha1_base64="M+MAQtfqcXwoADM9HJ8Wf0vyfKY=">AAACMXicfVDLSgMxFM34rPU16tJNtAgVpMyIoiBCsVRcKlhbmBmGTJra0MyD5I5Shv6SG/9E3HShiFt/wrTOQqt4IOFwzr03uSdIBFdgWUNjanpmdm6+sFBcXFpeWTXX1m9UnErKGjQWsWwFRDHBI9YADoK1EslIGAjWDHq1kd+8Y1LxOLqGfsK8kNxGvMMpAS355oXjbjk4cwHwfZcLNnBPcB3rq4Y9d8vDp/jcz+p7tUH5/8Jd3yxZFWsM/JvYOSmhHJe++eS2Y5qGLAIqiFKObSXgZUQCp3p80U0VSwjtkVvmaBqRkCkvG288wDtaaeNOLPWJAI/V7x0ZCZXqh4GuDAl01aQ3Ev/ynBQ6x17GoyQFFtGvhzqpwBDjUXy4zSWjIPqaECq5/iumXSIJBR1yUYdgT678m9zsV+zDinV1UKqe5XEU0CbaRmVkoyNURRfoEjUQRQ/oGb2gV+PRGBpvxvtX6ZSR92ygHzA+PgG2+aUI</latexit>

[[while E C]] = FE,C([[while E C]])

<latexit sha1_base64="ofOcBw7PwcHTzzsNbnqEQsfpyi4=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgQcKuKHoMBsVjBPOAZAmzk0kyZHZ2mekVwpKP8OJBEa9+jzf/xkmyB00saCiquunuCmIpDLrut5NbWV1b38hvFra2d3b3ivsHDRMlmvE6i2SkWwE1XArF6yhQ8lasOQ0DyZvBqDr1m09cGxGpRxzH3A/pQIm+YBSt1Lzrprdn1Um3WHLL7gxkmXgZKUGGWrf41elFLAm5QiapMW3PjdFPqUbBJJ8UOonhMWUjOuBtSxUNufHT2bkTcmKVHulH2pZCMlN/T6Q0NGYcBrYzpDg0i95U/M9rJ9i/9lOh4gS5YvNF/UQSjMj0d9ITmjOUY0so08LeStiQasrQJlSwIXiLLy+TxnnZuyy7Dxelyk0WRx6O4BhOwYMrqMA91KAODEbwDK/w5sTOi/PufMxbc042cwh/4Hz+AJj2jxU=</latexit>

FE,C

[[while E C]] = fix FE,C

FE,C(X) =

⇢
X([[C]](m)) ([[E]](m) 6= 0)
m (otherwise)

1

while-8X X¯)�›@

[[while E C]]M

= if [[E]]M 6= 0 then [[while E C]]([[C]]M) else M

‰‹ t,

[[while E C]] =

�M.if [[E]]M 6= 0 then [[while E C]]([[C]]M) else M.

â, while-8X X¯ [[while E C]]î ç h⇠

�X.(�M.if [[E]]M 6= 0 then X([[C]]M) else M)

2 (Memory ! Memroy) ! (Memory ! Memroy)

X \å ‡�⇣

[[while E C]]

= fixF 2 Memory ! Memory

= fix (�X.(�M.if [[E]]M 6= 0 then X([[C]]M) else M))

�X⇠»î�? [[while E C]]î [[E]]@ [[C]]| �¿‡ pΩ.

FE,C(X) =

⇢
X([[C]](m)) ([[E]](m) 6= 0)
m (otherwise)

1

<latexit sha1_base64="2D4gjan7YsvGfuuB9MnY6OMjXJs=">AAACCnicbVDLSsNAFJ3UV62vqEs3U4vgqiSiKLgpFsFlBfuAJJTJdNoOnTyYuVFK6NqNv+LGhSJu/QJ3/o2TNgttPXAvh3PuZeYePxZcgWV9G4Wl5ZXVteJ6aWNza3vH3N1rqSiRlDVpJCLZ8YligoesCRwE68SSkcAXrO2P6pnfvmdS8Si8g3HMvIAMQt7nlICWumbZccsOTl0A/DDkguEJdi/xddbq2HPLHu6aFatqTYEXiZ2TCsrR6Jpfbi+iScBCoIIo5dhWDF5KJHAq2KTkJorFhI7IgDmahiRgykunp0zwkVZ6uB9JXSHgqfp7IyWBUuPA15MBgaGa9zLxP89JoH/hpTyME2AhnT3UTwSGCGe54B6XjIIYa0Ko5PqvmA6JJBR0eiUdgj1/8iJpnVTts6p1e1qpXeVxFNEBOkTHyEbnqIZuUAM1EUWP6Bm9ojfjyXgx3o2P2WjByHf20R8Ynz95c5eO</latexit>

[[while E C]]
<latexit sha1_base64="ckVu3w1NqO3Xl9JmojIksb+0oPw=">AAAB83icbVBNS8NAEJ31s9avqkcvW4vgqSSi6LEogscK9gOSUDbbTbt0swm7G6GE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTAXXxnG+0crq2vrGZmmrvL2zu7dfOThs6yRTlLVoIhLVDYlmgkvWMtwI1k0VI3EoWCcc3U79zhNTmify0YxTFsRkIHnEKTFW8j2/6uE7HPjVAPcqNafuzICXiVuQGhRo9ipffj+hWcykoYJo7blOaoKcKMOpYJOyn2mWEjoiA+ZZKknMdJDPbp7gU6v0cZQoW9Lgmfp7Iiex1uM4tJ0xMUO96E3F/zwvM9F1kHOZZoZJOl8UZQKbBE8DwH2uGDVibAmhittbMR0SRaixMZVtCO7iy8ukfV53L+vOw0WtcVPEUYJjOIEzcOEKGnAPTWgBhRSe4RXeUIZe0Dv6mLeuoGLmCP4Aff4AfMKQBQ==</latexit>

[[E]]
<latexit sha1_base64="nGp9Encj4qP6hyf2S0zDydwmTpE=">AAAB83icbVDLSsNAFL3xWeur6tLN1CK4Kokouix247KCfUASymQ6aYdOJmEeQgn9DTcuFHHrz7jzb5y2WWjrgQuHc+7l3nuijDOlXffbWVvf2NzaLu2Ud/f2Dw4rR8cdlRpJaJukPJW9CCvKmaBtzTSnvUxSnEScdqNxc+Z3n6hULBWPepLRMMFDwWJGsLZS4AdVHzVRGFRD1K/U3Lo7B1olXkFqUKDVr3wFg5SYhApNOFbK99xMhzmWmhFOp+XAKJphMsZD6lsqcEJVmM9vnqJzqwxQnEpbQqO5+nsix4lSkySynQnWI7XszcT/PN/o+DbMmciMpoIsFsWGI52iWQBowCQlmk8swUQyeysiIywx0Tamsg3BW355lXQu69513X24qjXuijhKcApncAEe3EAD7qEFbSCQwTO8wptjnBfn3flYtK45xcwJ/IHz+QN5rpAD</latexit>

[[C]]



Exercise

• “Computer science is full of fix points.” 
 Inductively defined thing = a least fix point:

•  

•  

åç: ‡�⇣(fixpoint) �

“Computer science is full of fixpoints.”

¿©�/¨¿�<\ �X⌧ É = \å ‡�⇣(least fixpoint):

I N = {0} [ {n+1|n 2 N}

N = fix�X.{0} [ {n+ 1|n 2 X}

I list = {nil} [ {(0,l)|l2 list}

list = fix�X.{nil} [ {(0, l)|l 2 X}

åç: ‡�⇣(fixpoint) �

“Computer science is full of fixpoints.”

¿©�/¨¿�<\ �X⌧ É = \å ‡�⇣(least fixpoint):

I N = {0} [ {n+1|n 2 N}

N = fix�X.{0} [ {n+ 1|n 2 X}

I list = {nil} [ {(0,l)|l2 list}

list = fix�X.{nil} [ {(0, l)|l 2 X}



Exercise

•  

•  

I reach(N) = N [ reach(next(N))

reach = fix�f.(�N.N [ f(next(N)))

I sort(A) = if sorted(A)? A: sort(exch(A))

sort = fix�f.(�A.if sorted(A)? A : f(exch(A)))

I rescue(E) = if noX(E)? E: rescue(exch(E))

rescue = fix�f.(�E.if noX (E)? E : f(exch(E)))

I fac(n) = if n=0? 1 : n*fac(n-1)

fac = fix�f.(�n.if n = 0? 1 : n⇥ f(n� 1))

I repeat C E = C ; if E (repeat C E) skip

[[repeat C E]] = fix�X.((�M.if [[E]]M?XM : M)�[[C]])



Questions

• Does a solution of the semantic equation always exist?

• If exists, is it unique?

• How to compute it?



Domain Theory

• Semantics of a program is an element of a domain called CPO 
(complete partial ordered set)

• Semantics of a program is the least fix point of a continuous 
function.

• Established by Dana Scott in 1970s

• Outline of a Mathematical Theory of Computation, Dana Scott

• Mathematical Concepts in Programming Language Semantics, Dana Scott

• Domains and Logics, Dana Scott

http://ropas.snu.ac.kr/~kwang/520/readings/sco70.pdf
http://ropas.snu.ac.kr/~kwang/520/readings/sco72.pdf
http://ropas.snu.ac.kr/~kwang/520/readings/sco89.pdf


Intuitions behind Domain Theory

• Goal: giving a mathematical meaning to each program

• Problem: what is the meaning of the following program? 

                                    ☞  never terminates!

• Need something to represent an undefined output 
(written ⊥), i.e., the result of a computation that never 

ends.

<latexit sha1_base64="lb1FE/Fyf5mz2P7NISt7pvzmYrg=">AAACD3icbVDLSgMxFM3UV62vUZdugkWpCGVGFEURim5cVrAP6Awlk6ZtaOZBckctQ//Ajb/ixoUibt2682/MtLPQ6oEkh3Pu5eYeLxJcgWV9GbmZ2bn5hfxiYWl5ZXXNXN+oqzCWlNVoKELZ9IhiggesBhwEa0aSEd8TrOENLlO/ccuk4mFwA8OIuT7pBbzLKQEttc3dxAHAd30u2Ag7Z7hk76WPk+B7fHqur31sY2fUNotW2RoD/yV2RoooQ7VtfjqdkMY+C4AKolTLtiJwEyKBUz2q4MSKRYQOSI+1NA2Iz5SbjPcZ4R2tdHA3lPoEgMfqz46E+EoNfU9X+gT6atpLxf+8VgzdEzfhQRQDC+hkUDcWGEKchoM7XDIKYqgJoZLrv2LaJ5JQ0BEWdAj29Mp/Sf2gbB+VrevDYuUiiyOPttA2KiEbHaMKukJVVEMUPaAn9IJejUfj2Xgz3ielOSPr2US/YHx8A1QnmQM=</latexit>

while (1) {x := x+ 1}



Intuitions behind Domain Theory

• There is an ordering between elements of the domains 
of computation. 

• e.g.,  Type int is more specific than type double 

• e.g.,  any value is more informative than ⊥ (i.e., no 

information)

• The higher an element is within the order, the more 
information it contains. 



Partial Order
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Partial Order

18

Definition (Partial Order). A binary relation     is a partial order on a set     
if it has:


1. reflexivity:         for all


2. Antisymmetry:         and         implies 

3. Transitivity:            and            implies  

A set      with a partial order      is called a partially ordered set           , or 
simply poset.

a v a

<latexit sha1_base64="8voY931jcijGk5qn7EQIhbz9jxk=">AAAB+HicbVBNT8JAEN3iF+IHVY9eNhITT6RVEj2SeOGIiYAJNGS7TGHDdlv2wwQbfokXDxrj1Z/izX/jAj0o+JJJXt6bycy8MOVMac/7dgobm1vbO8Xd0t7+wWHZPTpuq8RICi2a8EQ+hEQBZwJammkOD6kEEoccOuH4du53HkEqloh7PU0hiMlQsIhRoq3Ud8sE99REmVCBhgkmfbfiVb0F8Drxc1JBOZp996s3SKiJQWjKiVJd30t1kBGpGeUwK/WMgpTQMRlC11JBYlBBtjh8hs+tMsBRIm0JjRfq74mMxEpN49B2xkSP1Ko3F//zukZHN0HGRGo0CLpcFBmOdYLnKeABk0A1n1pCqGT2VkxHRBKqbVYlG4K/+vI6aV9W/Vr16q5WqTfyOIroFJ2hC+Sja1RHDdRELUSRQc/oFb05T86L8+58LFsLTj5zgv7A+fwBdQGS+w==</latexit>

a 2 D

<latexit sha1_base64="19txn20I+hYLh06hZlGXhsUX0a0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeCHnqsYD+gDWWznbRLN5uwuxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmd3O/84RK81g+mmmCfkRHkoecUWOlDiV9Lsn9oFxxq+4CZJ14OalAjuag/NUfxiyNUBomqNY9z02Mn1FlOBM4K/VTjQllEzrCnqWSRqj9bHHujFxYZUjCWNmShizU3xMZjbSeRoHtjKgZ61VvLv7n9VIT3voZl0lqULLlojAVxMRk/jsZcoXMiKkllClubyVsTBVlxiZUsiF4qy+vk/ZV1atVrx9qlXojj6MIZ3AOl+DBDdShAU1oAYMJPMMrvDmJ8+K8Ox/L1oKTz5zCHzifP0S6juQ=</latexit>

a v b

<latexit sha1_base64="K25l6nM2sUZwMVS4soShvOYPp0I=">AAAB+HicbVBNT8JAEN3iF+IHVY9eNhITT6RVEj2SeOGIiYAJNGS7TGHDdlv2wwQbfokXDxrj1Z/izX/jAj0o+JJJXt6bycy8MOVMac/7dgobm1vbO8Xd0t7+wWHZPTpuq8RICi2a8EQ+hEQBZwJammkOD6kEEoccOuH4du53HkEqloh7PU0hiMlQsIhRoq3Ud8sE99REmVCBhgkO+27Fq3oL4HXi56SCcjT77ldvkFATg9CUE6W6vpfqICNSM8phVuoZBSmhYzKErqWCxKCCbHH4DJ9bZYCjRNoSGi/U3xMZiZWaxqHtjIkeqVVvLv7ndY2OboKMidRoEHS5KDIc6wTPU8ADJoFqPrWEUMnsrZiOiCRU26xKNgR/9eV10r6s+rXq1V2tUm/kcRTRKTpDF8hH16iOGqiJWogig57RK3pznpwX5935WLYWnHzmBP2B8/kDdoWS/A==</latexit>

b v a

<latexit sha1_base64="eW6zB73q7IF9A4GCmsRoSbnaOLI=">AAAB+HicbVBNT8JAEN3iF+IHVY9eNhITT6RVEj2SeOGIiYAJNGS7TGHDdlv2wwQbfokXDxrj1Z/izX/jAj0o+JJJXt6bycy8MOVMac/7dgobm1vbO8Xd0t7+wWHZPTpuq8RICi2a8EQ+hEQBZwJammkOD6kEEoccOuH4du53HkEqloh7PU0hiMlQsIhRoq3Ud8sh7qmJMqECDRNM+m7Fq3oL4HXi56SCcjT77ldvkFATg9CUE6W6vpfqICNSM8phVuoZBSmhYzKErqWCxKCCbHH4DJ9bZYCjRNoSGi/U3xMZiZWaxqHtjIkeqVVvLv7ndY2OboKMidRoEHS5KDIc6wTPU8ADJoFqPrWEUMnsrZiOiCRU26xKNgR/9eV10r6s+rXq1V2tUm/kcRTRKTpDF8hH16iOGqiJWogig57RK3pznpwX5935WLYWnHzmBP2B8/kDdpOS/A==</latexit>

a = b

<latexit sha1_base64="iljPYOJV8SDD86vYWzqLGfeb0WU=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oBeh4KXHCqYttKFMtpt26WYTdjdCKf0NXjwo4tUf5M1/47bNQVsfDDzem2FmXpgKro3rfjuFjc2t7Z3ibmlv/+DwqHx80tJJpijzaSIS1QlRM8El8w03gnVSxTAOBWuH4/u5335iSvNEPppJyoIYh5JHnKKxko/kjoT9csWtuguQdeLlpAI5mv3yV2+Q0Cxm0lCBWnc9NzXBFJXhVLBZqZdpliId45B1LZUYMx1MF8fOyIVVBiRKlC1pyEL9PTHFWOtJHNrOGM1Ir3pz8T+vm5noNphymWaGSbpcFGWCmITMPycDrhg1YmIJUsXtrYSOUCE1Np+SDcFbfXmdtK6qXq16/VCr1Bt5HEU4g3O4BA9uoA4NaIIPFDg8wyu8OdJ5cd6dj2VrwclnTuEPnM8fr1ON+A==</latexit>

a v b

<latexit sha1_base64="K25l6nM2sUZwMVS4soShvOYPp0I=">AAAB+HicbVBNT8JAEN3iF+IHVY9eNhITT6RVEj2SeOGIiYAJNGS7TGHDdlv2wwQbfokXDxrj1Z/izX/jAj0o+JJJXt6bycy8MOVMac/7dgobm1vbO8Xd0t7+wWHZPTpuq8RICi2a8EQ+hEQBZwJammkOD6kEEoccOuH4du53HkEqloh7PU0hiMlQsIhRoq3Ud8sE99REmVCBhgkO+27Fq3oL4HXi56SCcjT77ldvkFATg9CUE6W6vpfqICNSM8phVuoZBSmhYzKErqWCxKCCbHH4DJ9bZYCjRNoSGi/U3xMZiZWaxqHtjIkeqVVvLv7ndY2OboKMidRoEHS5KDIc6wTPU8ADJoFqPrWEUMnsrZiOiCRU26xKNgR/9eV10r6s+rXq1V2tUm/kcRTRKTpDF8hH16iOGqiJWogig57RK3pznpwX5935WLYWnHzmBP2B8/kDdoWS/A==</latexit>

b v c

<latexit sha1_base64="6MlpC6cFnw9aV5xOTyAgx2XiWKU=">AAAB+HicbVBNT8JAEN3iF+IHVY9eNhITT6RVEj2SeOGIiYAJNGS7TGHDdlv2wwQbfokXDxrj1Z/izX/jAj0o+JJJXt6bycy8MOVMac/7dgobm1vbO8Xd0t7+wWHZPTpuq8RICi2a8EQ+hEQBZwJammkOD6kEEoccOuH4du53HkEqloh7PU0hiMlQsIhRoq3Ud8sh7qmJMqECDRNM+27Fq3oL4HXi56SCcjT77ldvkFATg9CUE6W6vpfqICNSM8phVuoZBSmhYzKErqWCxKCCbHH4DJ9bZYCjRNoSGi/U3xMZiZWaxqHtjIkeqVVvLv7ndY2OboKMidRoEHS5KDIc6wTPU8ADJoFqPrWEUMnsrZiOiCRU26xKNgR/9eV10r6s+rXq1V2tUm/kcRTRKTpDF8hH16iOGqiJWogig57RK3pznpwX5935WLYWnHzmBP2B8/kDeZuS/g==</latexit>

a v c

<latexit sha1_base64="Y5ZqziVe1gw1DKrU4OfeIlW3nQE=">AAAB+HicbVBNT8JAEN3iF+IHVY9eNhITT6RVEj2SeOGIiYAJNGS7TGHDdlv2wwQbfokXDxrj1Z/izX/jAj0o+JJJXt6bycy8MOVMac/7dgobm1vbO8Xd0t7+wWHZPTpuq8RICi2a8EQ+hEQBZwJammkOD6kEEoccOuH4du53HkEqloh7PU0hiMlQsIhRoq3Ud8sE99REmVCBhgmmfbfiVb0F8Drxc1JBOZp996s3SKiJQWjKiVJd30t1kBGpGeUwK/WMgpTQMRlC11JBYlBBtjh8hs+tMsBRIm0JjRfq74mMxEpN49B2xkSP1Ko3F//zukZHN0HGRGo0CLpcFBmOdYLnKeABk0A1n1pCqGT2VkxHRBKqbVYlG4K/+vI6aV9W/Vr16q5WqTfyOIroFJ2hC+Sja1RHDdRELUSRQc/oFb05T86L8+58LFsLTj5zgv7A+fwBeAmS/Q==</latexit>

D

<latexit sha1_base64="7ZhJIkL5VJJnmmdDPVoQsMTCdCU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI8BPeSYgHlAsoTZSScZMzu7zMwKYckXePGgiFc/yZt/4yTZgyYWNBRV3XR3BbHg2rjut5Pb2Nza3snvFvb2Dw6PiscnLR0limGTRSJSnYBqFFxi03AjsBMrpGEgsB1M7uZ++wmV5pF8MNMY/ZCOJB9yRo2VGvf9YsktuwuQdeJlpAQZ6v3iV28QsSREaZigWnc9NzZ+SpXhTOCs0Es0xpRN6Ai7lkoaovbTxaEzcmGVARlGypY0ZKH+nkhpqPU0DGxnSM1Yr3pz8T+vm5jhrZ9yGScGJVsuGiaCmIjMvyYDrpAZMbWEMsXtrYSNqaLM2GwKNgRv9eV10roqe5XydaNSqtayOPJwBudwCR7cQBVqUIcmMEB4hld4cx6dF+fd+Vi25pxs5hT+wPn8AZsrjNQ=</latexit>

v

<latexit sha1_base64="c9+mp6ZJXoocqTOkRVej8bJ8EkM=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokW9Fjw0mMF+wFtKJvtpF26yaa7E6GE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsbm1vbObmGvuH9weHRcOjltGZVqDk2upNKdgBmQIoYmCpTQSTSwKJDQDsb3c7/9BNoIFT/iNAE/YsNYhIIztFK3ZyYmDQwgTPqlsltxF6DrxMtJmeRo9EtfvYHiaQQxcsmM6Xpugn7GNAouYVbspQYSxsdsCF1LYxaB8bPFyTN6aZUBDZW2FSNdqL8nMhYZM40C2xkxHJlVby7+53VTDO/8TMRJihDz5aIwlRQVnf9PB0IDRzm1hHEt7K2Uj5hmHG1KRRuCt/ryOmldV7xq5eahWq7V8zgK5JxckCvikVtSI3XSIE3CiSLP5JW8Oei8OO/Ox7J1w8lnzsgfOJ8/0cWRoA==</latexit>

(D,v)

<latexit sha1_base64="jFAVailDYX8VWljwjvCPHraKa8s=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBahgpREC3os6KHHCvYD2lA220m7dLNJdzeFEvpPvHhQxKv/xJv/xm2bg7Y+GHi8N8PMPD/mTGnH+bZyG5tb2zv53cLe/sHhkX180lRRIik0aMQj2faJAs4ENDTTHNqxBBL6HFr+6H7utyYgFYvEk57G4IVkIFjAKNFG6tl26eEKd9VYJb4CDePLnl10ys4CeJ24GSmiDPWe/dXtRzQJQWjKiVId14m1lxKpGeUwK3QTBTGhIzKAjqGChKC8dHH5DF8YpY+DSJoSGi/U3xMpCZWahr7pDIkeqlVvLv7ndRId3HkpE3GiQdDloiDhWEd4HgPuMwlU86khhEpmbsV0SCSh2oRVMCG4qy+vk+Z12a2Ubx4rxWotiyOPztA5KiEX3aIqqqE6aiCKJugZvaI3K7VerHfrY9mas7KZU/QH1ucPZi6S5A==</latexit>

D

<latexit sha1_base64="7ZhJIkL5VJJnmmdDPVoQsMTCdCU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI8BPeSYgHlAsoTZSScZMzu7zMwKYckXePGgiFc/yZt/4yTZgyYWNBRV3XR3BbHg2rjut5Pb2Nza3snvFvb2Dw6PiscnLR0limGTRSJSnYBqFFxi03AjsBMrpGEgsB1M7uZ++wmV5pF8MNMY/ZCOJB9yRo2VGvf9YsktuwuQdeJlpAQZ6v3iV28QsSREaZigWnc9NzZ+SpXhTOCs0Es0xpRN6Ai7lkoaovbTxaEzcmGVARlGypY0ZKH+nkhpqPU0DGxnSM1Yr3pz8T+vm5jhrZ9yGScGJVsuGiaCmIjMvyYDrpAZMbWEMsXtrYSNqaLM2GwKNgRv9eV10roqe5XydaNSqtayOPJwBudwCR7cQBVqUIcmMEB4hld4cx6dF+fd+Vi25pxs5hT+wPn8AZsrjNQ=</latexit>

v

<latexit sha1_base64="c9+mp6ZJXoocqTOkRVej8bJ8EkM=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokW9Fjw0mMF+wFtKJvtpF26yaa7E6GE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsbm1vbObmGvuH9weHRcOjltGZVqDk2upNKdgBmQIoYmCpTQSTSwKJDQDsb3c7/9BNoIFT/iNAE/YsNYhIIztFK3ZyYmDQwgTPqlsltxF6DrxMtJmeRo9EtfvYHiaQQxcsmM6Xpugn7GNAouYVbspQYSxsdsCF1LYxaB8bPFyTN6aZUBDZW2FSNdqL8nMhYZM40C2xkxHJlVby7+53VTDO/8TMRJihDz5aIwlRQVnf9PB0IDRzm1hHEt7K2Uj5hmHG1KRRuCt/ryOmldV7xq5eahWq7V8zgK5JxckCvikVtSI3XSIE3CiSLP5JW8Oei8OO/Ox7J1w8lnzsgfOJ8/0cWRoA==</latexit>
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Partial Order

• Example 1:
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• Example 4: (N+ {+1},)
<latexit sha1_base64="91IiDg3Qeugy06H1UDB8FFVUM+4=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhahUimJD3RZdONKKtgHNKFMppN26GQSZiZCCVm68VfcuFDErZ/gzr9x0mahrQcuHM65l3vv8SJGpbKsb6OwsLi0vFJcLa2tb2xumds7LRnGApMmDlkoOh6ShFFOmooqRjqRICjwGGl7o+vMbz8QIWnI79U4Im6ABpz6FCOlpZ65X3ECpIael9ymsAqdpOpQ7quxkx5Dh5Gjnlm2atYEcJ7YOSmDHI2e+eX0QxwHhCvMkJRd24qUmyChKGYkLTmxJBHCIzQgXU05Coh0k8kjKTzUSh/6odDFFZyovycSFEg5DjzdmV0tZ71M/M/rxsq/dBPKo1gRjqeL/JhBFcIsFdingmDFxpogLKi+FeIhEggrnV1Jh2DPvjxPWic1+7R2fndWrl/lcRTBHjgAFWCDC1AHN6ABmgCDR/AMXsGb8WS8GO/Gx7S1YOQzu+APjM8fyT6Yjg==</latexit>

• Example 2: (Z?,v)
<latexit sha1_base64="FkTNX7vJhLGOGc9SLwq9t6+fT64=">AAACCXicbVDJSgNBEO1xjXEb9eilMQgRJMy4oEfRi8cIZsFMCN2dSmzsWeyuEcKQqxd/xYsHRbz6B978GzvLQRMfFDzeq6KqHk+UNOh5387M7Nz8wmJuKb+8srq27m5sVk2cagEVEatY1zkzoGQEFZSooJ5oYCFXUON3FwO/9gDayDi6xl4CzZB1I9mRgqGVWi4tBiHDW86zm34rC3iM/X0amHuTcgMI93stt+CVvCHoNPHHpEDGKLfcr6AdizSECIVixjR8L8FmxjRKoaCfD1IDCRN3rAsNSyMWgmlmw0/6dNcqbdqJta0I6VD9PZGx0JheyG3n4Gwz6Q3E/7xGip3TZiajJEWIxGhRJ1UUYzqIhbalBoGqZwkTWtpbqbhlmgm04eVtCP7ky9OkelDyD0vHV0eFs/NxHDmyTXZIkfjkhJyRS1ImFSLII3kmr+TNeXJenHfnY9Q644xntsgfOJ8/pOmaTw==</latexit>

⊥

-2 -1 0 1 2… …

• Example 3: (N,)
<latexit sha1_base64="y2BmCkqQqPkSCHDHtpQV+PmHsCM=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBahgpTEB7osunElFewDmlAm00k7dPJgZqKU2E9x40IRt36JO//GSZuFth4YOJxzL/fM8WLOpLKsb6OwtLyyulZcL21sbm3vmOXdlowSQWiTRDwSHQ9LyllIm4opTjuxoDjwOG17o+vMbz9QIVkU3qtxTN0AD0LmM4KVlnpmueoEWA09L72dHCOH06OeWbFq1hRokdg5qUCORs/8cvoRSQIaKsKxlF3bipWbYqEY4XRSchJJY0xGeEC7moY4oNJNp9En6FArfeRHQr9Qoan6eyPFgZTjwNOTWU4572Xif143Uf6lm7IwThQNyeyQn3CkIpT1gPpMUKL4WBNMBNNZERligYnSbZV0Cfb8lxdJ66Rmn9bO784q9au8jiLswwFUwYYLqMMNNKAJBB7hGV7hzXgyXox342M2WjDynT34A+PzBwlmkzY=</latexit>

0 21 … ��0 21 …

(}({x, y, z}),✓)

<latexit sha1_base64="67majvBv62p2nurr1h7PyPrBrTo=">AAACBHicbVDLSgNBEJz1GeNr1WMug0FIIIRdiegx6MVjBPOAbAizk04yZPbhzKy6Ljl48Ve8eFDEqx/hzb9xkuxBEwsaiqpuurvckDOpLOvbWFpeWV1bz2xkN7e2d3bNvf2GDCJBoU4DHoiWSyRw5kNdMcWhFQognsuh6Y4uJn7zFoRkgX+t4hA6Hhn4rM8oUVrqmrmCcxcWnOS+FJcenHGxhB0ZuRIU3BS7Zt4qW1PgRWKnJI9S1Lrml9MLaOSBrygnUrZtK1SdhAjFKIdx1okkhISOyADamvrEA9lJpk+M8ZFWergfCF2+wlP190RCPCljz9WdHlFDOe9NxP+8dqT6Z52E+WGkwKezRf2IYxXgSSK4xwRQxWNNCBVM34rpkAhClc4tq0Ow519eJI3jsl0pn1xV8tXzNI4MyqFDVEA2OkVVdIlqqI4oekTP6BW9GU/Gi/FufMxal4x05gD9gfH5Ay6Sly0=</latexit>

Graphical representations of partial orders are called Hasse diagrams.

Powerset: {{}, {x}, {y}, {z}, {x,y}, {y,z}, {x,z}, {x,y,z}} 
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Definition (Least Upper Bound). For a partial ordered set             and  
subset              ,              is an upper bound of      iff


An upper bound     is the least upper bound of     iff for all upper bounds                   
   of    ,           . The least upper bound of      is denoted by     .

Least Upper Bound
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(D,v)

<latexit sha1_base64="jFAVailDYX8VWljwjvCPHraKa8s=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBahgpREC3os6KHHCvYD2lA220m7dLNJdzeFEvpPvHhQxKv/xJv/xm2bg7Y+GHi8N8PMPD/mTGnH+bZyG5tb2zv53cLe/sHhkX180lRRIik0aMQj2faJAs4ENDTTHNqxBBL6HFr+6H7utyYgFYvEk57G4IVkIFjAKNFG6tl26eEKd9VYJb4CDePLnl10ys4CeJ24GSmiDPWe/dXtRzQJQWjKiVId14m1lxKpGeUwK3QTBTGhIzKAjqGChKC8dHH5DF8YpY+DSJoSGi/U3xMpCZWahr7pDIkeqlVvLv7ndRId3HkpE3GiQdDloiDhWEd4HgPuMwlU86khhEpmbsV0SCSh2oRVMCG4qy+vk+Z12a2Ubx4rxWotiyOPztA5KiEX3aIqqqE6aiCKJugZvaI3K7VerHfrY9mas7KZU/QH1ucPZi6S5A==</latexit>

X ✓ D

<latexit sha1_base64="FR6hwPvhq7mXds3qb1tQkeQs5Cg=">AAAB9HicbVA9TwJBEJ3DL8Qv1NJmIzGxIndKoiWJFpSYCJLAhewtA2zY2zt290jIhd9hY6Extv4YO/+NC1yh4EsmeXlvJjPzglhwbVz328ltbG5t7+R3C3v7B4dHxeOTpo4SxbDBIhGpVkA1Ci6xYbgR2IoV0jAQ+BSM7ub+0wSV5pF8NNMY/ZAOJO9zRo2V/Bbp6CTQaHBM7rvFklt2FyDrxMtICTLUu8WvTi9iSYjSMEG1bntubPyUKsOZwFmhk2iMKRvRAbYtlTRE7aeLo2fkwio90o+ULWnIQv09kdJQ62kY2M6QmqFe9ebif147Mf1bP+UyTgxKtlzUTwQxEZknQHpcITNiagllittbCRtSRZmxORVsCN7qy+ukeVX2KuXrh0qpWsviyMMZnMMleHADVahBHRrAYAzP8ApvzsR5cd6dj2VrzslmTuEPnM8fFIuRrA==</latexit>

d 2 D

<latexit sha1_base64="f5ABHu8eWBSlcksjXZCKSIzhoOc=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeCHnqsYD+gDWWzmbZLN5uwuxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmd3O/84RK81g+mmmCfkRHkg85o8ZKnZD0uST3g3LFrboLkHXi5aQCOZqD8lc/jFkaoTRMUK17npsYP6PKcCZwVuqnGhPKJnSEPUsljVD72eLcGbmwSkiGsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66VmeOtnXCapQcmWi4apICYm899JyBUyI6aWUKa4vZWwMVWUGZtQyYbgrb68TtpXVa9WvX6oVeqNPI4inME5XIIHN1CHBjShBQwm8Ayv8OYkzovz7nwsWwtOPnMKf+B8/gBJWI7n</latexit>

8x 2 X. x v d.

<latexit sha1_base64="51EkRQeOxZFxpzDGp5/07+kseps=">AAACCnicbZC7TsMwFIadcivlVmBkMVRITFEClWCsxNKxSPQiNVXlOCetVcdJbQdRVWVl4VVYGECIlSdg421w2wzQ8kuWPv3nHPmc3084U9pxvq3cyura+kZ+s7C1vbO7V9w/aKg4lRTqNOaxbPlEAWcC6pppDq1EAol8Dk1/cD2tN+9AKhaLWz1KoBORnmAho0Qbq1s89sJYEs7xPfaYwC37wYAaqtRXoGGIA7tbLDm2MxNeBjeDEspU6xa/vCCmaQRCU06UartOojtjIjWjHCYFL1WQEDogPWgbFCQC1RnPTpngU+ME2OxkntB45v6eGJNIqVHkm86I6L5arE3N/2rtVIdXnTETSapB0PlHYcqxjvE0FxwwCVTzkQFCJTO7YtonklBt0iuYENzFk5ehcW67ZfviplyqVLM48ugInaAz5KJLVEFVVEN1RNEjekav6M16sl6sd+tj3pqzsplD9EfW5w8QE5ni</latexit>

d

<latexit sha1_base64="nS6IboJlVZGpPaP6D64e9A9v+Zc=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokW9Fjw0mML9gPaUDababt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkfu53nlBpHssHM03Qj+hI8iFn1FipGQ5KZbfiLkDWiZeTMuRoDEpf/TBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0iohGcbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmuGdn3GZpAYlWy4apoKYmMy/JiFXyIyYWkKZ4vZWwsZUUWZsNkUbgrf68jppX1e8auWmWS3X6nkcBTiHC7gCD26hBnVoQAsYIDzDK7w5j86L8+58LFs3nHzmDP7A+fwBy6uM9A==</latexit>

X

<latexit sha1_base64="XvY87JWDihEQE+agVygRkbzbFVs=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokW9Fjw0mML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkfu53nlBpHssHM03Qj+hI8pAzaqzU7A5KZbfiLkDWiZeTMuRoDEpf/WHM0gilYYJq3fPcxPgZVYYzgbNiP9WYUDahI+xZKmmE2s8Wh87IpVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGdn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNkUbgrf68jppX1e8auWmWS3X6nkcBTiHC7gCD26hBnVoQAsYIDzDK7w5j86L8+58LFs3nHzmDP7A+fwBuXuM6A==</latexit>

d v y

<latexit sha1_base64="gXEqdw4MQQOsJvlf20t37lKZd/4=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkqiBT0WvPRYwbZCG8pmM2mXbjbp7kaIob/EiwdFvPpTvPlv3LY5aOuDgcd7M8zM8xPOlHacb6u0sbm1vVPereztHxxW7aPjropTSaFDYx7LB58o4ExARzPN4SGRQCKfQ8+f3M793iNIxWJxr7MEvIiMBAsZJdpIQ7sa4IGaqtRXoGGKs6Fdc+rOAniduAWpoQLtof01CGKaRiA05USpvusk2suJ1IxymFUGqYKE0AkZQd9QQSJQXr44fIbPjRLgMJamhMYL9fdETiKlssg3nRHRY7XqzcX/vH6qwxsvZyJJNQi6XBSmHOsYz1PAAZNANc8MIVQycyumYyIJ1SarignBXX15nXQv626jfnXXqDVbRRxldIrO0AVy0TVqohZqow6iKEXP6BW9WU/Wi/VufSxbS1Yxc4L+wPr8AZ4XkxY=</latexit>

G
X

<latexit sha1_base64="mGFQDmvSfx0+uNBKU/VOfGdL9Ac=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeClx4r2A9oQ9lsN+3SzSbuToQS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNM7uZ+54lrI2L1gNOE+xEdKREKRtFKvX4gRuaRpQnpDsoVt+ouQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucPCMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8NbPhEpS5IotF4WpJBiT+f9kKDRnKKeWUKaFvZWwMdWUoU2pZEPwVl9eJ+2rqlerXt/XKvVGHkcRzuAcLsGDG6hDA5rQAgYxPMMrvDnovDjvzseyteDkM6fwB87nDxeSkSY=</latexit>

X

<latexit sha1_base64="XvY87JWDihEQE+agVygRkbzbFVs=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokW9Fjw0mML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkfu53nlBpHssHM03Qj+hI8pAzaqzU7A5KZbfiLkDWiZeTMuRoDEpf/WHM0gilYYJq3fPcxPgZVYYzgbNiP9WYUDahI+xZKmmE2s8Wh87IpVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGdn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNkUbgrf68jppX1e8auWmWS3X6nkcBTiHC7gCD26hBnVoQAsYIDzDK7w5j86L8+58LFs3nHzmDP7A+fwBuXuM6A==</latexit>

y

<latexit sha1_base64="itwHa3r5E7hXl0mPGa+/4rluZS4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokW9Fjw0mML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkfu53nlBpHssHM03Qj+hI8pAzaqzUnA5KZbfiLkDWiZeTMuRoDEpf/WHM0gilYYJq3fPcxPgZVYYzgbNiP9WYUDahI+xZKmmE2s8Wh87IpVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGdn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNkUbgrf68jppX1e8auWmWS3X6nkcBTiHC7gCD26hBnVoQAsYIDzDK7w5j86L8+58LFs3nHzmDP7A+fwB63+NCQ==</latexit>

X

<latexit sha1_base64="XvY87JWDihEQE+agVygRkbzbFVs=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokW9Fjw0mML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkfu53nlBpHssHM03Qj+hI8pAzaqzU7A5KZbfiLkDWiZeTMuRoDEpf/WHM0gilYYJq3fPcxPgZVYYzgbNiP9WYUDahI+xZKmmE2s8Wh87IpVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGdn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNkUbgrf68jppX1e8auWmWS3X6nkcBTiHC7gCD26hBnVoQAsYIDzDK7w5j86L8+58LFs3nHzmDP7A+fwBuXuM6A==</latexit>

X

<latexit sha1_base64="XvY87JWDihEQE+agVygRkbzbFVs=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokW9Fjw0mML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkfu53nlBpHssHM03Qj+hI8pAzaqzU7A5KZbfiLkDWiZeTMuRoDEpf/WHM0gilYYJq3fPcxPgZVYYzgbNiP9WYUDahI+xZKmmE2s8Wh87IpVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGdn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNkUbgrf68jppX1e8auWmWS3X6nkcBTiHC7gCD26hBnVoQAsYIDzDK7w5j86L8+58LFs3nHzmDP7A+fwBuXuM6A==</latexit>

Intuition: union of multiple pieces of information 
e.g., Set union (∪)
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• Example 4: (N+ {+1},)
<latexit sha1_base64="91IiDg3Qeugy06H1UDB8FFVUM+4=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhahUimJD3RZdONKKtgHNKFMppN26GQSZiZCCVm68VfcuFDErZ/gzr9x0mahrQcuHM65l3vv8SJGpbKsb6OwsLi0vFJcLa2tb2xumds7LRnGApMmDlkoOh6ShFFOmooqRjqRICjwGGl7o+vMbz8QIWnI79U4Im6ABpz6FCOlpZ65X3ECpIael9ymsAqdpOpQ7quxkx5Dh5Gjnlm2atYEcJ7YOSmDHI2e+eX0QxwHhCvMkJRd24qUmyChKGYkLTmxJBHCIzQgXU05Coh0k8kjKTzUSh/6odDFFZyovycSFEg5DjzdmV0tZ71M/M/rxsq/dBPKo1gRjqeL/JhBFcIsFdingmDFxpogLKi+FeIhEggrnV1Jh2DPvjxPWic1+7R2fndWrl/lcRTBHjgAFWCDC1AHN6ABmgCDR/AMXsGb8WS8GO/Gx7S1YOQzu+APjM8fyT6Yjg==</latexit>

• Example 2: (Z?,v)
<latexit sha1_base64="FkTNX7vJhLGOGc9SLwq9t6+fT64=">AAACCXicbVDJSgNBEO1xjXEb9eilMQgRJMy4oEfRi8cIZsFMCN2dSmzsWeyuEcKQqxd/xYsHRbz6B978GzvLQRMfFDzeq6KqHk+UNOh5387M7Nz8wmJuKb+8srq27m5sVk2cagEVEatY1zkzoGQEFZSooJ5oYCFXUON3FwO/9gDayDi6xl4CzZB1I9mRgqGVWi4tBiHDW86zm34rC3iM/X0amHuTcgMI93stt+CVvCHoNPHHpEDGKLfcr6AdizSECIVixjR8L8FmxjRKoaCfD1IDCRN3rAsNSyMWgmlmw0/6dNcqbdqJta0I6VD9PZGx0JheyG3n4Gwz6Q3E/7xGip3TZiajJEWIxGhRJ1UUYzqIhbalBoGqZwkTWtpbqbhlmgm04eVtCP7ky9OkelDyD0vHV0eFs/NxHDmyTXZIkfjkhJyRS1ImFSLII3kmr+TNeXJenHfnY9Q644xntsgfOJ8/pOmaTw==</latexit>

⊥

-2 -1 0 1 2… …

• Example 3: (N,)
<latexit sha1_base64="y2BmCkqQqPkSCHDHtpQV+PmHsCM=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBahgpTEB7osunElFewDmlAm00k7dPJgZqKU2E9x40IRt36JO//GSZuFth4YOJxzL/fM8WLOpLKsb6OwtLyyulZcL21sbm3vmOXdlowSQWiTRDwSHQ9LyllIm4opTjuxoDjwOG17o+vMbz9QIVkU3qtxTN0AD0LmM4KVlnpmueoEWA09L72dHCOH06OeWbFq1hRokdg5qUCORs/8cvoRSQIaKsKxlF3bipWbYqEY4XRSchJJY0xGeEC7moY4oNJNp9En6FArfeRHQr9Qoan6eyPFgZTjwNOTWU4572Xif143Uf6lm7IwThQNyeyQn3CkIpT1gPpMUKL4WBNMBNNZERligYnSbZV0Cfb8lxdJ66Rmn9bO784q9au8jiLswwFUwYYLqMMNNKAJBB7hGV7hzXgyXox342M2WjDynT34A+PzBwlmkzY=</latexit>

0 21 … ��0 21 …

(}({x, y, z}),✓)

<latexit sha1_base64="67majvBv62p2nurr1h7PyPrBrTo=">AAACBHicbVDLSgNBEJz1GeNr1WMug0FIIIRdiegx6MVjBPOAbAizk04yZPbhzKy6Ljl48Ve8eFDEqx/hzb9xkuxBEwsaiqpuurvckDOpLOvbWFpeWV1bz2xkN7e2d3bNvf2GDCJBoU4DHoiWSyRw5kNdMcWhFQognsuh6Y4uJn7zFoRkgX+t4hA6Hhn4rM8oUVrqmrmCcxcWnOS+FJcenHGxhB0ZuRIU3BS7Zt4qW1PgRWKnJI9S1Lrml9MLaOSBrygnUrZtK1SdhAjFKIdx1okkhISOyADamvrEA9lJpk+M8ZFWergfCF2+wlP190RCPCljz9WdHlFDOe9NxP+8dqT6Z52E+WGkwKezRf2IYxXgSSK4xwRQxWNNCBVM34rpkAhClc4tq0Ow519eJI3jsl0pn1xV8tXzNI4MyqFDVEA2OkVVdIlqqI4oekTP6BW9GU/Gi/FufMxal4x05gD9gfH5Ay6Sly0=</latexit>
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Definition (Chain). Let             be a partial ordered set. A subset               is 
called chain if      is totally ordered:


8x1, x2 2 X. x1 v x2 or x2 v x1.

<latexit sha1_base64="AUTo6ZDtOc+uCWG1Rxqz6TbfTS8="></latexit>

(D,v)

<latexit sha1_base64="jFAVailDYX8VWljwjvCPHraKa8s=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBahgpREC3os6KHHCvYD2lA220m7dLNJdzeFEvpPvHhQxKv/xJv/xm2bg7Y+GHi8N8PMPD/mTGnH+bZyG5tb2zv53cLe/sHhkX180lRRIik0aMQj2faJAs4ENDTTHNqxBBL6HFr+6H7utyYgFYvEk57G4IVkIFjAKNFG6tl26eEKd9VYJb4CDePLnl10ys4CeJ24GSmiDPWe/dXtRzQJQWjKiVId14m1lxKpGeUwK3QTBTGhIzKAjqGChKC8dHH5DF8YpY+DSJoSGi/U3xMpCZWahr7pDIkeqlVvLv7ndRId3HkpE3GiQdDloiDhWEd4HgPuMwlU86khhEpmbsV0SCSh2oRVMCG4qy+vk+Z12a2Ubx4rxWotiyOPztA5KiEX3aIqqqE6aiCKJugZvaI3K7VerHfrY9mas7KZU/QH1ucPZi6S5A==</latexit>

X ✓ D

<latexit sha1_base64="FR6hwPvhq7mXds3qb1tQkeQs5Cg=">AAAB9HicbVA9TwJBEJ3DL8Qv1NJmIzGxIndKoiWJFpSYCJLAhewtA2zY2zt290jIhd9hY6Extv4YO/+NC1yh4EsmeXlvJjPzglhwbVz328ltbG5t7+R3C3v7B4dHxeOTpo4SxbDBIhGpVkA1Ci6xYbgR2IoV0jAQ+BSM7ub+0wSV5pF8NNMY/ZAOJO9zRo2V/Bbp6CTQaHBM7rvFklt2FyDrxMtICTLUu8WvTi9iSYjSMEG1bntubPyUKsOZwFmhk2iMKRvRAbYtlTRE7aeLo2fkwio90o+ULWnIQv09kdJQ62kY2M6QmqFe9ebif147Mf1bP+UyTgxKtlzUTwQxEZknQHpcITNiagllittbCRtSRZmxORVsCN7qy+ukeVX2KuXrh0qpWsviyMMZnMMleHADVahBHRrAYAzP8ApvzsR5cd6dj2VrzslmTuEPnM8fFIuRrA==</latexit>

X

<latexit sha1_base64="qzQKjGqT0/5aNP/0ukNj53QJEXQ=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeClx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNM7uZ+54lrI2L1iNOE+xEdKREKRtFKD10yKFfcqrsAWSdeTiqQozkof/WHMUsjrpBJakzPcxP0M6pRMMlnpX5qeELZhI54z1JFI278bHHpjFxYZUjCWNtSSBbq74mMRsZMo8B2RhTHZtWbi/95vRTDWz8TKkmRK7ZcFKaSYEzmb5Oh0JyhnFpCmRb2VsLGVFOGNpySDcFbfXmdtK+qXq16fV+r1Bt5HEU4g3O4BA9uoA4NaEILGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8AQ9GjRI=</latexit>
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• Example 4: (N+ {+1},)
<latexit sha1_base64="91IiDg3Qeugy06H1UDB8FFVUM+4=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhahUimJD3RZdONKKtgHNKFMppN26GQSZiZCCVm68VfcuFDErZ/gzr9x0mahrQcuHM65l3vv8SJGpbKsb6OwsLi0vFJcLa2tb2xumds7LRnGApMmDlkoOh6ShFFOmooqRjqRICjwGGl7o+vMbz8QIWnI79U4Im6ABpz6FCOlpZ65X3ECpIael9ymsAqdpOpQ7quxkx5Dh5Gjnlm2atYEcJ7YOSmDHI2e+eX0QxwHhCvMkJRd24qUmyChKGYkLTmxJBHCIzQgXU05Coh0k8kjKTzUSh/6odDFFZyovycSFEg5DjzdmV0tZ71M/M/rxsq/dBPKo1gRjqeL/JhBFcIsFdingmDFxpogLKi+FeIhEggrnV1Jh2DPvjxPWic1+7R2fndWrl/lcRTBHjgAFWCDC1AHN6ABmgCDR/AMXsGb8WS8GO/Gx7S1YOQzu+APjM8fyT6Yjg==</latexit>

• Example 2: (Z?,v)
<latexit sha1_base64="FkTNX7vJhLGOGc9SLwq9t6+fT64=">AAACCXicbVDJSgNBEO1xjXEb9eilMQgRJMy4oEfRi8cIZsFMCN2dSmzsWeyuEcKQqxd/xYsHRbz6B978GzvLQRMfFDzeq6KqHk+UNOh5387M7Nz8wmJuKb+8srq27m5sVk2cagEVEatY1zkzoGQEFZSooJ5oYCFXUON3FwO/9gDayDi6xl4CzZB1I9mRgqGVWi4tBiHDW86zm34rC3iM/X0amHuTcgMI93stt+CVvCHoNPHHpEDGKLfcr6AdizSECIVixjR8L8FmxjRKoaCfD1IDCRN3rAsNSyMWgmlmw0/6dNcqbdqJta0I6VD9PZGx0JheyG3n4Gwz6Q3E/7xGip3TZiajJEWIxGhRJ1UUYzqIhbalBoGqZwkTWtpbqbhlmgm04eVtCP7ky9OkelDyD0vHV0eFs/NxHDmyTXZIkfjkhJyRS1ImFSLII3kmr+TNeXJenHfnY9Q644xntsgfOJ8/pOmaTw==</latexit>

⊥

-2 -1 0 1 2… …

• Example 3: (N,)
<latexit sha1_base64="y2BmCkqQqPkSCHDHtpQV+PmHsCM=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBahgpTEB7osunElFewDmlAm00k7dPJgZqKU2E9x40IRt36JO//GSZuFth4YOJxzL/fM8WLOpLKsb6OwtLyyulZcL21sbm3vmOXdlowSQWiTRDwSHQ9LyllIm4opTjuxoDjwOG17o+vMbz9QIVkU3qtxTN0AD0LmM4KVlnpmueoEWA09L72dHCOH06OeWbFq1hRokdg5qUCORs/8cvoRSQIaKsKxlF3bipWbYqEY4XRSchJJY0xGeEC7moY4oNJNp9En6FArfeRHQr9Qoan6eyPFgZTjwNOTWU4572Xif143Uf6lm7IwThQNyeyQn3CkIpT1gPpMUKL4WBNMBNNZERligYnSbZV0Cfb8lxdJ66Rmn9bO784q9au8jiLswwFUwYYLqMMNNKAJBB7hGV7hzXgyXox342M2WjDynT34A+PzBwlmkzY=</latexit>

0 21 … ��0 21 …

(}({x, y, z}),✓)

<latexit sha1_base64="67majvBv62p2nurr1h7PyPrBrTo=">AAACBHicbVDLSgNBEJz1GeNr1WMug0FIIIRdiegx6MVjBPOAbAizk04yZPbhzKy6Ljl48Ve8eFDEqx/hzb9xkuxBEwsaiqpuurvckDOpLOvbWFpeWV1bz2xkN7e2d3bNvf2GDCJBoU4DHoiWSyRw5kNdMcWhFQognsuh6Y4uJn7zFoRkgX+t4hA6Hhn4rM8oUVrqmrmCcxcWnOS+FJcenHGxhB0ZuRIU3BS7Zt4qW1PgRWKnJI9S1Lrml9MLaOSBrygnUrZtK1SdhAjFKIdx1okkhISOyADamvrEA9lJpk+M8ZFWergfCF2+wlP190RCPCljz9WdHlFDOe9NxP+8dqT6Z52E+WGkwKezRf2IYxXgSSK4xwRQxWNNCBVM34rpkAhClc4tq0Ow519eJI3jsl0pn1xV8tXzNI4MyqFDVEA2OkVVdIlqqI4oekTP6BW9GU/Gi/FufMxal4x05gD9gfH5Ay6Sly0=</latexit>
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Definition (CPO). A poset             is a CPO (complete partial order) if 
every chain      of      has

Lemma. If poset             is a CPO, it has the least element

(D,v)

<latexit sha1_base64="jFAVailDYX8VWljwjvCPHraKa8s=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBahgpREC3os6KHHCvYD2lA220m7dLNJdzeFEvpPvHhQxKv/xJv/xm2bg7Y+GHi8N8PMPD/mTGnH+bZyG5tb2zv53cLe/sHhkX180lRRIik0aMQj2faJAs4ENDTTHNqxBBL6HFr+6H7utyYgFYvEk57G4IVkIFjAKNFG6tl26eEKd9VYJb4CDePLnl10ys4CeJ24GSmiDPWe/dXtRzQJQWjKiVId14m1lxKpGeUwK3QTBTGhIzKAjqGChKC8dHH5DF8YpY+DSJoSGi/U3xMpCZWahr7pDIkeqlVvLv7ndRId3HkpE3GiQdDloiDhWEd4HgPuMwlU86khhEpmbsV0SCSh2oRVMCG4qy+vk+Z12a2Ubx4rxWotiyOPztA5KiEX3aIqqqE6aiCKJugZvaI3K7VerHfrY9mas7KZU/QH1ucPZi6S5A==</latexit>

X

<latexit sha1_base64="qzQKjGqT0/5aNP/0ukNj53QJEXQ=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeClx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNM7uZ+54lrI2L1iNOE+xEdKREKRtFKD10yKFfcqrsAWSdeTiqQozkof/WHMUsjrpBJakzPcxP0M6pRMMlnpX5qeELZhI54z1JFI278bHHpjFxYZUjCWNtSSBbq74mMRsZMo8B2RhTHZtWbi/95vRTDWz8TKkmRK7ZcFKaSYEzmb5Oh0JyhnFpCmRb2VsLGVFOGNpySDcFbfXmdtK+qXq16fV+r1Bt5HEU4g3O4BA9uoA4NaEILGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8AQ9GjRI=</latexit>

D

<latexit sha1_base64="7ZhJIkL5VJJnmmdDPVoQsMTCdCU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI8BPeSYgHlAsoTZSScZMzu7zMwKYckXePGgiFc/yZt/4yTZgyYWNBRV3XR3BbHg2rjut5Pb2Nza3snvFvb2Dw6PiscnLR0limGTRSJSnYBqFFxi03AjsBMrpGEgsB1M7uZ++wmV5pF8MNMY/ZCOJB9yRo2VGvf9YsktuwuQdeJlpAQZ6v3iV28QsSREaZigWnc9NzZ+SpXhTOCs0Es0xpRN6Ai7lkoaovbTxaEzcmGVARlGypY0ZKH+nkhpqPU0DGxnSM1Yr3pz8T+vm5jhrZ9yGScGJVsuGiaCmIjMvyYDrpAZMbWEMsXtrYSNqaLM2GwKNgRv9eV10roqe5XydaNSqtayOPJwBudwCR7cQBVqUIcmMEB4hld4cx6dF+fd+Vi25pxs5hT+wPn8AZsrjNQ=</latexit>

G
X 2 D.

<latexit sha1_base64="ukF0HP4ArxSWMxMR4SMipqSsnVg=">AAAB+3icbVBNS8NAEJ34WetXrEcvi0XwFBIt6LGghx4r2A9oQtlsN+3SzSbubsQS+le8eFDEq3/Em//GbZuDtj4YeLw3w8y8MOVMadf9ttbWNza3tks75d29/YND+6jSVkkmCW2RhCeyG2JFORO0pZnmtJtKiuOQ0044vpn5nUcqFUvEvZ6kNIjxULCIEayN1LcrfsiG6oFkKeoinwl06/Ttquu4c6BV4hWkCgWaffvLHyQki6nQhGOlep6b6iDHUjPC6bTsZ4qmmIzxkPYMFTimKsjnt0/RmVEGKEqkKaHRXP09keNYqUkcms4Y65Fa9mbif14v09F1kDORZpoKslgUZRzpBM2CQAMmKdF8YggmkplbERlhiYk2cZVNCN7yy6ukfeF4NefyrlatN4o4SnACp3AOHlxBHRrQhBYQeIJneIU3a2q9WO/Wx6J1zSpmjuEPrM8flUKTgg==</latexit>

? =
G

;

<latexit sha1_base64="fe8kLhNKadTRBpvWUhn071PIZ08=">AAACA3icbVDJSgNBEO2JW4zbqDe9NAbBU5jRgF6EgJccI5gFMkPo6dQkTXoWu2uEEAJe/BUvHhTx6k9482/sLAdNfFDweK+KqnpBKoVGx/m2ciura+sb+c3C1vbO7p69f9DQSaY41HkiE9UKmAYpYqijQAmtVAGLAgnNYHAz8ZsPoLRI4jscpuBHrBeLUHCGRurYR16QIL2mXiB6+p5nKfUgSnGoATt20Sk5U9Bl4s5JkcxR69hfXjfhWQQxcsm0brtOiv6IKRRcwrjgZRpSxgesB21DYxaB9kfTH8b01ChdGibKVIx0qv6eGLFI62EUmM6IYV8vehPxP6+dYXjlj0ScZggxny0KM0kxoZNAaFco4CiHhjCuhLmV8j5TjKOJrWBCcBdfXiaN85JbLl3clouV6jyOPDkmJ+SMuOSSVEiV1EidcPJInskrebOerBfr3fqYteas+cwh+QPr8wecJ5eK</latexit>

(D,v)

<latexit sha1_base64="jFAVailDYX8VWljwjvCPHraKa8s=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBahgpREC3os6KHHCvYD2lA220m7dLNJdzeFEvpPvHhQxKv/xJv/xm2bg7Y+GHi8N8PMPD/mTGnH+bZyG5tb2zv53cLe/sHhkX180lRRIik0aMQj2faJAs4ENDTTHNqxBBL6HFr+6H7utyYgFYvEk57G4IVkIFjAKNFG6tl26eEKd9VYJb4CDePLnl10ys4CeJ24GSmiDPWe/dXtRzQJQWjKiVId14m1lxKpGeUwK3QTBTGhIzKAjqGChKC8dHH5DF8YpY+DSJoSGi/U3xMpCZWahr7pDIkeqlVvLv7ndRId3HkpE3GiQdDloiDhWEd4HgPuMwlU86khhEpmbsV0SCSh2oRVMCG4qy+vk+Z12a2Ubx4rxWotiyOPztA5KiEX3aIqqqE6aiCKJugZvaI3K7VerHfrY9mas7KZU/QH1ucPZi6S5A==</latexit>
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Definition (CPO). A poset             is a CPO (complete partial order) if 
every chain      of      has

Lemma. If poset             is a CPO, it has the least element

(D,v)

<latexit sha1_base64="jFAVailDYX8VWljwjvCPHraKa8s=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBahgpREC3os6KHHCvYD2lA220m7dLNJdzeFEvpPvHhQxKv/xJv/xm2bg7Y+GHi8N8PMPD/mTGnH+bZyG5tb2zv53cLe/sHhkX180lRRIik0aMQj2faJAs4ENDTTHNqxBBL6HFr+6H7utyYgFYvEk57G4IVkIFjAKNFG6tl26eEKd9VYJb4CDePLnl10ys4CeJ24GSmiDPWe/dXtRzQJQWjKiVId14m1lxKpGeUwK3QTBTGhIzKAjqGChKC8dHH5DF8YpY+DSJoSGi/U3xMpCZWahr7pDIkeqlVvLv7ndRId3HkpE3GiQdDloiDhWEd4HgPuMwlU86khhEpmbsV0SCSh2oRVMCG4qy+vk+Z12a2Ubx4rxWotiyOPztA5KiEX3aIqqqE6aiCKJugZvaI3K7VerHfrY9mas7KZU/QH1ucPZi6S5A==</latexit>

X

<latexit sha1_base64="qzQKjGqT0/5aNP/0ukNj53QJEXQ=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeClx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNM7uZ+54lrI2L1iNOE+xEdKREKRtFKD10yKFfcqrsAWSdeTiqQozkof/WHMUsjrpBJakzPcxP0M6pRMMlnpX5qeELZhI54z1JFI278bHHpjFxYZUjCWNtSSBbq74mMRsZMo8B2RhTHZtWbi/95vRTDWz8TKkmRK7ZcFKaSYEzmb5Oh0JyhnFpCmRb2VsLGVFOGNpySDcFbfXmdtK+qXq16fV+r1Bt5HEU4g3O4BA9uoA4NaEILGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8AQ9GjRI=</latexit>

D

<latexit sha1_base64="7ZhJIkL5VJJnmmdDPVoQsMTCdCU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI8BPeSYgHlAsoTZSScZMzu7zMwKYckXePGgiFc/yZt/4yTZgyYWNBRV3XR3BbHg2rjut5Pb2Nza3snvFvb2Dw6PiscnLR0limGTRSJSnYBqFFxi03AjsBMrpGEgsB1M7uZ++wmV5pF8MNMY/ZCOJB9yRo2VGvf9YsktuwuQdeJlpAQZ6v3iV28QsSREaZigWnc9NzZ+SpXhTOCs0Es0xpRN6Ai7lkoaovbTxaEzcmGVARlGypY0ZKH+nkhpqPU0DGxnSM1Yr3pz8T+vm5jhrZ9yGScGJVsuGiaCmIjMvyYDrpAZMbWEMsXtrYSNqaLM2GwKNgRv9eV10roqe5XydaNSqtayOPJwBudwCR7cQBVqUIcmMEB4hld4cx6dF+fd+Vi25pxs5hT+wPn8AZsrjNQ=</latexit>

G
X 2 D.

<latexit sha1_base64="ukF0HP4ArxSWMxMR4SMipqSsnVg=">AAAB+3icbVBNS8NAEJ34WetXrEcvi0XwFBIt6LGghx4r2A9oQtlsN+3SzSbubsQS+le8eFDEq3/Em//GbZuDtj4YeLw3w8y8MOVMadf9ttbWNza3tks75d29/YND+6jSVkkmCW2RhCeyG2JFORO0pZnmtJtKiuOQ0044vpn5nUcqFUvEvZ6kNIjxULCIEayN1LcrfsiG6oFkKeoinwl06/Ttquu4c6BV4hWkCgWaffvLHyQki6nQhGOlep6b6iDHUjPC6bTsZ4qmmIzxkPYMFTimKsjnt0/RmVEGKEqkKaHRXP09keNYqUkcms4Y65Fa9mbif14v09F1kDORZpoKslgUZRzpBM2CQAMmKdF8YggmkplbERlhiYk2cZVNCN7yy6ukfeF4NefyrlatN4o4SnACp3AOHlxBHRrQhBYQeIJneIU3a2q9WO/Wx6J1zSpmjuEPrM8flUKTgg==</latexit>

? =
G

;

<latexit sha1_base64="fe8kLhNKadTRBpvWUhn071PIZ08=">AAACA3icbVDJSgNBEO2JW4zbqDe9NAbBU5jRgF6EgJccI5gFMkPo6dQkTXoWu2uEEAJe/BUvHhTx6k9482/sLAdNfFDweK+KqnpBKoVGx/m2ciura+sb+c3C1vbO7p69f9DQSaY41HkiE9UKmAYpYqijQAmtVAGLAgnNYHAz8ZsPoLRI4jscpuBHrBeLUHCGRurYR16QIL2mXiB6+p5nKfUgSnGoATt20Sk5U9Bl4s5JkcxR69hfXjfhWQQxcsm0brtOiv6IKRRcwrjgZRpSxgesB21DYxaB9kfTH8b01ChdGibKVIx0qv6eGLFI62EUmM6IYV8vehPxP6+dYXjlj0ScZggxny0KM0kxoZNAaFco4CiHhjCuhLmV8j5TjKOJrWBCcBdfXiaN85JbLl3clouV6jyOPDkmJ+SMuOSSVEiV1EidcPJInskrebOerBfr3fqYteas+cwh+QPr8wecJ5eK</latexit>

(D,v)

<latexit sha1_base64="jFAVailDYX8VWljwjvCPHraKa8s=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBahgpREC3os6KHHCvYD2lA220m7dLNJdzeFEvpPvHhQxKv/xJv/xm2bg7Y+GHi8N8PMPD/mTGnH+bZyG5tb2zv53cLe/sHhkX180lRRIik0aMQj2faJAs4ENDTTHNqxBBL6HFr+6H7utyYgFYvEk57G4IVkIFjAKNFG6tl26eEKd9VYJb4CDePLnl10ys4CeJ24GSmiDPWe/dXtRzQJQWjKiVId14m1lxKpGeUwK3QTBTGhIzKAjqGChKC8dHH5DF8YpY+DSJoSGi/U3xMpCZWahr7pDIkeqlVvLv7ndRId3HkpE3GiQdDloiDhWEd4HgPuMwlU86khhEpmbsV0SCSh2oRVMCG4qy+vk+Z12a2Ubx4rxWotiyOPztA5KiEX3aIqqqE6aiCKJugZvaI3K7VerHfrY9mas7KZU/QH1ucPZi6S5A==</latexit>
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Definition (Continuous Function). Given two partially ordered sets       and      , 
a function                          is continuous if it preserves least upper bounds of 
chains:


D1

<latexit sha1_base64="P8hN7d1AJDGk3t6M1BdNGwB5Kns=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeCHnqsYD+gDWWz3bRLdzdhdyOU0L/gxYMiXv1D3vw3btIctPXBwOO9GWbmBTFn2rjut1Pa2Nza3invVvb2Dw6PqscnXR0litAOiXik+gHWlDNJO4YZTvuxolgEnPaC2V3m956o0iySj2YeU1/giWQhI9hk0j0aeaNqza27OdA68QpSgwLtUfVrOI5IIqg0hGOtB54bGz/FyjDC6aIyTDSNMZnhCR1YKrGg2k/zWxfowipjFEbKljQoV39PpFhoPReB7RTYTPWql4n/eYPEhLd+ymScGCrJclGYcGQilD2OxkxRYvjcEkwUs7ciMsUKE2PjqdgQvNWX10n3qu416tcPjVqzVcRRhjM4h0vw4Aaa0II2dIDAFJ7hFd4c4bw4787HsrXkFDOn8AfO5w8WJo2i</latexit>

D2

<latexit sha1_base64="LQn3TI/vdHpOQzklV8eoKUzbHHc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKezGgB4DesgxonlAsoTZySQZMju7zPQKYcknePGgiFe/yJt/4yTZgyYWNBRV3XR3BbEUBl3328ltbG5t7+R3C3v7B4dHxeOTlokSzXiTRTLSnYAaLoXiTRQoeSfWnIaB5O1gcjv3209cGxGpR5zG3A/pSImhYBSt9HDXr/SLJbfsLkDWiZeREmRo9ItfvUHEkpArZJIa0/XcGP2UahRM8lmhlxgeUzahI961VNGQGz9dnDojF1YZkGGkbSkkC/X3REpDY6ZhYDtDimOz6s3F/7xugsMbPxUqTpArtlw0TCTBiMz/JgOhOUM5tYQyLeythI2ppgxtOgUbgrf68jppVcpetXx1Xy3V6lkceTiDc7gED66hBnVoQBMYjOAZXuHNkc6L8+58LFtzTjZzCn/gfP4Awa+NeQ==</latexit>

f : D1 ! D2

<latexit sha1_base64="bCJbhQre0wrw1GQZifxH/davFeY=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqszUguKqoIsuK9gHtGPJpJk2NJMMSUYpQ//DjQtF3Pov7vwb03YW2nog5HDOvdx7TxBzpo3rfju5tfWNza38dmFnd2//oHh41NIyUYQ2ieRSdQKsKWeCNg0znHZiRXEUcNoOxjczv/1IlWZS3JtJTP0IDwULGcHGSg/hNbrte6hnpP0r/WLJLbtzoFXiZaQEGRr94ldvIEkSUWEIx1p3PTc2foqVYYTTaaGXaBpjMsZD2rVU4IhqP51vPUVnVhmgUCr7hEFz9XdHiiOtJ1FgKyNsRnrZm4n/ed3EhFd+ykScGCrIYlCYcGSPnEWABkxRYvjEEkwUs7siMsIKE2ODKtgQvOWTV0mrUvaq5Yu7aqlWz+LIwwmcwjl4cAk1qEMDmkBAwTO8wpvz5Lw4787HojTnZD3H8AfO5w8Zf5D6</latexit>

8chain X ✓ D1.
G

x2X

f(x) = f(
G

X).

<latexit sha1_base64="c34cH7QmVt2wTmznlYV6rRMM1v4="></latexit>

Definition (Monotone Function). Given two partially ordered sets       and     ,

a function                         is monotone if it preserves orders between any two  
elements in 

<latexit sha1_base64="V7th/BqkkjBg9zt5wtzsZw9LDxw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WNRDx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaHSPJaPZpygH9GB5CFn1Fjp4bbn9coVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVb2Lqnt/Xqld53EU4QiO4RQ8uIQa3EEdGsBgAM/wCm+OcF6cd+dj3lpw8plD+APn8we9u41w</latexit>

D1
<latexit sha1_base64="qC9wVfUa+Dyz7S8AnhcbHBb/3mY=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KklR9FjUg8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8HoZuq3nlBpHstHM07Qj+hA8pAzaqz0cNur9kplt+LOQJaJl5My5Kj3Sl/dfszSCKVhgmrd8dzE+BlVhjOBk2I31ZhQNqID7FgqaYTaz2anTsipVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6RRuCt/jyMmlWK95Fxb0/L9eu8zgKcAwncAYeXEIN7qAODWAwgGd4hTdHOC/Ou/Mxb11x8pkj+APn8we/P41x</latexit>

D2
<latexit sha1_base64="DD3CTrvcWm7ulgG7xr1b9IE7oZs=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyUpFsVVURcuK9gHtCFMppN26GQSZiZCDf0SNy4UceunuPNvnLZZaOuBYQ7n3Mu99wQJZ0o7zrdVWFvf2Nwqbpd2dvf2y/bBYVvFqSS0RWIey26AFeVM0JZmmtNuIimOAk47wfhm5nceqVQsFg96klAvwkPBQkawNpJvl0N0hW59F/V1bP6ab1ecqjMHWiVuTiqQo+nbX/1BTNKICk04VqrnOon2Miw1I5xOS/1U0QSTMR7SnqECR1R52XzxKTo1ygCFsTRPaDRXf3dkOFJqEgWmMsJ6pJa9mfif10t1eOllTCSppoIsBoUpR+bIWQpowCQlmk8MwUQysysiIywx0SarkgnBXT55lbRrVbdede7PK43rPI4iHMMJnIELF9CAO2hCCwik8Ayv8GY9WS/Wu/WxKC1Yec8R/IH1+QPmSJFN</latexit>

f : D1 ! D2
<latexit sha1_base64="V7th/BqkkjBg9zt5wtzsZw9LDxw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WNRDx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaHSPJaPZpygH9GB5CFn1Fjp4bbn9coVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVb2Lqnt/Xqld53EU4QiO4RQ8uIQa3EEdGsBgAM/wCm+OcF6cd+dj3lpw8plD+APn8we9u41w</latexit>

D1

<latexit sha1_base64="IjW7cENma7oeq/DARmnGokLQ3u0="></latexit>

8x, y 2 D1. x v y =) f(x) v f(y)

Intuition: the more accurate the input, the more accurate the output

Intuition: the function of the limit is the same as the limit of the functions



Continuous Functions

Continuous Not continuous

<latexit sha1_base64="Nm6/UK4CB3KLu0nlm7b/PZZG5no=">AAACH3icbVDLSsNAFJ3UV62vqEs3g0VoNyERXxuh6MZlBfuAJoTJdNIOnUnCzERaQv0SN/6KGxeKiLv+jdM2C209MMzhnHu5954gYVQq254YhZXVtfWN4mZpa3tnd8/cP2jKOBWYNHDMYtEOkCSMRqShqGKknQiCeMBIKxjcTv3WIxGSxtGDGiXE46gX0ZBipLTkmxduGAvEGMQWfIIuo9zPhtBVMcRjGFaGVXitvwV9WPXNsm3ZM8Bl4uSkDHLUffPb7cY45SRSmCEpO46dKC9DQlHMyLjkppIkCA9Qj3Q0jRAn0stm943hiVa6UC+qX6TgTP3dkSEu5YgHupIj1ZeL3lT8z+ukKrzyMholqSIRng8KUwb1mdOwYJcKghUbaYKwoHpXiPtIIKx0pCUdgrN48jJpnlrOuWXfn5VrN3kcRXAEjkEFOOAS1MAdqIMGwOAZvIJ38GG8GG/Gp/E1Ly0Yec8h+ANj8gOSr6DP</latexit>

8c. lim
x!c

f(x) = f( lim
x!c

x)



Analogy
<latexit sha1_base64="fT6E5NYohxg+Co/9epuAzkLgiBM=">AAACJnicbZDLSgMxFIYz9VbrrerSTbAIrsqMKLoRim5cVrCt0JYhk562oZnMNDkjLaVP48ZXceOiIuLORzG9LOzlh8Cf75xDcv4glsKg6/44qbX1jc2t9HZmZ3dv/yB7eFQ2UaI5lHgkI/0cMANSKCihQAnPsQYWBhIqQed+XK+8gDYiUk/Yj6EespYSTcEZWuRnb3u+S2uma5LAAEKX9nxv7l7jjQiNxWoF9rM5N+9ORJeNNzM5MlPRz45qjYgnISjkkhlT9dwY6wOmUXAJw0wtMRAz3mEtqFqrWAimPpisOaRnljRoM9L2KKQT+n9iwEJj+mFgO0OGbbNYG8NVtWqCzZv6QKg4QVB8+lAzkRQjOs6MNoQGjrJvDeNa2L9S3maacbTJZmwI3uLKy6Z8kfeu8u7jZa5wN4sjTU7IKTknHrkmBfJAiqREOHkl72REPp0358P5cr6nrSlnNnNM5uT8/gEs4KY7</latexit> x
0
v

x
1
v

··
·x

n
v

··
·

<latexit sha1_base64="1ABYImAhSNqQ9NVG+FZE3h15bPo=">AAACA3icbVDLSsNAFL3xWesr6k43g0VwVRJRdCMU3bisYB/QxjCZTtqhk0mcmYghFNz4K25cKOLWn3Dn3zh9LLT1wIXDOfdy7z1BwpnSjvNtzc0vLC4tF1aKq2vrG5v21nZdxakktEZiHstmgBXlTNCaZprTZiIpjgJOG0H/cug37qlULBY3OkuoF+GuYCEjWBvJt3fbAeuqO5Imt20mQp35OTt3BujBZ75dcsrOCGiWuBNSggmqvv3V7sQkjajQhGOlWq6TaC/HUjPC6aDYThVNMOnjLm0ZKnBElZePfhigA6N0UBhLU0Kjkfp7IseRUlkUmM4I656a9obif14r1eGZlzORpJoKMl4UphzpGA0DQR0mKdE8MwQTycytiPSwxESb2IomBHf65VlSPyq7J2Xn+rhUuZjEUYA92IdDcOEUKnAFVagBgUd4hld4s56sF+vd+hi3zlmTmR34A+vzBzSJl94=</latexit> 1G

i=0

xi

<latexit sha1_base64="ay9Ft2xSiu/b9aRNL533yCr07hY=">AAACL3icbZBNS8NAEIY3flu/qh69LBZBLyURRY9FQTwq2A9oQ9hsJrq42aS7E7GE/iMv/hUvIop49V+4rT1o24GFl+edYXbeMJPCoOu+OTOzc/MLi0vLpZXVtfWN8uZWw6S55lDnqUx1K2QGpFBQR4ESWpkGloQSmuH9+cBvPoA2IlU32MvAT9itErHgDC0Kyhfx/mPgHtCO6Zo8NIDQpQPk/UcdHqVoho6a5gTlilt1h0UnhTcSFTKqq6D80olSniegkEtmTNtzM/QLplFwCf1SJzeQMX7PbqFtpWIJGL8Y3tune5ZENE61fQrpkP6dKFhiTC8JbWfC8M6MewM4zWvnGJ/6hVBZjqD476I4lxRTOgiPRkIDR9mzgnEt7F8pv2OacbQRl2wI3vjJk6JxWPWOq+71UaV2NopjieyQXbJPPHJCauSSXJE64eSJvJB38uE8O6/Op/P12zrjjGa2yb9yvn8AYuGoug==</latexit> f
(x

0
)
v

f
(x

1
)
v

··
·f

(x
n
)
v

··
· <latexit sha1_base64="Qgip6xlEPvHbZ0A+yBv46Ef88xM=">AAACBnicbVDLSsNAFL3xWesr6lKEwSLUTUlE0Y1QdOOygn1AG8NkOmmHTiZxZiKW0JUbf8WNC0Xc+g3u/Bunj4W2HrhwOOde7r0nSDhT2nG+rbn5hcWl5dxKfnVtfWPT3tquqTiVhFZJzGPZCLCinAla1Uxz2kgkxVHAaT3oXQ79+j2VisXiRvcT6kW4I1jICNZG8u29VsA66o6kyW2LiVD3/YydOwMUFh98dujbBafkjIBmiTshBZig4ttfrXZM0ogKTThWquk6ifYyLDUjnA7yrVTRBJMe7tCmoQJHVHnZ6I0BOjBKG4WxNCU0Gqm/JzIcKdWPAtMZYd1V095Q/M9rpjo88zImklRTQcaLwpQjHaNhJqjNJCWa9w3BRDJzKyJdLDHRJrm8CcGdfnmW1I5K7knJuT4ulC8mceRgF/ahCC6cQhmuoAJVIPAIz/AKb9aT9WK9Wx/j1jlrMrMDf2B9/gDYOJiz</latexit> 1G

i=0

f(xi)

≃
<latexit sha1_base64="Lcy1U2F1XRljysKqsRREZV5cIkg=">AAACJnicdVDLSsNAFJ3UV62vqEs3g0Wom5KIoptC0Y3LCvYBbQyT6aQdOpnEmYkYQr/Gjb/ixkVFxJ2f4qTNQls9MHA451zu3ONFjEplWZ9GYWl5ZXWtuF7a2Nza3jF391oyjAUmTRyyUHQ8JAmjnDQVVYx0IkFQ4DHS9kZXmd9+IELSkN+qJCJOgAac+hQjpSXXrPU8OpD3OI7uepT7KnFTWrPG0K88uvQY1jT5J5H5rlm2qtYUcJHYOSmDHA3XnPT6IY4DwhVmSMqubUXKSZFQFDMyLvViSSKER2hAuppyFBDppNMzx/BIK33oh0I/ruBU/TmRokDKJPB0MkBqKOe9TPzL68bKv3BSyqNYEY5ni/yYQRXCrDPYp4JgxRJNEBZU/xXiIRIIK91sSZdgz5+8SFonVfusat2cluuXeR1FcAAOQQXY4BzUwTVogCbA4Am8gAl4M56NV+Pd+JhFC0Y+sw9+wfj6BsgtpVI=</latexit> 1G

i=0

f(xi) = f(
1G

i=0

xi)

<latexit sha1_base64="5IKQBYJLfJ6qyC8FxxIpkIxid7U=">AAACIHicbVDLSsNAFJ3UV62vqEs3g0Wom5KIUjdC0Y3LCvYBTQiT6aQdOpmEmYkYQj/Fjb/ixoUiutOvcdJmoW0PDBzOuZc75/gxo1JZ1rdRWlldW98ob1a2tnd298z9g46MEoFJG0csEj0fScIoJ21FFSO9WBAU+ox0/fFN7ncfiJA04vcqjYkboiGnAcVIackzGw6joZdR6KgIOpQHKp3AoPbo0VN4pckyOzc9s2rVrSngIrELUgUFWp755QwinISEK8yQlH3bipWbIaEoZmRScRJJYoTHaEj6mnIUEulm04ATeKKVAQwioR9XcKr+3chQKGUa+noyRGok571cXOb1ExVcuhnlcaIIx7NDQcKgTpu3BQdUEKxYqgnCguq/QjxCAmGlO63oEuz5yIukc1a3L+rW3Xm1eV3UUQZH4BjUgA0aoAluQQu0AQZP4AW8gXfj2Xg1PozP2WjJKHYOwT8YP78MIaJG</latexit>

lim
i!1

f(xi) = f( lim
i!1

xi)



Non-continuous Function
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f : D1 ! D2

<latexit sha1_base64="7GEsi77E9PKI+0sRqK8rJMr+xUQ=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqszUguKqqAuXFewD2rFk0kwbmmSGJKOUof/hxoUibv0Xd/6NaTsLbT0QcjjnXu69J4g508Z1v53cyura+kZ+s7C1vbO7V9w/aOooUYQ2SMQj1Q6wppxJ2jDMcNqOFcUi4LQVjK6nfuuRKs0ieW/GMfUFHkgWMoKNlR7CS3TT81DXRPav9Iolt+zOgJaJl5ESZKj3il/dfkQSQaUhHGvd8dzY+ClWhhFOJ4VuommMyQgPaMdSiQXVfjrbeoJOrNJHYaTskwbN1N8dKRZaj0VgKwU2Q73oTcX/vE5iwgs/ZTJODJVkPihMOLJHTiNAfaYoMXxsCSaK2V0RGWKFibFBFWwI3uLJy6RZKXvV8tldtVS7yuLIwxEcwyl4cA41uIU6NICAgmd4hTfnyXlx3p2PeWnOyXoO4Q+czx8XsZD0</latexit>

a chain X ✓ D1

<latexit sha1_base64="2P/Vl4FLMl44BpgriveqLmTILC4=">AAACCXicbVA9SwNBEN3zM8avqKXNYhCswp0GtAxqYRnBfEASwt5mLlmyt3fuzonhiKWNf8XGQhFb/4Gd/8bNR6GJDwYe780wM8+PpTDout/OwuLS8spqZi27vrG5tZ3b2a2aKNEcKjySka77zIAUCiooUEI91sBCX0LN71+M/NodaCMidYODGFoh6yoRCM7QSu0cbSLcowlSRnmPCfUwrNOmSXwDCLf0su21c3m34I5B54k3JXkyRbmd+2p2Ip6EoJBLZkzDc2NspUyj4BKG2WZiIGa8z7rQsFSxEEwrHX8ypIdW6dAg0rYU0rH6eyJloTGD0LedIcOemfVG4n9eI8HgrJUKFScIik8WBYmkGNFRLLQjNHCUA0sY18LeOspDM442vKwNwZt9eZ5UjwtesXByXcyXzqdxZMg+OSBHxCOnpESuSJlUCCeP5Jm8kjfnyXlx3p2PSeuCM53ZI3/gfP4AWqSaGQ==</latexit>

G
X

<latexit sha1_base64="8APlYEPvkm4TTAEBieeUvlWRy7k=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeiF48V7Ae0oWy2m3bpZhN3J0IJ/RlePCji1V/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilbi8QQ/PI0oR0+uWKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn81PnpIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieO1nQiUpcsUWi8JUEozJ7H8yEJozlBNLKNPC3krYiGrK0KZUsiF4yy+vktZF1atVL+9rlfpNHkcRTuAUzsGDK6jDHTSgCQxieIZXeHPQeXHenY9Fa8HJZ47hD5zPHxXEkSA=</latexit>

f(
G

X)

<latexit sha1_base64="M0+8ZXyrWHfHSzSWOsfjxFcAqAg=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXA3oMevEYwTwgWcPsZDYZMju7zkMJS/7DiwdFvPov3vwbJ8keNLGgoajqprsrSDhT2nW/ndzK6tr6Rn6zsLW9s7tX3D9oqthIQhsk5rFsB1hRzgRtaKY5bSeS4ijgtBWMrqd+65FKxWJxp8cJ9SM8ECxkBGsr3YflbsAG6oGYBLVPe8WSW3FnQMvEy0gJMtR7xa9uPyYmokITjpXqeG6i/RRLzQink0LXKJpgMsID2rFU4IgqP51dPUEnVumjMJa2hEYz9fdEiiOlxlFgOyOsh2rRm4r/eR2jw0s/ZSIxmgoyXxQajnSMphGgPpOUaD62BBPJ7K2IDLHERNugCjYEb/HlZdI8q3jVyvlttVS7yuLIwxEcQxk8uIAa3EAdGkBAwjO8wpvz5Lw4787HvDXnZDOH8AfO5w+lXZH1</latexit>

6=

<latexit sha1_base64="vPWLUPpj0292htuPReQwKq8FMeY=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0N6EUIevEYwTwgWcLsZJKMmZ1ZZnqFsOQfvHhQxKv/482/cfI4aGJBQ1HVTXdXlEhh0fe/vZXVtfWNzdxWfntnd2+/cHBYtzo1jNeYlto0I2q5FIrXUKDkzcRwGkeSN6Lh7cRvPHFjhVYPOEp4GNO+Ej3BKDqp3lYayXWnUPRL/hRkmQRzUoQ5qp3CV7urWRpzhUxSa1uBn2CYUYOCST7Ot1PLE8qGtM9bjioacxtm02vH5NQpXdLTxpVCMlV/T2Q0tnYUR64zpjiwi95E/M9rpdi7CjOhkhS5YrNFvVQS1GTyOukKwxnKkSOUGeFuJWxADWXoAsq7EILFl5dJ/bwUlEsX9+Vi5WYeRw6O4QTOIIBLqMAdVKEGDB7hGV7hzdPei/fufcxaV7z5zBH8gff5AwgSjsY=</latexit>

G

x2X

f(x)

<latexit sha1_base64="OPiWz1/VT5MeNHfPGnQvM7x2jos=">AAACAHicbVA9SwNBEJ2LXzF+nVpY2CwGITbhTiJaBm0sI5gPSELY2+wlS/b2zt09STiu8a/YWChi68+w89+4Sa7QxAcDj/dmmJnnRZwp7TjfVm5ldW19I79Z2Nre2d2z9w8aKowloXUS8lC2PKwoZ4LWNdOctiJJceBx2vRGN1O/+UilYqG415OIdgM8EMxnBGsj9eyjjscG6oHEUS8Zd5hArRT5pfFZzy46ZWcGtEzcjBQhQ61nf3X6IYkDKjThWKm260S6m2CpGeE0LXRiRSNMRnhA24YKHFDVTWYPpOjUKH3kh9KU0Gim/p5IcKDUJPBMZ4D1UC16U/E/rx1r/6qbMBHFmgoyX+THHOkQTdNAfSYp0XxiCCaSmVsRGWKJiTaZFUwI7uLLy6RxXnYr5Yu7SrF6ncWRh2M4gRK4cAlVuIUa1IFACs/wCm/Wk/VivVsf89aclc0cwh9Ynz8lb5Yc</latexit>



Properties of Continuous Functions

[[while E C]] = fix FE,C

C ! skip
| x := E
| if E C C
| C;C
| while E C

8c. lim
x!c

f(x) = f( lim
x!c

x)

f(x0) v f(x1) v · · · f(xn) v · · ·

1G

i=0

f(xi) = f(
1G

i=0

xi)

FE,C(X) =

⇢
X([[C]](m)) ([[E]](m) 6= 0)
m (otherwise)

Lemma 1. If a function f is continuous, f is monotone.

Proof. We will show that for any elements a and b such that a v b, f(a) v f(b).

f(b) = f(a t b) (* a v b)
= f(a) t f(b) (by continuity of f)
w f(a) (by definition of t)

1



Properties of Continuous Functions — 
Fixed points
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Fixed Point

31

Definition (Fixed Point). Let             be a partial ordered set. A fixed point of a 
function                     is an element     such that               . We write           for the 
least fixed point of     such that


                                             and       

(D,v)

<latexit sha1_base64="jFAVailDYX8VWljwjvCPHraKa8s=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBahgpREC3os6KHHCvYD2lA220m7dLNJdzeFEvpPvHhQxKv/xJv/xm2bg7Y+GHi8N8PMPD/mTGnH+bZyG5tb2zv53cLe/sHhkX180lRRIik0aMQj2faJAs4ENDTTHNqxBBL6HFr+6H7utyYgFYvEk57G4IVkIFjAKNFG6tl26eEKd9VYJb4CDePLnl10ys4CeJ24GSmiDPWe/dXtRzQJQWjKiVId14m1lxKpGeUwK3QTBTGhIzKAjqGChKC8dHH5DF8YpY+DSJoSGi/U3xMpCZWahr7pDIkeqlVvLv7ndRId3HkpE3GiQdDloiDhWEd4HgPuMwlU86khhEpmbsV0SCSh2oRVMCG4qy+vk+Z12a2Ubx4rxWotiyOPztA5KiEX3aIqqqE6aiCKJugZvaI3K7VerHfrY9mas7KZU/QH1ucPZi6S5A==</latexit>

f : D ! D

<latexit sha1_base64="m82Gl+noy92AwzJlFS4gshgRUKQ=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjNaUFwV7KLLCvYB06Fk0kwbmkmG5I5Qhn6GGxeKuPVr3Pk3pu0stPVA4HDOveSeEyaCG3Ddb6ewsbm1vVPcLe3tHxwelY9POkalmrI2VULpXkgME1yyNnAQrJdoRuJQsG44uZ/73SemDVfyEaYJC2IykjzilICV/Ajf4Qbug8KNQbniVt0F8DrxclJBOVqD8ld/qGgaMwlUEGN8z00gyIgGTgWblfqpYQmhEzJivqWSxMwE2eLkGb6wyhBHStsnAS/U3xsZiY2ZxqGdjAmMzao3F//z/BSi2yDjMkmBSbr8KEoFthHn+fGQa0ZBTC0hVHN7K6ZjogkF21LJluCtRl4nnauqV6teP9Qq9WZeRxGdoXN0iTx0g+qoiVqojShS6Bm9ojcHnBfn3flYjhacfOcU/YHz+QMZoY/b</latexit>

x

<latexit sha1_base64="AtBgFcuJumLrWxFbBlE9T+ROk4w=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaVRI8kXjhCIo8ENmR2aGBkdnYzM2skG77AiweN8eonefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUJ6AaBZfYNNwI7MQKaRgIbAeTu7nffkSleSTvzTRGP6QjyYecUWOlxlO/WHLL7gJknXgZKUGGer/41RtELAlRGiao1l3PjY2fUmU4Ezgr9BKNMWUTOsKupZKGqP10ceiMXFhlQIaRsiUNWai/J1Iaaj0NA9sZUjPWq95c/M/rJmZ466dcxolByZaLhokgJiLzr8mAK2RGTC2hTHF7K2FjqigzNpuCDcFbfXmdtK7KXqV83aiUqrUsjjycwTlcggc3UIUa1KEJDBCe4RXenAfnxXl3PpatOSebOYU/cD5/AOn7jQg=</latexit>

f(x) = x

<latexit sha1_base64="wv9g7A6edg9P4+R/6z3jxhUOi8Q=">AAAB73icbVBNSwMxEJ31s9avqkcvwSLUS9nVgl6EgpceK9gPaJeSTbNtaDZZk6y0LP0TXjwo4tW/481/Y9ruQVsfDDzem2FmXhBzpo3rfjtr6xubW9u5nfzu3v7BYeHouKlloghtEMmlagdYU84EbRhmOG3HiuIo4LQVjO5mfuuJKs2keDCTmPoRHggWMoKNldphaXyBbtG4Vyi6ZXcOtEq8jBQhQ71X+Or2JUkiKgzhWOuO58bGT7EyjHA6zXcTTWNMRnhAO5YKHFHtp/N7p+jcKn0USmVLGDRXf0+kONJ6EgW2M8JmqJe9mfif10lMeOOnTMSJoYIsFoUJR0ai2fOozxQlhk8swUQxeysiQ6wwMTaivA3BW355lTQvy16lfHVfKVZrWRw5OIUzKIEH11CFGtShAQQ4PMMrvDmPzovz7nwsWtecbOYE/sD5/AF8/Y76</latexit>

lfpf

<latexit sha1_base64="+eojwWWr6pfNdZC3QSPcl0ippnM=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclRkt6LLgpssK9gHtUDJppg3NZMbkTqEM/Q43LhRx68e482/MtF1o64HA4Zx7uScnSKQw6Lrfzsbm1vbObmGvuH9weHRcOjltmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7G97nfnnBtRKwecZpwP6JDJULBKFrJ70UUR0GYyTCZhf1S2a24c5B14i1JGZZo9EtfvUHM0ogrZJIa0/XcBP2MahRM8lmxlxqeUDamQ961VNGIGz+bh56RS6sMSBhr+xSSufp7I6ORMdMosJN5SLPq5eJ/XjfF8M7PhEpS5IotDoWpJBiTvAEyEJozlFNLKNPCZiVsRDVlaHsq2hK81S+vk9Z1xatWbh6q5Vp9WUcBzuECrsCDW6hBHRrQBAZP8Ayv8OZMnBfn3flYjG44y50z+APn8wdKcpJ2</latexit>

f(lfpf) = lfpf

<latexit sha1_base64="ovuftUCKhB5EN4C9CQp2atfWIcw=">AAACCXicbVBNS8NAEJ34WetX1KOXxSLUS0m0oBeh4KXHCvYD2lA22027dLMJuxuhhF69+Fe8eFDEq//Am//GTZuDbX0w8Hhvhpl5fsyZ0o7zY62tb2xubRd2irt7+weH9tFxS0WJJLRJIh7Jjo8V5UzQpmaa004sKQ59Ttv++C7z249UKhaJBz2JqRfioWABI1gbqW+joNwLsR75QcqDeBpcoFu0IPTtklNxZkCrxM1JCXI0+vZ3bxCRJKRCE46V6rpOrL0US80Ip9NiL1E0xmSMh7RrqMAhVV46+2SKzo0yQEEkTQmNZurfiRSHSk1C33RmR6plLxP/87qJDm68lIk40VSQ+aIg4UhHKIsFDZikRPOJIZhIZm5FZIQlJtqEVzQhuMsvr5LWZcWtVq7uq6VaPY+jAKdwBmVw4RpqUIcGNIHAE7zAG7xbz9ar9WF9zlvXrHzmBBZgff0CKS2aBw==</latexit>

8d 2 D. f(d) = d =) lfpf v d

<latexit sha1_base64="xDjgVdFhdOVq2rhFqwX0fuaAmLc="></latexit>

Theorem (Kleene Fixed Point). Let                      be a continuous function on a 
CPO    . Then     has the least fixed point           and

lfpf =
G

i�0

f i(?)

<latexit sha1_base64="Cn4ocIKN7F/kUL+0UPA+MKzHQeY=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0Wom5BoQTdC0Y3LCvYBTQyT6SQdOnk4MxFKyF+48VfcuFDEre78GydtFtp6YOBwzr3cOcdLGBXSNL+1ytLyyupadb22sbm1vaPv7nVFnHJMOjhmMe97SBBGI9KRVDLSTzhBocdIzxtfFX7vgXBB4+hWThLihCiIqE8xkkpydcMOkRx5fsb8JPfhBbQ9Goh7nCZuRqEdEGjm/l1G84btxfLY1eumYU4BF4lVkjoo0Xb1L3sY4zQkkcQMCTGwzEQ6GeKSYkbymp0KkiA8RgEZKBqhkAgnm+bK4ZFShtCPuXqRhFP190aGQiEmoacmixRi3ivE/7xBKv1zJ6NRkkoS4dkhP2VQxrAoCQ4pJ1iyiSIIc6r+CvEIcYSlqrKmSrDmIy+S7olhNY3Tm2a9dVnWUQUH4BA0gAXOQAtcgzboAAwewTN4BW/ak/aivWsfs9GKVu7sgz/QPn8AnuafkQ==</latexit>

lfpf

<latexit sha1_base64="+eojwWWr6pfNdZC3QSPcl0ippnM=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclRkt6LLgpssK9gHtUDJppg3NZMbkTqEM/Q43LhRx68e482/MtF1o64HA4Zx7uScnSKQw6Lrfzsbm1vbObmGvuH9weHRcOjltmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7G97nfnnBtRKwecZpwP6JDJULBKFrJ70UUR0GYyTCZhf1S2a24c5B14i1JGZZo9EtfvUHM0ogrZJIa0/XcBP2MahRM8lmxlxqeUDamQ961VNGIGz+bh56RS6sMSBhr+xSSufp7I6ORMdMosJN5SLPq5eJ/XjfF8M7PhEpS5IotDoWpJBiTvAEyEJozlFNLKNPCZiVsRDVlaHsq2hK81S+vk9Z1xatWbh6q5Vp9WUcBzuECrsCDW6hBHRrQBAZP8Ayv8OZMnBfn3flYjG44y50z+APn8wdKcpJ2</latexit>

f : D ! D

<latexit sha1_base64="L+sgaOl/ef3xIIoSshC3cFOe1ac=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsxooeKqYBddVrAPaYeSSTNtaJIZkoxQhn6FGxeKuPVz3Pk3pu0stPVA4HDOveSeE8ScaeO6305uY3Nreye/W9jbPzg8Kh6ftHWUKEJbJOKR6gZYU84kbRlmOO3GimIRcNoJJndzv/NElWaRfDDTmPoCjyQLGcHGSo/hbR31TYTqg2LJLbsLoHXiZaQEGZqD4ld/GJFEUGkIx1r3PDc2foqVYYTTWaGfaBpjMsEj2rNUYkG1ny4OnqELqwxRGCn7pEEL9fdGioXWUxHYSYHNWK96c/E/r5eY8MZPmYwTQyVZfhQmHNmI8/RoyBQlhk8twUQxeysiY6wwMbajgi3BW428TtpXZa9Svr6vlGqNrI48nME5XIIHVahBA5rQAgICnuEV3hzlvDjvzsdyNOdkO6fwB87nD2uij4c=</latexit>

D

<latexit sha1_base64="7ZhJIkL5VJJnmmdDPVoQsMTCdCU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI8BPeSYgHlAsoTZSScZMzu7zMwKYckXePGgiFc/yZt/4yTZgyYWNBRV3XR3BbHg2rjut5Pb2Nza3snvFvb2Dw6PiscnLR0limGTRSJSnYBqFFxi03AjsBMrpGEgsB1M7uZ++wmV5pF8MNMY/ZCOJB9yRo2VGvf9YsktuwuQdeJlpAQZ6v3iV28QsSREaZigWnc9NzZ+SpXhTOCs0Es0xpRN6Ai7lkoaovbTxaEzcmGVARlGypY0ZKH+nkhpqPU0DGxnSM1Yr3pz8T+vm5jhrZ9yGScGJVsuGiaCmIjMvyYDrpAZMbWEMsXtrYSNqaLM2GwKNgRv9eV10roqe5XydaNSqtayOPJwBudwCR7cQBVqUIcmMEB4hld4cx6dF+fd+Vi25pxs5hT+wPn8AZsrjNQ=</latexit>

f

<latexit sha1_base64="XkwZkcES1PvyT/a3H50HP6ZfMTc=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokW9Fjw0mML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkfu53nlBpHssHM03Qj+hI8pAzaqzUDAelsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDOz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20rytetXLTrJZr9TyOApzDBVyBB7dQgzo0oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AzrOM9g==</latexit>

f

<latexit sha1_base64="nULa1uJdNGZZCQFeZ1xTdqlUKYU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPBS48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ/dzvPKHSPJYPZpqgH9GR5CFn1FipGQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGdn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1W96+pN87pSq+dxFOEMzuESPLiFGtShAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDz1eM+A==</latexit>

SNU 4541.664A Program Analysis Note 2

X¯lp

Å˘D ‹Ï¥î X¯lp(denotational semantics)

çh⇠(continuous function)

CPO D1–⌧ CPO D2\ �î h⇠ f : D1 ! D2� ç
h⇠Ä, ¥x(chain)D ¥x<\ Ù¥t⌧, D1X ¥x(chain)
X LUB| Ù⌅t ¸î h⇠:

8chain X ✓ D1.f(
G

X) =
G

x2X

f(x).

CPO–⌧ CPO\ �î çh⇠ fî m¡ \å ‡�⇣ fixf
t  |Xå à‡, ¯É@

? t f(?) t f(f(?)) t · · · =
G

i2N

f i(?)

t‰.(\?)



Proof
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Proof

• Plans: It is enough to show the following two things: 


(1) There exists the chain                                      and  
its least upper bound              in 


(2) The least upper bound              is the least fixed point of 

32

lfpf =
G

i�0

f i(?)

<latexit sha1_base64="Cn4ocIKN7F/kUL+0UPA+MKzHQeY=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0Wom5BoQTdC0Y3LCvYBTQyT6SQdOnk4MxFKyF+48VfcuFDEre78GydtFtp6YOBwzr3cOcdLGBXSNL+1ytLyyupadb22sbm1vaPv7nVFnHJMOjhmMe97SBBGI9KRVDLSTzhBocdIzxtfFX7vgXBB4+hWThLihCiIqE8xkkpydcMOkRx5fsb8JPfhBbQ9Goh7nCZuRqEdEGjm/l1G84btxfLY1eumYU4BF4lVkjoo0Xb1L3sY4zQkkcQMCTGwzEQ6GeKSYkbymp0KkiA8RgEZKBqhkAgnm+bK4ZFShtCPuXqRhFP190aGQiEmoacmixRi3ivE/7xBKv1zJ6NRkkoS4dkhP2VQxrAoCQ4pJ1iyiSIIc6r+CvEIcYSlqrKmSrDmIy+S7olhNY3Tm2a9dVnWUQUH4BA0gAXOQAtcgzboAAwewTN4BW/ak/aivWsfs9GKVu7sgz/QPn8AnuafkQ==</latexit>

G

i�0

f i(?)

<latexit sha1_base64="uNHh7XCpQrRcdDtKJH48ZpxhZVw=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQNyWRii6LblxWsA9oYphMJ+nQySTOTIQSsnPjr7hxoYhbf8Gdf+O0zUJbD1w4nHMv997jJ4xKZVnfRmlpeWV1rbxe2djc2t4xd/c6Mk4FJm0cs1j0fCQJo5y0FVWM9BJBUOQz0vVHVxO/+0CEpDG/VeOEuBEKOQ0oRkpLnnno+DSU9zhNvIxCJyTQyoO7jOY1x4/ViWdWrbo1BVwkdkGqoEDLM7+cQYzTiHCFGZKyb1uJcjMkFMWM5BUnlSRBeIRC0teUo4hIN5v+kcNjrQxgEAtdXMGp+nsiQ5GU48jXnRFSQznvTcT/vH6qggs3ozxJFeF4tihIGVQxnIQCB1QQrNhYE4QF1bdCPEQCYaWjq+gQ7PmXF0nntG436mc3jWrzsoijDA7AEagBG5yDJrgGLdAGGDyCZ/AK3own48V4Nz5mrSWjmNkHf2B8/gBvxJkI</latexit>

? v f(?) v f2(?) v · · ·

<latexit sha1_base64="5NHKHXD62icIbONa2Cy0Cc37BLQ=">AAACK3icbZDLSgMxFIYz9V5voy7dBIugmzJTKrosdeNSwdpCp5ZMekaDmck0OSOU0vdx46u40IUX3PoeprULe/kh8POdczg5f5hKYdDzPp3cwuLS8srqWn59Y3Nr293ZvTEq0xxqXEmlGyEzIEUCNRQooZFqYHEooR4+nA/r9UfQRqjkGnsptGJ2l4hIcIYWtd1qECqkgemaLDSA0KXR0RAdT7Lb0hwa8I5CQ9tuwSt6I9FZ449NgYx12XZfg47iWQwJcsmMafpeiq0+0yi4hEE+yAykjD+wO2ham7AYTKs/unVADy3p0Ehp+xKkI/p/os9iY3pxaDtjhvdmujaE82rNDKOzVl8kaYaQ8L9FUSYpKjoMjnaEBo6yZw3jWti/Un7PNONo483bEPzpk2fNTanol4snV+VCpTqOY5XskwNyRHxySirkglySGuHkibyQd/LhPDtvzpfz/deac8Yze2RCzs8v+USnhQ==</latexit>

G

i�0

f i(?)

<latexit sha1_base64="uNHh7XCpQrRcdDtKJH48ZpxhZVw=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQNyWRii6LblxWsA9oYphMJ+nQySTOTIQSsnPjr7hxoYhbf8Gdf+O0zUJbD1w4nHMv997jJ4xKZVnfRmlpeWV1rbxe2djc2t4xd/c6Mk4FJm0cs1j0fCQJo5y0FVWM9BJBUOQz0vVHVxO/+0CEpDG/VeOEuBEKOQ0oRkpLnnno+DSU9zhNvIxCJyTQyoO7jOY1x4/ViWdWrbo1BVwkdkGqoEDLM7+cQYzTiHCFGZKyb1uJcjMkFMWM5BUnlSRBeIRC0teUo4hIN5v+kcNjrQxgEAtdXMGp+nsiQ5GU48jXnRFSQznvTcT/vH6qggs3ozxJFeF4tihIGVQxnIQCB1QQrNhYE4QF1bdCPEQCYaWjq+gQ7PmXF0nntG436mc3jWrzsoijDA7AEagBG5yDJrgGLdAGGDyCZ/AK3own48V4Nz5mrSWjmNkHf2B8/gBvxJkI</latexit>

f

<latexit sha1_base64="nULa1uJdNGZZCQFeZ1xTdqlUKYU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPBS48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ/dzvPKHSPJYPZpqgH9GR5CFn1FipGQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGdn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1W96+pN87pSq+dxFOEMzuESPLiFGtShAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDz1eM+A==</latexit>

D

<latexit sha1_base64="mvzok0Q8cZPCxiY5a3ATLeM7lpM=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKRI8BPeSYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M7+Z++wmV5rF8MJME/YgOJQ85o8ZKjft+seSW3QXIOvEyUoIM9X7xqzeIWRqhNExQrbuemxh/SpXhTOCs0Es1JpSN6RC7lkoaofani0Nn5MIqAxLGypY0ZKH+npjSSOtJFNjOiJqRXvXm4n9eNzXhrT/lMkkNSrZcFKaCmJjMvyYDrpAZMbGEMsXtrYSNqKLM2GwKNgRv9eV10roqe5XydaNSqtayOPJwBudwCR7cQBVqUIcmMEB4hld4cx6dF+fd+Vi25pxs5hT+wPn8AZvPjNY=</latexit>
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Proof of (1)

(1) There exists the chain                                   and  
its least upper bound              in 
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G

i�0

f i(?)

<latexit sha1_base64="uNHh7XCpQrRcdDtKJH48ZpxhZVw=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQNyWRii6LblxWsA9oYphMJ+nQySTOTIQSsnPjr7hxoYhbf8Gdf+O0zUJbD1w4nHMv997jJ4xKZVnfRmlpeWV1rbxe2djc2t4xd/c6Mk4FJm0cs1j0fCQJo5y0FVWM9BJBUOQz0vVHVxO/+0CEpDG/VeOEuBEKOQ0oRkpLnnno+DSU9zhNvIxCJyTQyoO7jOY1x4/ViWdWrbo1BVwkdkGqoEDLM7+cQYzTiHCFGZKyb1uJcjMkFMWM5BUnlSRBeIRC0teUo4hIN5v+kcNjrQxgEAtdXMGp+nsiQ5GU48jXnRFSQznvTcT/vH6qggs3ozxJFeF4tihIGVQxnIQCB1QQrNhYE4QF1bdCPEQCYaWjq+gQ7PmXF0nntG436mc3jWrzsoijDA7AEagBG5yDJrgGLdAGGDyCZ/AK3own48V4Nz5mrSWjmNkHf2B8/gBvxJkI</latexit>

? v f(?) v f2(?) v · · ·

<latexit sha1_base64="5NHKHXD62icIbONa2Cy0Cc37BLQ=">AAACK3icbZDLSgMxFIYz9V5voy7dBIugmzJTKrosdeNSwdpCp5ZMekaDmck0OSOU0vdx46u40IUX3PoeprULe/kh8POdczg5f5hKYdDzPp3cwuLS8srqWn59Y3Nr293ZvTEq0xxqXEmlGyEzIEUCNRQooZFqYHEooR4+nA/r9UfQRqjkGnsptGJ2l4hIcIYWtd1qECqkgemaLDSA0KXR0RAdT7Lb0hwa8I5CQ9tuwSt6I9FZ449NgYx12XZfg47iWQwJcsmMafpeiq0+0yi4hEE+yAykjD+wO2ham7AYTKs/unVADy3p0Ehp+xKkI/p/os9iY3pxaDtjhvdmujaE82rNDKOzVl8kaYaQ8L9FUSYpKjoMjnaEBo6yZw3jWti/Un7PNONo483bEPzpk2fNTanol4snV+VCpTqOY5XskwNyRHxySirkglySGuHkibyQd/LhPDtvzpfz/deac8Yze2RCzs8v+USnhQ==</latexit>

D

<latexit sha1_base64="mvzok0Q8cZPCxiY5a3ATLeM7lpM=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKRI8BPeSYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M7+Z++wmV5rF8MJME/YgOJQ85o8ZKjft+seSW3QXIOvEyUoIM9X7xqzeIWRqhNExQrbuemxh/SpXhTOCs0Es1JpSN6RC7lkoaofani0Nn5MIqAxLGypY0ZKH+npjSSOtJFNjOiJqRXvXm4n9eNzXhrT/lMkkNSrZcFKaCmJjMvyYDrpAZMbGEMsXtrYSNqKLM2GwKNgRv9eV10roqe5XydaNSqtayOPJwBudwCR7cQBVqUIcmMEB4hld4cx6dF+fd+Vi25pxs5hT+wPn8AZvPjNY=</latexit>

Proof. We show by induction that 8n 2 N. fn(?) v fn+1(?) :

<latexit sha1_base64="G1ib9GDMy5BPCvCTqGEh/DDyp30=">AAACKXicbVBNS8NAEN34bf2qevSyWARFKIkoiqeCF0+iYFVoatndTnRxs4m7E6GE+nO8+Fe8KCjq1T/ipubg14OBx3szzMzjqZIWff/NGxoeGR0bn5isTE3PzM5V5xdObJIZAU2RqMSccWZBSQ1NlKjgLDXAYq7glF/tFf7pDRgrE32MvRTaMbvQMpKCoZM61UYYJYYpRTUNpauY4SXn+UG/fhud57q/GvIE12hor23GLSBc00JfD0pnt1Ot+XV/APqXBCWpkRKHnepT2E1EFoNGoZi1rcBPsZ0zg1Io6FfCzELKxBW7gJajmsVg2/ng0z5dcUqXupNdaaQD9ftEzmJrezF3ncUn9rdXiP95rQyjnXYudZohaPG1KMoUxYQWsdGuNCBQ9Rxhwkh3KxWXzDCBLtyKCyH4/fJfcrJRDzbrW0ebtcZ+GccEWSLLZJUEZJs0yD45JE0iyB15IM/kxbv3Hr1X7/2rdcgrZxbJD3gfnx0rpow=</latexit>

By definition of CPO, least upper bounds of all chains are also in the CPO. 
Therefore, the least upper bound             of the above chain is in    . 

G

i�0

f i(?)

<latexit sha1_base64="uNHh7XCpQrRcdDtKJH48ZpxhZVw=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQNyWRii6LblxWsA9oYphMJ+nQySTOTIQSsnPjr7hxoYhbf8Gdf+O0zUJbD1w4nHMv997jJ4xKZVnfRmlpeWV1rbxe2djc2t4xd/c6Mk4FJm0cs1j0fCQJo5y0FVWM9BJBUOQz0vVHVxO/+0CEpDG/VeOEuBEKOQ0oRkpLnnno+DSU9zhNvIxCJyTQyoO7jOY1x4/ViWdWrbo1BVwkdkGqoEDLM7+cQYzTiHCFGZKyb1uJcjMkFMWM5BUnlSRBeIRC0teUo4hIN5v+kcNjrQxgEAtdXMGp+nsiQ5GU48jXnRFSQznvTcT/vH6qggs3ozxJFeF4tihIGVQxnIQCB1QQrNhYE4QF1bdCPEQCYaWjq+gQ7PmXF0nntG436mc3jWrzsoijDA7AEagBG5yDJrgGLdAGGDyCZ/AK3own48V4Nz5mrSWjmNkHf2B8/gBvxJkI</latexit>

D

<latexit sha1_base64="mvzok0Q8cZPCxiY5a3ATLeM7lpM=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKRI8BPeSYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M7+Z++wmV5rF8MJME/YgOJQ85o8ZKjft+seSW3QXIOvEyUoIM9X7xqzeIWRqhNExQrbuemxh/SpXhTOCs0Es1JpSN6RC7lkoaofani0Nn5MIqAxLGypY0ZKH+npjSSOtJFNjOiJqRXvXm4n9eNzXhrT/lMkkNSrZcFKaCmJjMvyYDrpAZMbGEMsXtrYSNqKLM2GwKNgRv9eV10roqe5XydaNSqtayOPJwBudwCR7cQBVqUIcmMEB4hld4cx6dF+fd+Vi25pxs5hT+wPn8AZvPjNY=</latexit>

• ? v f(?) (? is the least element of the CPO)

• fn
(?) v fn+1

(?) =) fn+1
(?) v fn+2

(?) (by monotonicity of f)

<latexit sha1_base64="hiI3fcPx76C6lxc2Fddg0hphF04="></latexit>
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Proof of (2)
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(2) The least upper bound              is the least fixed point of 
G

i�0

f i(?)

<latexit sha1_base64="uNHh7XCpQrRcdDtKJH48ZpxhZVw=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQNyWRii6LblxWsA9oYphMJ+nQySTOTIQSsnPjr7hxoYhbf8Gdf+O0zUJbD1w4nHMv997jJ4xKZVnfRmlpeWV1rbxe2djc2t4xd/c6Mk4FJm0cs1j0fCQJo5y0FVWM9BJBUOQz0vVHVxO/+0CEpDG/VeOEuBEKOQ0oRkpLnnno+DSU9zhNvIxCJyTQyoO7jOY1x4/ViWdWrbo1BVwkdkGqoEDLM7+cQYzTiHCFGZKyb1uJcjMkFMWM5BUnlSRBeIRC0teUo4hIN5v+kcNjrQxgEAtdXMGp+nsiQ5GU48jXnRFSQznvTcT/vH6qggs3ozxJFeF4tihIGVQxnIQCB1QQrNhYE4QF1bdCPEQCYaWjq+gQ7PmXF0nntG436mc3jWrzsoijDA7AEagBG5yDJrgGLdAGGDyCZ/AK3own48V4Nz5mrSWjmNkHf2B8/gBvxJkI</latexit>

f

<latexit sha1_base64="nULa1uJdNGZZCQFeZ1xTdqlUKYU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPBS48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ/dzvPKHSPJYPZpqgH9GR5CFn1FipGQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGdn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1W96+pN87pSq+dxFOEMzuESPLiFGtShAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDz1eM+A==</latexit>

The proof consists of two parts:


(2-1)               is a fixed point of 


(2-2)               is smaller than all the other fixed points

G

i�0

f i(?)

<latexit sha1_base64="uNHh7XCpQrRcdDtKJH48ZpxhZVw=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQNyWRii6LblxWsA9oYphMJ+nQySTOTIQSsnPjr7hxoYhbf8Gdf+O0zUJbD1w4nHMv997jJ4xKZVnfRmlpeWV1rbxe2djc2t4xd/c6Mk4FJm0cs1j0fCQJo5y0FVWM9BJBUOQz0vVHVxO/+0CEpDG/VeOEuBEKOQ0oRkpLnnno+DSU9zhNvIxCJyTQyoO7jOY1x4/ViWdWrbo1BVwkdkGqoEDLM7+cQYzTiHCFGZKyb1uJcjMkFMWM5BUnlSRBeIRC0teUo4hIN5v+kcNjrQxgEAtdXMGp+nsiQ5GU48jXnRFSQznvTcT/vH6qggs3ozxJFeF4tihIGVQxnIQCB1QQrNhYE4QF1bdCPEQCYaWjq+gQ7PmXF0nntG436mc3jWrzsoijDA7AEagBG5yDJrgGLdAGGDyCZ/AK3own48V4Nz5mrSWjmNkHf2B8/gBvxJkI</latexit>

f

<latexit sha1_base64="nULa1uJdNGZZCQFeZ1xTdqlUKYU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPBS48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ/dzvPKHSPJYPZpqgH9GR5CFn1FipGQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGdn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1W96+pN87pSq+dxFOEMzuESPLiFGtShAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDz1eM+A==</latexit>

G

i�0

f i(?)

<latexit sha1_base64="uNHh7XCpQrRcdDtKJH48ZpxhZVw=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQNyWRii6LblxWsA9oYphMJ+nQySTOTIQSsnPjr7hxoYhbf8Gdf+O0zUJbD1w4nHMv997jJ4xKZVnfRmlpeWV1rbxe2djc2t4xd/c6Mk4FJm0cs1j0fCQJo5y0FVWM9BJBUOQz0vVHVxO/+0CEpDG/VeOEuBEKOQ0oRkpLnnno+DSU9zhNvIxCJyTQyoO7jOY1x4/ViWdWrbo1BVwkdkGqoEDLM7+cQYzTiHCFGZKyb1uJcjMkFMWM5BUnlSRBeIRC0teUo4hIN5v+kcNjrQxgEAtdXMGp+nsiQ5GU48jXnRFSQznvTcT/vH6qggs3ozxJFeF4tihIGVQxnIQCB1QQrNhYE4QF1bdCPEQCYaWjq+gQ7PmXF0nntG436mc3jWrzsoijDA7AEagBG5yDJrgGLdAGGDyCZ/AK3own48V4Nz5mrSWjmNkHf2B8/gBvxJkI</latexit>
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Proof of (2-1)
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G

i�0

f i(?)

<latexit sha1_base64="uNHh7XCpQrRcdDtKJH48ZpxhZVw=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQNyWRii6LblxWsA9oYphMJ+nQySTOTIQSsnPjr7hxoYhbf8Gdf+O0zUJbD1w4nHMv997jJ4xKZVnfRmlpeWV1rbxe2djc2t4xd/c6Mk4FJm0cs1j0fCQJo5y0FVWM9BJBUOQz0vVHVxO/+0CEpDG/VeOEuBEKOQ0oRkpLnnno+DSU9zhNvIxCJyTQyoO7jOY1x4/ViWdWrbo1BVwkdkGqoEDLM7+cQYzTiHCFGZKyb1uJcjMkFMWM5BUnlSRBeIRC0teUo4hIN5v+kcNjrQxgEAtdXMGp+nsiQ5GU48jXnRFSQznvTcT/vH6qggs3ozxJFeF4tihIGVQxnIQCB1QQrNhYE4QF1bdCPEQCYaWjq+gQ7PmXF0nntG436mc3jWrzsoijDA7AEagBG5yDJrgGLdAGGDyCZ/AK3own48V4Nz5mrSWjmNkHf2B8/gBvxJkI</latexit>

f

<latexit sha1_base64="nULa1uJdNGZZCQFeZ1xTdqlUKYU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPBS48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ/dzvPKHSPJYPZpqgH9GR5CFn1FipGQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGdn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1W96+pN87pSq+dxFOEMzuESPLiFGtShAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDz1eM+A==</latexit>

Proof.
f(

G

n�0

fn(?)) =
G

n�0

f(fn(?)) (by continuity of f)

=
G

n�0

fn+1(?)

=
G

n�0

fn(?)

<latexit sha1_base64="BoBEiw0KjZ5Oe5+VoZcJfNigyhM="></latexit>

(2-1)               is a fixed point of
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Proof of (2-2)

36

(2-2)               is smaller than all the other fixed points
G

i�0

f i(?)

<latexit sha1_base64="uNHh7XCpQrRcdDtKJH48ZpxhZVw=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQNyWRii6LblxWsA9oYphMJ+nQySTOTIQSsnPjr7hxoYhbf8Gdf+O0zUJbD1w4nHMv997jJ4xKZVnfRmlpeWV1rbxe2djc2t4xd/c6Mk4FJm0cs1j0fCQJo5y0FVWM9BJBUOQz0vVHVxO/+0CEpDG/VeOEuBEKOQ0oRkpLnnno+DSU9zhNvIxCJyTQyoO7jOY1x4/ViWdWrbo1BVwkdkGqoEDLM7+cQYzTiHCFGZKyb1uJcjMkFMWM5BUnlSRBeIRC0teUo4hIN5v+kcNjrQxgEAtdXMGp+nsiQ5GU48jXnRFSQznvTcT/vH6qggs3ozxJFeF4tihIGVQxnIQCB1QQrNhYE4QF1bdCPEQCYaWjq+gQ7PmXF0nntG436mc3jWrzsoijDA7AEagBG5yDJrgGLdAGGDyCZ/AK3own48V4Nz5mrSWjmNkHf2B8/gBvxJkI</latexit>

Proof. Suppose     is a fixed point, i.e.,                 We show thatd

<latexit sha1_base64="LnL4IGPhyZlZ0KPt3F8Kep7Rt3E=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPBS48t2A9oQ9lspu3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ/dzvPKHSPJYPZpqgH9GR5EPOqLFSMxyUK27VXYCsEy8nFcjRGJS/+mHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVVCMoyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNcM7P+MySQ1Ktlw0TAUxMZl/TUKukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp619Wb5nWlVs/jKMIZnMMleHALNahDA1rAAOEZXuHNeXRenHfnY9lacPKZU/gD5/MHzE+M9g==</latexit>

d = f(d).

<latexit sha1_base64="5ZelZtFJvQyEsP/DxTW3J6TWY3Q=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSLUy7IrFb0IBS89VrAf0i4lm822oUl2SbJCKf0VXjwo4tWf481/Y9ruQVsfDDzem2FmXphypo3nfTtr6xubW9uFneLu3v7BYenouKWTTBHaJAlPVCfEmnImadMww2knVRSLkNN2OLqb+e0nqjRL5IMZpzQQeCBZzAg2VnqM0C2KK9GF2y+VPdebA60SPydlyNHol756UUIyQaUhHGvd9b3UBBOsDCOcTou9TNMUkxEe0K6lEguqg8n84Ck6t0qE4kTZkgbN1d8TEyy0HovQdgpshnrZm4n/ed3MxDfBhMk0M1SSxaI448gkaPY9ipiixPCxJZgoZm9FZIgVJsZmVLQh+Msvr5LWpetX3av7arlWz+MowCmcQQV8uIYa1KEBTSAg4Ble4c1Rzovz7nwsWtecfOYE/sD5/AGtCo8M</latexit>

 any element            is smaller than     by induction:f i(?)

<latexit sha1_base64="BWW9uqbY0y2vajmcaTHv+FzQ1sM=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQL2VXKnoseOmxgv2A7VqyabYNzSZLMiuUpT/DiwdFvPprvPlvTNs9aOuDgcd7M8zMCxPBDbjut1PY2Nza3inulvb2Dw6PyscnHaNSTVmbKqF0LySGCS5ZGzgI1ks0I3EoWDec3M397hPThiv5ANOEBTEZSR5xSsBKfvSY8Vm1Hyq4HJQrbs1dAK8TLycVlKM1KH/1h4qmMZNABTHG99wEgoxo4FSwWamfGpYQOiEj5lsqScxMkC1OnuELqwxxpLQtCXih/p7ISGzMNA5tZ0xgbFa9ufif56cQ3QYZl0kKTNLloigVGBSe/4+HXDMKYmoJoZrbWzEdE00o2JRKNgRv9eV10rmqefXa9X290mjmcRTRGTpHVeShG9RATdRCbUSRQs/oFb054Lw4787HsrXg5DOn6A+czx/u5ZEN</latexit>

d

<latexit sha1_base64="LnL4IGPhyZlZ0KPt3F8Kep7Rt3E=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPBS48t2A9oQ9lspu3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ/dzvPKHSPJYPZpqgH9GR5EPOqLFSMxyUK27VXYCsEy8nFcjRGJS/+mHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVVCMoyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNcM7P+MySQ1Ktlw0TAUxMZl/TUKukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp619Wb5nWlVs/jKMIZnMMleHALNahDA1rAAOEZXuHNeXRenHfnY9lacPKZU/gD5/MHzE+M9g==</latexit>

8n 2 N. fn(?) v d.

<latexit sha1_base64="pEkl4DfRxbEQdvXXFDUKNNdjLNg=">AAACHXicbVA9SwNBEN3z2/gVtbRZDII2x51EtAzYWImCUSEXw+5mLlnc27vszgnhiD/Exr9iY6GIhY34b9zEFH49GHi8N8PMPJ4paTEIPryJyanpmdm5+dLC4tLySnl17dymuRFQF6lKzSVnFpTUUEeJCi4zAyzhCi749eHQv7gBY2Wqz7CfQTNhHS1jKRg6qVWuRnFqmFJU00i6Shh2OS+OB/5tfFXowXbEU9yhke3ZnFtA6NG23ypXAj8Ygf4l4ZhUyBgnrfJb1E5FnoBGoZi1jTDIsFkwg1IoGJSi3ELGxDXrQMNRzRKwzWL03YBuOaVN3ZmuNNKR+n2iYIm1/YS7zuH19rc3FP/zGjnGB81C6ixH0OJrUZwriikdRkXb0oBA1XeECSPdrVR0mWECXaAlF0L4++W/5HzXD6v+3mm1UjsaxzFHNsgm2SYh2Sc1ckROSJ0IckceyBN59u69R+/Fe/1qnfDGM+vkB7z3TxtJofQ=</latexit>

Because all the elements           are smaller than     , their least 
upper bound               is also smaller than    . Therefore     

f i(?)

<latexit sha1_base64="BWW9uqbY0y2vajmcaTHv+FzQ1sM=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQL2VXKnoseOmxgv2A7VqyabYNzSZLMiuUpT/DiwdFvPprvPlvTNs9aOuDgcd7M8zMCxPBDbjut1PY2Nza3inulvb2Dw6PyscnHaNSTVmbKqF0LySGCS5ZGzgI1ks0I3EoWDec3M397hPThiv5ANOEBTEZSR5xSsBKfvSY8Vm1Hyq4HJQrbs1dAK8TLycVlKM1KH/1h4qmMZNABTHG99wEgoxo4FSwWamfGpYQOiEj5lsqScxMkC1OnuELqwxxpLQtCXih/p7ISGzMNA5tZ0xgbFa9ufif56cQ3QYZl0kKTNLloigVGBSe/4+HXDMKYmoJoZrbWzEdE00o2JRKNgRv9eV10rmqefXa9X290mjmcRTRGTpHVeShG9RATdRCbUSRQs/oFb054Lw4787HsrXg5DOn6A+czx/u5ZEN</latexit>

d

<latexit sha1_base64="LnL4IGPhyZlZ0KPt3F8Kep7Rt3E=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPBS48t2A9oQ9lspu3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ/dzvPKHSPJYPZpqgH9GR5EPOqLFSMxyUK27VXYCsEy8nFcjRGJS/+mHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVVCMoyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNcM7P+MySQ1Ktlw0TAUxMZl/TUKukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp619Wb5nWlVs/jKMIZnMMleHALNahDA1rAAOEZXuHNeXRenHfnY9lacPKZU/gD5/MHzE+M9g==</latexit>

G

i�0

f i(?)

<latexit sha1_base64="uNHh7XCpQrRcdDtKJH48ZpxhZVw=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQNyWRii6LblxWsA9oYphMJ+nQySTOTIQSsnPjr7hxoYhbf8Gdf+O0zUJbD1w4nHMv997jJ4xKZVnfRmlpeWV1rbxe2djc2t4xd/c6Mk4FJm0cs1j0fCQJo5y0FVWM9BJBUOQz0vVHVxO/+0CEpDG/VeOEuBEKOQ0oRkpLnnno+DSU9zhNvIxCJyTQyoO7jOY1x4/ViWdWrbo1BVwkdkGqoEDLM7+cQYzTiHCFGZKyb1uJcjMkFMWM5BUnlSRBeIRC0teUo4hIN5v+kcNjrQxgEAtdXMGp+nsiQ5GU48jXnRFSQznvTcT/vH6qggs3ozxJFeF4tihIGVQxnIQCB1QQrNhYE4QF1bdCPEQCYaWjq+gQ7PmXF0nntG436mc3jWrzsoijDA7AEagBG5yDJrgGLdAGGDyCZ/AK3own48V4Nz5mrSWjmNkHf2B8/gBvxJkI</latexit>

d

<latexit sha1_base64="LnL4IGPhyZlZ0KPt3F8Kep7Rt3E=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPBS48t2A9oQ9lspu3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ/dzvPKHSPJYPZpqgH9GR5EPOqLFSMxyUK27VXYCsEy8nFcjRGJS/+mHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVVCMoyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNcM7P+MySQ1Ktlw0TAUxMZl/TUKukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp619Wb5nWlVs/jKMIZnMMleHALNahDA1rAAOEZXuHNeXRenHfnY9lacPKZU/gD5/MHzE+M9g==</latexit>

G

i�0

f i(?) = lfpf

<latexit sha1_base64="pC9dBbLcc3h38Ow7xjiX899Q/fA=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0Wom5BIRTdC0Y3LCvYBTQyT6SQdOnk4MxFKyF+48VfcuFDEre78GydtFtp64MLhnHu59x4vYVRI0/zWKkvLK6tr1fXaxubW9o6+u9cVccox6eCYxbzvIUEYjUhHUslIP+EEhR4jPW98Vfi9B8IFjaNbOUmIE6Igoj7FSCrJ1Q3bo4G4x2niZhTaAYFm7t9lNG/YXiyP4QW0QyRHnp8xP8l9V6+bhjkFXCRWSeqgRNvVv+xhjNOQRBIzJMTAMhPpZIhLihnJa3YqSILwGAVkoGiEQiKcbPpXDo+UMoR+zFVFEk7V3xMZCoWYhJ7qLI4U814h/ucNUumfOxmNklSSCM8W+SmDMoZFSHBIOcGSTRRBmFN1K8QjxBGWKsqaCsGaf3mRdE8Mq2mc3jTrrcsyjio4AIegASxwBlrgGrRBB2DwCJ7BK3jTnrQX7V37mLVWtHJmH/yB9vkDlp+fkw==</latexit>

• ? v d (? is the least element of the CPO)

• fn
(?) v d =) fn+1

(?) v f(d) = d (by monotonicity of f)

<latexit sha1_base64="lmniVrxmr/leOACoOS2mfdkIlWE="></latexit>



Analogy

https://en.wikipedia.org/wiki/Fixed-point_iteration
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Example

• while (x < 10) x := x + 1

44

[[while (x < 10) x := x+ 1]] = �m.

(
[[while (x < 10) x := x+ 1]]([[x := x+ 1]](m)) if [[x < 10]](m) = true

m if [[x < 10]](m) = false

<latexit sha1_base64="tsCv7F1mG15tdzSBymZ6ejzIxAI="></latexit>

F(X) = �m.

(
X([[x := x+ 1]](m)) if [[x < 10]](m) = true

m if [[x < 10]](m) = false

<latexit sha1_base64="KzXebs3Fc8jFE+0TUIvGj8iu1cs="></latexit>

[[while (x < 10) x := x+ 1]] = lfpF where

<latexit sha1_base64="l1ayX35k5ivQLMw+hsU+cYfuu+k="></latexit>

lfpF = ? t F(?) t F2(?) t · · ·

<latexit sha1_base64="HKLJZ7AUyGLryZK1YiumqrZIVA4="></latexit>
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Example

45

?

<latexit sha1_base64="Bv+wnZT/6UkDCRtXlumy1WFaiP0=">AAACEXicbVDLSgNBEJyN7/iKevQyMSiewq5E9Ch68ahgEnFnkdlJR4fMY5mZVcKSr9Cr/oc38eoX+Bt+gZOYg0YLGoqqbrq70kxw68LwIyhNTc/Mzs0vlBeXlldWK2vrLatzw6DJtNDmMqUWBFfQdNwJuMwMUJkKaKe9k6HfvgNjuVYXrp9BIumN4l3OqPPSFUm1wzuYkPJ1pRbWwxHwXxKNSQ2NcXZd+SQdzXIJyjFBrY2jMHNJQY3jTMCgTHILGWU9egOxp4pKsEkxuniAt73SwV1tfCmHR+rPiYJKa/sy9Z2Suls76Q3F/7w4d93DpOAqyx0o9r2omwvsNB6+jzvcAHOi7wllhvtbMbulhjLnQyoTBfdMS0lVpyAW5CCOkiIm1bgWJaSaDHxI0WQkf0lrrx416vvnjdrR8TiuebSJttAuitABOkKn6Aw1EUMKPaIn9Bw8BC/Ba/D23VoKxjMb6BeC9y9qyJws</latexit>

F(?) = �m.

(
?([[x := x+ 1]](m)) if [[x < 10]](m) = true

m if [[x < 10]](m) = false

<latexit sha1_base64="RF8TBl7ZPuXdbLDgRw1eHlsOwAo="></latexit>

0 iter

F2(?) = �m.

(
F(?)([[x := x+ 1]](m)) if [[x < 10]](m) = true

m if [[x < 10]](m) = false

<latexit sha1_base64="spevWVmLaj+offvryAHjfcelcFU="></latexit>

= �m.

8
><

>:

(
?([[x := x+ 1]]2(m)) if [[x < 10]]([[x := x+ 1]](m)) = true

[[x := x+ 1]](m) if [[x < 10]]([[x := x+ 1]](m)) = false
if [[x < 10]](m) = true

m if [[x < 10]](m) = false

<latexit sha1_base64="oezJkhuYV/Bt9AofkEJtWKREvOM="></latexit>

F(X) = �m.

(
X([[x := x+ 1]](m)) if [[x < 10]](m) = true

m if [[x < 10]](m) = false

<latexit sha1_base64="KzXebs3Fc8jFE+0TUIvGj8iu1cs="></latexit>

0, 1 iter

F3(?) = · · ·

<latexit sha1_base64="Q0feJFgpbO1X0mBTwReDUdvKhjs=">AAACCHicbVA9SwNBEN3zM8avqKWFi0GJTbjTiDZCQJCUEcwH5M6wt9kkS/Zuj905IRwpbfwrNhaK2PoT7Pw3bpIrNPHBwOO9GWbm+ZHgGmz721pYXFpeWc2sZdc3Nre2czu7dS1jRVmNSiFV0yeaCR6yGnAQrBkpRgJfsIY/uB77jQemNJfhHQwj5gWkF/IupwSM1M4duAGBPiUiuRndJ2ejgutLOMHHV9ilHQm6ncvbRXsCPE+clORRimo79+V2JI0DFgIVROuWY0fgJUQBp4KNsm6sWUTogPRYy9CQBEx7yeSRET4ySgd3pTIVAp6ovycSEmg9DHzTOT5bz3pj8T+vFUP30kt4GMXAQjpd1I0FBonHqeAOV4yCGBpCqOLmVkz7RBEKJrusCcGZfXme1E+LTql4flvKlytpHBm0jw5RATnoApVRBVVRDVH0iJ7RK3qznqwX6936mLYuWOnMHvoD6/MHbxSY+g==</latexit>

0,1,2 iters
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Constructions on CPOs

37

• If S is a set, and D1 and D2  are CPOs, then the followings are CPOs


• Lifted set : D = S⊥


• Cartesian product : D = D1 × D2


• Separated sum : D = D1 + D2


• Function : D = D1 → D2



Lifted CPO
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For any set   , let                    where     is an element not in   . 
Then             is a CPO where


Lifted Set

38

• D = S⊥

• Why CPO?

S

<latexit sha1_base64="6OmrZ4jlYhFAmXWNWaSfYXfa4rw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNRo8kXjhClEcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFS475fLLlldwGyTryMlCBDvV/86g1ilkYoDRNU667nJsafUmU4Ezgr9FKNCWVjOsSupZJGqP3p4tAZubDKgISxsiUNWai/J6Y00noSBbYzomakV725+J/XTU1460+5TFKDki0XhakgJibzr8mAK2RGTCyhTHF7K2EjqigzNpuCDcFbfXmdtK7KXqV83aiUqrUsjjycwTlcggc3UIUa1KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/ALKLjOU=</latexit>

D = S + {?}

<latexit sha1_base64="3LwIiEm3mwOxMLpGy4d86HIYNAs=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBZBEEoiFb0IBT30WNF+QBPKZrtpl26yYXdSKKH/xIsHRbz6T7z5b9y2OWjrg4HHezPMzAsSwTU4zrdVWFvf2Nwqbpd2dvf2D+zDo5aWqaKsSaWQqhMQzQSPWRM4CNZJFCNRIFg7GN3N/PaYKc1l/ASThPkRGcQ85JSAkXq2fY9v8SO+wF7mBRK8ac8uOxVnDrxK3JyUUY5Gz/7y+pKmEYuBCqJ113US8DOigFPBpiUv1SwhdEQGrGtoTCKm/Wx++RSfGaWPQ6lMxYDn6u+JjERaT6LAdEYEhnrZm4n/ed0Uwhs/43GSAovpYlGYCgwSz2LAfa4YBTExhFDFza2YDokiFExYJROCu/zyKmldVtxq5eqhWq7V8ziK6ASdonPkomtUQ3XUQE1E0Rg9o1f0ZmXWi/VufSxaC1Y+c4z+wPr8AT+Lkik=</latexit>

?

<latexit sha1_base64="vAbOA2QaGMNe9jT+hnq0NhrI1dM=">AAAB63icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoseAlxwjmAckS5idzCZD5rHM9AphyS948aCIV3/Im3/jbLIHTSxoKKq66e6KEsEt+P63V9rY3NreKe9W9vYPDo+qxycdq1NDWZtqoU0vIpYJrlgbOAjWSwwjMhKsG03vc7/7xIzlWj3CLGGhJGPFY04J5NIg0jCs1vy6vwBeJ0FBaqhAa1j9Gow0TSVTQAWxth/4CYQZMcCpYPPKILUsIXRKxqzvqCKS2TBb3DrHF04Z4VgbVwrwQv09kRFp7UxGrlMSmNhVLxf/8/opxHdhxlWSAlN0uShOBQaN88fxiBtGQcwcIdRwdyumE2IIBRdPxYUQrL68TjpX9eC6fvNwXWs0izjK6Aydo0sUoFvUQE3UQm1E0QQ9o1f05knvxXv3PpatJa+YOUV/4H3+AB3pjlE=</latexit>

S

<latexit sha1_base64="6OmrZ4jlYhFAmXWNWaSfYXfa4rw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNRo8kXjhClEcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFS475fLLlldwGyTryMlCBDvV/86g1ilkYoDRNU667nJsafUmU4Ezgr9FKNCWVjOsSupZJGqP3p4tAZubDKgISxsiUNWai/J6Y00noSBbYzomakV725+J/XTU1460+5TFKDki0XhakgJibzr8mAK2RGTCyhTHF7K2EjqigzNpuCDcFbfXmdtK7KXqV83aiUqrUsjjycwTlcggc3UIUa1KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/ALKLjOU=</latexit>

(D,v)

<latexit sha1_base64="P9rAxS87wfay5B+46rrfi76XM8s=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBahgpREKnos6KHHCvYD2lA220m7dLNJdzeFEvpPvHhQxKv/xJv/xm2bg7Y+GHi8N8PMPD/mTGnH+bZyG5tb2zv53cLe/sHhkX180lRRIik0aMQj2faJAs4ENDTTHNqxBBL6HFr+6H7utyYgFYvEk57G4IVkIFjAKNFG6tl26eEKd9VYJb4CDePLnl10ys4CeJ24GSmiDPWe/dXtRzQJQWjKiVId14m1lxKpGeUwK3QTBTGhIzKAjqGChKC8dHH5DF8YpY+DSJoSGi/U3xMpCZWahr7pDIkeqlVvLv7ndRId3HkpE3GiQdDloiDhWEd4HgPuMwlU86khhEpmbsV0SCSh2oRVMCG4qy+vk+Z12a2Ubx4rxWotiyOPztA5KiEX3aIqqqE6aiCKJugZvaI3K7VerHfrY9mas7KZU/QH1ucPZtKS5g==</latexit>

d v d0 () (d = d0) _ (d = ?)

<latexit sha1_base64="ssOEyezBC0XeYNV8yM0jVwhL2UM=">AAACF3icbVC7TgJBFJ3FF+Jr1dJmIjFCQ3YNRhsTEhtKTOSRsITMzt6FCbMPdu6aEMJf2PgrNhYaY6udf+PwKBQ81bnn3Dtz73FjKRRa1reRWVvf2NzKbud2dvf2D8zDo4aK0oRDnUcySlouUyBFCHUUKKEVJ8ACV0LTHdxO/eYDJEpE4T2OYugErBcKX3CGWuqaJY86aqhSVwHCkHrn1BG+TwsevdFFkTr6gXnluBEWu2beKlkz0FViL0ieLFDrml+OF/E0gBC5ZEq1bSvGzpglKLiESc5JFcSMD1gP2pqGLADVGc/umtAzrXjU1xv4UYh0pv6eGLNAqVHg6s6AYV8te1PxP6+don/dGYswThFCPv/ITyXFiE5Dop5IgKMcacJ4IvSulPdZwjjqKHM6BHv55FXSuCjZ5dLlXTlfqS7iyJITckoKxCZXpEKqpEbqhJNH8kxeyZvxZLwY78bHvDVjLGaOyR8Ynz/4Tpyq</latexit>
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Given two CPOs                 and                      ,             is a CPO where


 


• Why CPO?

• D = D1 ⇥D2

<latexit sha1_base64="R7NfLCqnsCr5g3HQ0TW8NIyRe6Y=">AAAB+3icbZDNSsNAFIUn9a/Wv1iXbgaL4KokpaIboWAXXVawtdCGMJlO2qGTSZi5EUvoq7hxoYhbX8Sdb+O0zUJbDwx8nHsv984JEsE1OM63VdjY3NreKe6W9vYPDo/s43JXx6mirENjEateQDQTXLIOcBCslyhGokCwh2ByO68/PDKleSzvYZowLyIjyUNOCRjLt8tNfIObvosHwCOmDdZ8u+JUnYXwOrg5VFCutm9/DYYxTSMmgQqidd91EvAyooBTwWalQapZQuiEjFjfoCRmkZctbp/hc+MMcRgr8yTghft7IiOR1tMoMJ0RgbFerc3N/2r9FMJrL+MySYFJulwUpgJDjOdB4CFXjIKYGiBUcXMrpmOiCAUTV8mE4K5+eR26tapbr17e1SuNVh5HEZ2iM3SBXHSFGqiF2qiDKHpCz+gVvVkz68V6tz6WrQUrnzlBf2R9/gAauZKV</latexit>

D = D1 ⇥D2 = {(d1, d2) | d1 2 D1 ^ d2 2 D2}

<latexit sha1_base64="Y/mfIRR0lcyOjxqSa1ldub44E7I="></latexit>

(D1,v1)

<latexit sha1_base64="b9OjjDr5Eg9qvJXGX8OP5JdMh+Y=">AAAB/XicbVDJSgNBEO2JW4zbuNy8NAYhgoQZiegxoIccI5gFkmHo6dQkTXqWdPcIcQj+ihcPinj1P7z5N3aSOWjig4LHe1VU1fNizqSyrG8jt7K6tr6R3yxsbe/s7pn7B00ZJYJCg0Y8Em2PSOAshIZiikM7FkACj0PLG95M/dYDCMmi8F6NY3AC0g+ZzyhRWnLNo9Kta5/jrhzJxJOgYOTaZ65ZtMrWDHiZ2Bkpogx11/zq9iKaBBAqyomUHduKlZMSoRjlMCl0EwkxoUPSh46mIQlAOuns+gk+1UoP+5HQFSo8U39PpCSQchx4ujMgaiAXvan4n9dJlH/tpCyMEwUhnS/yE45VhKdR4B4TQBUfa0KoYPpWTAdEEKp0YAUdgr348jJpXpTtSvnyrlKs1rI48ugYnaASstEVqqIaqqMGougRPaNX9GY8GS/Gu/Exb80Z2cwh+gPj8wfF7pQu</latexit>

(D2,v2)

<latexit sha1_base64="/nfCjxuIOuLzViuMW/iDRfFO3Pw=">AAAB/XicbVDJSgNBEO2JW4zbuNy8NAYhgoSZENFjQA85RjALJMPQ06lJmvQs6e4R4hD8FS8eFPHqf3jzb+wkc9Dog4LHe1VU1fNizqSyrC8jt7K6tr6R3yxsbe/s7pn7By0ZJYJCk0Y8Eh2PSOAshKZiikMnFkACj0PbG13P/PY9CMmi8E5NYnACMgiZzyhRWnLNo9KNWznHPTmWiSdBwditnLlm0Spbc+C/xM5IEWVouOZnrx/RJIBQUU6k7NpWrJyUCMUoh2mhl0iICR2RAXQ1DUkA0knn10/xqVb62I+ErlDhufpzIiWBlJPA050BUUO57M3E/7xuovwrJ2VhnCgI6WKRn3CsIjyLAveZAKr4RBNCBdO3YjokglClAyvoEOzll/+SVqVsV8sXt9VirZ7FkUfH6ASVkI0uUQ3VUQM1EUUP6Am9oFfj0Xg23oz3RWvOyGYO0S8YH9/JB5Qw</latexit>

(D,v)

<latexit sha1_base64="P9rAxS87wfay5B+46rrfi76XM8s=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBahgpREKnos6KHHCvYD2lA220m7dLNJdzeFEvpPvHhQxKv/xJv/xm2bg7Y+GHi8N8PMPD/mTGnH+bZyG5tb2zv53cLe/sHhkX180lRRIik0aMQj2faJAs4ENDTTHNqxBBL6HFr+6H7utyYgFYvEk57G4IVkIFjAKNFG6tl26eEKd9VYJb4CDePLnl10ys4CeJ24GSmiDPWe/dXtRzQJQWjKiVId14m1lxKpGeUwK3QTBTGhIzKAjqGChKC8dHH5DF8YpY+DSJoSGi/U3xMpCZWahr7pDIkeqlVvLv7ndRId3HkpE3GiQdDloiDhWEd4HgPuMwlU86khhEpmbsV0SCSh2oRVMCG4qy+vk+Z12a2Ubx4rxWotiyOPztA5KiEX3aIqqqE6aiCKJugZvaI3K7VerHfrY9mas7KZU/QH1ucPZtKS5g==</latexit>

(d1, d2) v (d01, d
0
2) () (d1 v1 d01) ^ (d2 v2 d02)

<latexit sha1_base64="EDegvs6urvKUWItjqLWnlXvUfig="></latexit>
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Given two CPOs                and                      ,             is a CPO where


• Why CPO?

D = D1 +D2

<latexit sha1_base64="2L9zk7BmO0nBSBoc+dT6Gzk2moA=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSKnoRCvbQYwX7AWkIm+2mXbrJht2NUEJ/hhcPinj113jz37htc9DWBwOP92aYmRcknClt299WYWNza3unuFva2z84PCofn3SVSCWhHSK4kP0AK8pZTDuaaU77iaQ4CjjtBZP7ud97olIxET/qaUK9CI9iFjKCtZHc5l3Td9AVavo1v1yxq/YCaJ04OalAjrZf/hoMBUkjGmvCsVKuYyfay7DUjHA6Kw1SRRNMJnhEXUNjHFHlZYuTZ+jCKEMUCmkq1mih/p7IcKTUNApMZ4T1WK16c/E/z011eOtlLE5STWOyXBSmHGmB5v+jIZOUaD41BBPJzK2IjLHERJuUSiYEZ/XlddKtVZ169fqhXmm08jiKcAbncAkO3EADWtCGDhAQ8Ayv8GZp68V6tz6WrQUrnzmFP7A+fwCdX4+L</latexit>

(D1,v1)

<latexit sha1_base64="b9OjjDr5Eg9qvJXGX8OP5JdMh+Y=">AAAB/XicbVDJSgNBEO2JW4zbuNy8NAYhgoQZiegxoIccI5gFkmHo6dQkTXqWdPcIcQj+ihcPinj1P7z5N3aSOWjig4LHe1VU1fNizqSyrG8jt7K6tr6R3yxsbe/s7pn7B00ZJYJCg0Y8Em2PSOAshIZiikM7FkACj0PLG95M/dYDCMmi8F6NY3AC0g+ZzyhRWnLNo9Kta5/jrhzJxJOgYOTaZ65ZtMrWDHiZ2Bkpogx11/zq9iKaBBAqyomUHduKlZMSoRjlMCl0EwkxoUPSh46mIQlAOuns+gk+1UoP+5HQFSo8U39PpCSQchx4ujMgaiAXvan4n9dJlH/tpCyMEwUhnS/yE45VhKdR4B4TQBUfa0KoYPpWTAdEEKp0YAUdgr348jJpXpTtSvnyrlKs1rI48ugYnaASstEVqqIaqqMGougRPaNX9GY8GS/Gu/Exb80Z2cwh+gPj8wfF7pQu</latexit>

(D2,v2)

<latexit sha1_base64="/nfCjxuIOuLzViuMW/iDRfFO3Pw=">AAAB/XicbVDJSgNBEO2JW4zbuNy8NAYhgoSZENFjQA85RjALJMPQ06lJmvQs6e4R4hD8FS8eFPHqf3jzb+wkc9Dog4LHe1VU1fNizqSyrC8jt7K6tr6R3yxsbe/s7pn7By0ZJYJCk0Y8Eh2PSOAshKZiikMnFkACj0PbG13P/PY9CMmi8E5NYnACMgiZzyhRWnLNo9KNWznHPTmWiSdBwditnLlm0Spbc+C/xM5IEWVouOZnrx/RJIBQUU6k7NpWrJyUCMUoh2mhl0iICR2RAXQ1DUkA0knn10/xqVb62I+ErlDhufpzIiWBlJPA050BUUO57M3E/7xuovwrJ2VhnCgI6WKRn3CsIjyLAveZAKr4RBNCBdO3YjokglClAyvoEOzll/+SVqVsV8sXt9VirZ7FkUfH6ASVkI0uUQ3VUQM1EUUP6Am9oFfj0Xg23oz3RWvOyGYO0S8YH9/JB5Qw</latexit>

(D,v)

<latexit sha1_base64="P9rAxS87wfay5B+46rrfi76XM8s=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBahgpREKnos6KHHCvYD2lA220m7dLNJdzeFEvpPvHhQxKv/xJv/xm2bg7Y+GHi8N8PMPD/mTGnH+bZyG5tb2zv53cLe/sHhkX180lRRIik0aMQj2faJAs4ENDTTHNqxBBL6HFr+6H7utyYgFYvEk57G4IVkIFjAKNFG6tl26eEKd9VYJb4CDePLnl10ys4CeJ24GSmiDPWe/dXtRzQJQWjKiVId14m1lxKpGeUwK3QTBTGhIzKAjqGChKC8dHH5DF8YpY+DSJoSGi/U3xMpCZWahr7pDIkeqlVvLv7ndRId3HkpE3GiQdDloiDhWEd4HgPuMwlU86khhEpmbsV0SCSh2oRVMCG4qy+vk+Z12a2Ubx4rxWotiyOPztA5KiEX3aIqqqE6aiCKJugZvaI3K7VerHfrY9mas7KZU/QH1ucPZtKS5g==</latexit>

(d1, 1) v (d01, 1) () d1 v1 d01

<latexit sha1_base64="HSOfwjORk6q/+an2gUeVrTDy2Zw=">AAACI3icbVDLSgMxFM3UV62vUZdugkWsIGVGKoqrgpsuK9gHtMOQSe+0oZlHk4xQSv/Fjb/ixoVS3LjwX8y0s6jVA4Fzz7mXm3u8mDOpLOvLyK2tb2xu5bcLO7t7+wfm4VFTRomg0KARj0TbIxI4C6GhmOLQjgWQwOPQ8ob3qd96AiFZFD6qcQxOQPoh8xklSkuueVfqufYlti9wV45k4klQMMKpeL5Qme9jXS3bukp91yxaZWsO/JfYGSmiDHXXnHV7EU0CCBXlRMqObcXKmRChGOUwLXQTCTGhQ9KHjqYhCUA6k/mNU3ymlR72I6FfqPBcXZ6YkEDKceDpzoCogVz1UvE/r5Mo/9aZsDBOFIR0schPOFYRTgPDPSaAKj7WhFDB9F8xHRBBqNKxFnQI9urJf0nzqmxXytcPlWK1lsWRRyfoFJWQjW5QFdVQHTUQRc/oFb2jD+PFeDNmxueiNWdkM8foF4zvHxvHoPA=</latexit>

(d2, 2) v (d02, 2) () d2 v2 d02

<latexit sha1_base64="uXsO/XpRF8ifEp4vUrckoCRderw=">AAACI3icbVDLSgMxFM3UV62vUZdugkWsIGWmVBRXBTddVrAPaEvJpHfa0MyjSUYoQ//Fjb/ixoVS3LjwX8y0s6itBwLnnnMvN/c4IWdSWda3kdnY3Nreye7m9vYPDo/M45OGDCJBoU4DHoiWQyRw5kNdMcWhFQognsOh6YweEr/5DEKywH9SkxC6Hhn4zGWUKC31zPtCv1e6xqUr3JFjGTkSFIxxIl4uVOa6WFfLtq4Sv2fmraI1B14ndkryKEWtZ846/YBGHviKciJl27ZC1Y2JUIxymOY6kYSQ0BEZQFtTn3ggu/H8xim+0Eofu4HQz1d4ri5PxMSTcuI5utMjaihXvUT8z2tHyr3rxswPIwU+XSxyI45VgJPAcJ8JoIpPNCFUMP1XTIdEEKp0rDkdgr168jpplIp2uXjzWM5XqmkcWXSGzlEB2egWVVAV1VAdUfSC3tAH+jRejXdjZnwtWjNGOnOK/sD4+QUnI6D3</latexit>

D = D1 +D2 = {(d1, 1) | d1 2 D1} [ {(d2, 2) | d2 2 D2} [ {?}

<latexit sha1_base64="PKu52SmX9CDY63t1zyG+S7fMgt4="></latexit>
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• Why CPO?

Given two CPOs                 and               ,             is a CPO where


D = D1 ! D2

<latexit sha1_base64="Uuxaec46jSiGfS5JNIUpoB3viS4=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKi16Egj30WMF+QBvCZrtpl242cXdTKKG/w4sHRbz6Y7z5b9y2OWjrg4HHezPMzPNjzpS27W8rt7W9s7uX3y8cHB4dnxRPzzoqSiShbRLxSPZ8rChngrY105z2Yklx6HPa9Sf3C787pVKxSDzqWUzdEI8ECxjB2khu467hOWigI9TwKl6xZJftJdAmcTJSggwtr/g1GEYkCanQhGOl+o4dazfFUjPC6bwwSBSNMZngEe0bKnBIlZsuj56jK6MMURBJU0Kjpfp7IsWhUrPQN50h1mO17i3E/7x+ooNbN2UiTjQVZLUoSDgyTy4SQEMmKdF8ZggmkplbERljiYk2ORVMCM76y5ukUyk71XLtoVqqN7M48nABl3ANDtxAHZrQgjYQeIJneIU3a2q9WO/Wx6o1Z2Uz5/AH1ucPkiWQsw==</latexit>

(D1,v1)

<latexit sha1_base64="b9OjjDr5Eg9qvJXGX8OP5JdMh+Y=">AAAB/XicbVDJSgNBEO2JW4zbuNy8NAYhgoQZiegxoIccI5gFkmHo6dQkTXqWdPcIcQj+ihcPinj1P7z5N3aSOWjig4LHe1VU1fNizqSyrG8jt7K6tr6R3yxsbe/s7pn7B00ZJYJCg0Y8Em2PSOAshIZiikM7FkACj0PLG95M/dYDCMmi8F6NY3AC0g+ZzyhRWnLNo9Kta5/jrhzJxJOgYOTaZ65ZtMrWDHiZ2Bkpogx11/zq9iKaBBAqyomUHduKlZMSoRjlMCl0EwkxoUPSh46mIQlAOuns+gk+1UoP+5HQFSo8U39PpCSQchx4ujMgaiAXvan4n9dJlH/tpCyMEwUhnS/yE45VhKdR4B4TQBUfa0KoYPpWTAdEEKp0YAUdgr348jJpXpTtSvnyrlKs1rI48ugYnaASstEVqqIaqqMGougRPaNX9GY8GS/Gu/Exb80Z2cwh+gPj8wfF7pQu</latexit>

(D2,v2)

<latexit sha1_base64="/nfCjxuIOuLzViuMW/iDRfFO3Pw=">AAAB/XicbVDJSgNBEO2JW4zbuNy8NAYhgoSZENFjQA85RjALJMPQ06lJmvQs6e4R4hD8FS8eFPHqf3jzb+wkc9Dog4LHe1VU1fNizqSyrC8jt7K6tr6R3yxsbe/s7pn7By0ZJYJCk0Y8Eh2PSOAshKZiikMnFkACj0PbG13P/PY9CMmi8E5NYnACMgiZzyhRWnLNo9KNWznHPTmWiSdBwditnLlm0Spbc+C/xM5IEWVouOZnrx/RJIBQUU6k7NpWrJyUCMUoh2mhl0iICR2RAXQ1DUkA0knn10/xqVb62I+ErlDhufpzIiWBlJPA050BUUO57M3E/7xuovwrJ2VhnCgI6WKRn3CsIjyLAveZAKr4RBNCBdO3YjokglClAyvoEOzll/+SVqVsV8sXt9VirZ7FkUfH6ASVkI0uUQ3VUQM1EUUP6Am9oFfj0Xg23oz3RWvOyGYO0S8YH9/JB5Qw</latexit>

(D,v)

<latexit sha1_base64="P9rAxS87wfay5B+46rrfi76XM8s=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBahgpREKnos6KHHCvYD2lA220m7dLNJdzeFEvpPvHhQxKv/xJv/xm2bg7Y+GHi8N8PMPD/mTGnH+bZyG5tb2zv53cLe/sHhkX180lRRIik0aMQj2faJAs4ENDTTHNqxBBL6HFr+6H7utyYgFYvEk57G4IVkIFjAKNFG6tl26eEKd9VYJb4CDePLnl10ys4CeJ24GSmiDPWe/dXtRzQJQWjKiVId14m1lxKpGeUwK3QTBTGhIzKAjqGChKC8dHH5DF8YpY+DSJoSGi/U3xMpCZWahr7pDIkeqlVvLv7ndRId3HkpE3GiQdDloiDhWEd4HgPuMwlU86khhEpmbsV0SCSh2oRVMCG4qy+vk+Z12a2Ubx4rxWotiyOPztA5KiEX3aIqqqE6aiCKJugZvaI3K7VerHfrY9mas7KZU/QH1ucPZtKS5g==</latexit>

D = D1 ! D2 = {f | f : D1 ! D2 is a continuous function}

<latexit sha1_base64="UZpfjvGZukbWG/OrgtKs7cYT460="></latexit>

f v f 0 () 8d1 2 D1. f(d1) v2 f 0(d1)

<latexit sha1_base64="fSRSUqTLjSgtCmpHTFi6Ou1nEUk="></latexit>

[[while E C]] = fix FE,C

C ! skip
| x := E
| if E C C
| C;C
| while E C

8c. lim
x!c

f(x) = f( lim
x!c

x)

f(x0) v f(x1) v · · · f(xn) v · · ·

1G

i=0

f(xi) = f(
1G

i=0

xi)

FE,C(X) =

⇢
X([[C]](m)) ([[E]](m) 6= 0)
m (otherwise)

Lemma 1. If a function f is continuous, f is monotone.

Proof. We will show that for any elements a and b such that a v b, f(a) v f(b).

f(b) = f(a t b) (* a v b)
= f(a) t f(b) (by continuity of f)
w f(a) (by definition of t)

Proof. Let say we have a chain in D which is f0 v f1 v · · · v fn v · · · . We will
show that the least upper bound

F
i�0 fi is in D.

8x 2 D1. f0(x) v2 f1(x) v2 f2(x) v2 · · · (by definition of v)
8i. fi(x) v2

F
i�0 fi(x) (by definition of lub)

We define
F

i�0 fi to be �x.
F

i�0 fi(x). Here,
F

i�0 fi(x) is in D2 because
D2 is a CPO. Therefore,

F
i�0 fi is an element of D.

1



Summary

• Language = syntax + semantics

• Syntax and semantics are inductively defined. 

• Structural induction is a technique for proving interesting properties 
of inductively defined sets.

• Denotational semantics describes mathematical meaning of programs

• Semantics is the least fix point of a continuous function


