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Review: First-Order Theories

e A first-order theory T is defined by the two components:
o Signature:a set of nonlogical symbols. Given a signature 2, a 2-formula is

one whose nonlogical symbols are from 2. Signature restricts the syntax.

AXxioms:A set of closed FOL formulas whose nonlogical symbols are from

2..Axioms restrict the interpretations.




Theory Solver

e Decides satisfiability of a formula in a theory
e In this lecture, we only consider quantifier-free & conjunctive fragments.
o There are various techniques for removing quantifiers such as quantifier
instantiation or quantifier elimination.
0 Formulas containing disjunctions can be handled by DPLL(T) (will be

covered later)




Review: Theory of Equality

e A theory with a fixed interpretation for =. For example, the formula must be

valid according to the conventional interpretation of =:
VX, y, 2. (x =y) A2y =2) = ~(x=72)
e To fix this interpretation, it is sufficient to enforce the following axioms:
o Reflexivity: Vx.x = x
O Symmetry: Vx,y.x=y — y=x
o Transitivity: VX, y, 2. X=yAy=7 = X=7

O




Review: Theory of Equality (7;)

O

o0 Function congruence (for each positive integer n and n-ary function symbol /):

X1y enes X, s

O Predicate unce (for each positive integer n and n-ary predicate symbol

p):

VT, Y. ( /\ L = yz) — (P(T) : / l

o Meaning: no matter what functions and predicates are used, if the inputs are

the same, the outcomes are also the same.




Eliminating Predicates in 7

e Let’s remove predicates. For each predicate p, rewrite p(xy, ..., x,) as

J,(X1s ..., X,) = t for a fresh function symbol f, and variable 7.

e T[hen,axioms are
o Reflexivity: Vx.x = x
O Symmetry: Vx,y.x=y — y=ux
o Transitivity: VX, y,Z.X=yAy=7 = XxX=7

o Function congruence (for each positive integer n and n-ary function symbol f):




Congruence Closure Algorithm for 7

Consider F :f3(a) = a /\fs(a) = a A f(a) # a where ["(a) = f(f(---(fla))--+)

n

e Place each atom of F into its own group

a fa) f(a)

f(a) f(a) fi(a)
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Congruence Closure Algorithm for 7

Consider F :f3(a) = a /\fs(a) = a A f(a) # a where ["(a) = f(f(---(fla))--+)

n

e For each positive literal 1, =1, in F
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Congruence Closure Algorithm for 7

Consider F :f3(a) = a /\fs(a) = a A f(a) # a where ["(a) = f(f(---(fla))--+)

n

e For each positive literal 1, =1, in F

o Merge the groups for #, and ¢,
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Congruence Closure Algorithm for 7

Consider F :f3(a) = a /\fs(a) = a A f(a) # a where ["(a) = f(f(---(fla))--+)

n

e For each positive literal 1, =1, in F

o Merge the groups for #, and ¢,

O Propagate the resulting equalities
f*(a) f(a) a
fla @  F@




Congruence Closure Algorithm for 7

Consider F :f3(a) = a /\fS(a) = a A f(a) # a where "(a) = f(f(---(fla))--+)

n

e For each positive literal 1, =1, in F

o Merge the groups for #, and ¢,

o0 Propagate the resulting equalities
f(a) a fAa)
4(a) () f(a)




Congruence Closure Algorithm for 7
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Congruence Closure Algorithm for 7

Consider F :f3(a) = a /\fS(a) = a A f(a) # a where "(a) = f(f(---(fla))--+)

n

e For each positive literal 1, =1, in F

o Merge the groups for #, and ¢,

o0 Propagate the resulting equalities
flay a fia)
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Congruence Closure Algorithm for 7

Consider F :f3(a) = a /\fs(a) = a A fla) # a where "(a) = f(f(---(fla))--+)

n

e For each positive literal 1, =1, in F
o Merge the groups for #, and ¢,
o0 Propagate the resulting equalities

o If F has a negative literal ¢; # 1, with both terms in the same group, output

UNSAT. Otherwise, output SAT

fH@) fa) f(a)




Congruence Closure Algorithm for 7

e Consider F:f(x) =f(y)AXxFYy

e For each positive literal 1, =1, in F
o Merge the groups for ¢, and 1,
O Propagate the resulting equalities

o If F has a negative literal #; # 1, with both terms in the same group, output

UNSAT. Otherwise, output SAT

J(x) J)




Congruence Closure Algorithm for 7

e Consider F:f(x) =f()AXFY

e For each positive literal 1, =1, in F
o Merge the groups for ¢, and 1,
O Propagate the resulting equalities

o If F has a negative literal #; # 1, with both terms in the same group, output

UNSAT. Otherwise, output SAT

Jx) f(y)




Congruence Closure Algorithm for 7

e Consider F:f(x) =f(y)AxF# Yy

e For each positive literal 1, =1, in F
o Merge the groups for ¢, and 1,
O Propagate the resulting equalities

o If F has a negative literal #; # 1, with both terms in the same group, output

UNSAT. Otherwise, output SAT SAT

Jx) f(y)




Congruence Closure Algorithm for /. in General

e A binary relation (predicate) R is an equivalence relation if it’s reflexive,

symmetric, and transitive.

e An equivalence relation R is a congruence relation if for every n-ary function f,

VX.3.(/\x Ry) = f® R f(5)
=1

e The equivalence closure of R over set § is the complete set of all equivalences.

Suppose S = {a,b,c} and a R b,b R c,then the equivalence closure is

taRb,bRa,aRa, bRb, bRc,cRb, aRc, cRa, cRc}




Quiz

o IfS=1{a,b,c,d}anda = b,b = c,d = d, then what is the equivalence closure

of = over §?




Congruence Closure Algorithm for /. in General

e The congruence closure of R over set $ is the complete set of all congruence

relations.

e The sub term set S, of formula F'is the set that contains all the sub terms of F.

o The sub termsetof F': f(a,b) = a A f(f(a,b),b) # a is
Sp=1a,b, fa,b), f(f(a,D),b)}.

o The congruence closure of = over § is

fla,b) =a,b=>b.f(f(a,b),b) =f(a,b), ...}




Congruence Closure Algorithm for /. in General

e Algorithm

|. Given a formula
F:s;=tAN...ANS, =L, NS, 1 FL 1 N...\NS, FL,
construct the congruence closure of = of
S1=1Ht,...,8, =1t}
over Sr.

2. If s, = ¢, according to the closure for any i € {m + 1,...,n}, return UNSAT.

3. Otherwise, return SAT.




Review: Theory of Rationals

e The theory of rationals 7 has signature 2

EQ: {07 17 _|_7 R Z}

e Axioms Ag

L. Ve,y. x>y N y>x — =1y

2. Ve, y,z.x >y N y=>z — x>=2

3. Ve,y. x>y V y>x

4. Vx,y,z. (x+y)+z=x+ (y + 2)

d. V. x +0 =2

6. Ve. x4+ (—x) =0

(. Ve, y x+y=vy—+zx

8. Ve,y,z. x>y — x+z2>y+=

(antisymmetry)
(transitivity)
(totality)

(+ associativity)
(+ identity)

(+ inverse)

(+ commutativity)
(+ ordered)




Linear Programming

e Linear Programming: we want to find a solution for x;, ..., x, maximizing
objective function ¢;x; + ... + ¢, x, subject to linear inequality constraints
aj Xyt apx+ ... +a,x, < ¢ A
A1 X1+ ayx,+ ... +a, x, <, A

a x,+a,x+...+a,x <cC,

e Very important problem: production management, finance, transportation,

scheduling, ...




Linear Programming

e Maximize 3x + 2y subjecttox+y <4 Ax<2Ax,y>0

Maximize 3x + 2y with Constraints

5 _
X+y=s4
—_—X=2
Feasible region
4 3x + 2y =4
U e R p— 3Xx +2y =8
3x + 2y = 10
------ 3x + 2y =12
3 I
>
51 4 Optimal (‘2{\2)
1 =
O | 1 o
0 1 2 3 4




Deciding 7, as Linear Programming

e Suppose we have a quantifier-free conjunctive 1 formula F
F:-x>24dhA—x>-2Ax>0
e Rewrite each atomic formula into one only with “<” and *“ > 0"
O —(x>24) 2 x<4 = x+y<4Ay>0
o —x>—2 — x<2
o x>0 —= —x<0

e Andobtainx+y<4Ay>0AX<2A—-xZ0




Deciding 7, as Linear Programming

e Solve a linear programming problem

Maximize y with Constraints: x +y <4, x < 2

maximize y 5 s
—_— X2
subject to optmal 0,4y | e
X+y<4Ax<2A—-xZ0
yis maximizedto4 [ ~_ |
when x = ( ”
2_ ______________________________________________________________________________________________________________________________________________________________________
e The optimal solution is 4
N R S I N S R
which is > 0, therefore F'is
satisfiable. 0% 1 : : - :




Deciding /; as Linear Programming in General

e Consider a generic 1 formula

m

F A anzi+- -+ aimz, < b

1=1

¢
A\ /\ 11+ -+ o, < 5
i—1

Equalities can be written as two inequalities (e.g,x =0—=x > 0 A x <0).




Deciding /; as Linear Programming in General

e [ is equivalent to

™m

F/: /\ai1$1‘|‘""|‘ainwn§bi
1=1
14
/\ /\ Q121 + -+ Ty + Tpg1 < O
1=1
/\ Ln+1 > (

where x, . | a fresh new variable.




Deciding /; as Linear Programming in General

e Deciding satisfiability of I is to solve the following linear programming problem

subject to

e If the optimum is positive (i.e., max of x,, ; > 0), F'is satisfiable.




Deciding /; as Linear Programming in General

e Suppose we have a quantifier-free conjunctive 1, formula of the form:
ap Xy +apx,+ ... +a,x, Xcp A
Ar1 X1+ a»X + ... + ay, X, X ¢y A
where a.,...,a,,c;are constantsand I € { =, > }.
e First, convert 1 formula to NNF.
e |In this form, every atomic formula is of the form:
ax; +ax, + ... +a,x, X' c

where '€ { =, #, >, < } (why?)




Deciding /; as Linear Programming in General

e Second, rewrite it as the one only with <and > 0

O aXy+anX,+ ... +a,x, >¢; = —aX;—dpXy— ... —d;, X, +¢; <0

O aXy+anx,+...+a,x, <c; = axX;+anx,+...+a,x, +y<c;Ay>0

O ayXy+dapX,+ ... +a; X, =¢;, =
a1 Xy + anXy + ... +a,x, < ;N —aX] — Xy — ... —d, X, + ¢; < 0

inn

O ayXy+apX,+ ... +a,x, +c; —
(transformation of a;\.x; + ap,x, + ... +a;,x, < ¢;) V

(transformation of a;;x; + a,x, + ... + a;,x, > c;)




Summary

e Congruence closure algorithm for theory of equality

e Linear programming for theory of rationals




